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Page  101,  Equation  4-35,  the  following  may  ne  added: 
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Page  A- 14,  list  of  symbols  should  read 
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ABSTRACT 


This  report  summarizes  sufficient  information  to  enablo  a  practicing  engineer  to  understand  and  analyze  the 
phenomena  associated  with  a  floxlblc-booster-nnd-autopilot  analysis.  Simplifications  and  approximations  are 
given  for  all  phases  of  synthesis  and  analysis,  and  the  limitations  of  the  simplified  solutions  are  discussed  in 
detail. 

The  development  of  methods  for  synthesis  and  analysis  of  floxiblc  boostors  is  presented  in  several  stages — from 
simplo  linear  techniques  useful  for  predosign  or  preliminary  design  analysis,  up  to  the  complex  forms  requiring 
computer  solutions,  which  may  be  used  to  verify  tho  adequacy  of  the  final  flcxlblc-boostor-and-autopilot  config¬ 
uration. 

The  methods  of  synthesis  and  analysis  are  presented  with  three  major  limitations:  1)  A  linear  airframe  is  as¬ 
sumed,  2)  The  aerodynamic  surfaces  (wings)  aro  assumed  to  be  small  and  relatively  rigid,  and  3)  The  aero¬ 
dynamics  arc  represented  by  a  simplo  qtasi-stoady  model.  These  limitations  will  not  restrict  the  usefulness  of 
the  results  for  most  classes  of  flcxiblo  boosters. 

Tho  results  of  the  work  indicate  that  accurate  solutions  for  most  nonwinged  flexible  boosters  can  be  achieved  by 
simple  root-iocus  techniques  involving  Llnoarizcd  equations.  The  eases  where  more  advanced  techniques  are 
necessary,  and  tho  equations  and  mothods  for  a  more  comprehensive  analysis  arc  also  presented. 
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1.1  GENERAL 

Booster  flexibility  is  recognized  as  a  problem  causing  adverse  effects  upon  vehiclo  loading  and  stability  because 
the  bending  modes  couple  with  elomonta  of  the  missile  control  systom.  The  effects  upon  loading,  particularly 
air-loading,  may  be  traced  to  local  increases  in  the  angle  of  attack  as  a  result  of  vehicle  flexing.  Such  in¬ 
creases  load  to  additional  deflections  and  loads.  Convair-Astronautlcs'  experience  has  shown  that  increases  in 
structural  loading  due  to  gusts  may  range  from  a  few  percent  on  early  ICBM's  to  as  much  as  five  to  ten  percent 
on  multistage  apace  booster  vehicles  having  a  large  Hiondomeas  ratio. 

Elastic  coupling  with  the  control  system  usually  arises  because  cf  modal  pickup  by  the  sensors.  These  elastic 
modos  arc  duo  to  additional  degroos  of  freedom  which  appear  as  parallel  blocks  to  the  rigid  body  when  the 
missile  transfer  function  is  derived.  If  these  modos  are  within  the  control  systom  bandwidth,  or  within 
several  octaves  of  the  control  frequency,  then  accurate  transfer  function  determination  is  necessary  so  that  the 
modes  may  be  gain-  and/or  phase -stabilized.  Phase  stabilization  has  been  necessary  for  the  fundamental 
bending  mode  on  all  Atlas  program  vehicles. 

1.2  PURPOSE  OF  REPORT 

It  is  tho  intent  of  this  roport  to  present  the  basic  concepts  and  techniques  needed  by  engineers  to  understand  the 
principles  and  techniques  used  in  the  analysis  and  synthesis  of  a  large  flexible  booster  with  autopilot  control . 

This  report  presents  the  methods  of  applied  mechanics,  servo  theory,  and  aerodynamics  which  are  felt  to  be 
most  applicable  to  this  analysis.  The  presentation  is  made  in  a  manner  so  as  to  provide  an  approach  to  the 
problom  which  will  be  based  solely  upon  tho  laws  of  mechanics.  The  results  presented  will  therefore  be  directly 
applicable  to  now  aorodynamic  methods  which  improve  upon  the  quasi-steady  aerodynamics  used  in  this  report. 

The  typo  of  flexible  boostors  considered  will  have  no  modes  of  operation  in  which  flight  is  not  basically  sustained 
by  propulsive  thrust:  thoroforo,  no  wings  aro  required  on  the  vehicle.  Small  tail  fins  may  bo  used  to  provide 
stability,  although  the  stability  probloms  may  usually  be  solved  by  thrust -vector  control  alone.  The  equations 
and  simplifications  presented  in  this  roport  will  thoreforo  assume  that  the  externa!  aerodynamic  surfaces  are 
small  enough  and  stiff  enough  so  that  their  analysis  does  not  require  the  use  of  additional  degrees  of  freedom. 

If  a  winged  payload  is  affixed,  it  is  likewise  assumed  to  be  sufficiently  rigid  that  the  payload's  own  clastic 
modes  need  not  be  coupled  to  those  of  the  vehiclo. 

Tho  class  of  vehicles  analyzed  are,  by  Intent,  built  with  a  high  degree  of  Inertial  and  clastic  symmetry.  The 
asymmetric  configurational  aspects,  which  do  occur,  result  in  very  minor  aerodynamic  and  inertial  coupling 
effects  between  control  planes.  These  effects  arc  so  small  that  analysis  of  planar  motions  is  permitted  In 
almost  all  instances. 

In  the  development  of  transfer  functions  the  modal  or  normal  coordinate  representation  is  used  whenever  possible 
Thus,  it  is  possible  to  apply  direct  simplifications  to  the  analysis  of  the  rigid-body,  sloshing,  and  elastic  modes, 
without  having  to  recalculate  the  booster  parameters  or  rewrite  the  equations  of  motion.  The  simplifications 
presented  make  use  of  describing  functions  for  significant  non  linearities  and  can  be  used  to  predict  system 
stability  and  to  show  the  existence  of  stable  and  unstable  limit  cycles.  The  role  of  detailed  computer  simulations 
of  tho  complete  system  oi  equations  for  final  system  proofing  and  sneclal  studies,  is  described. 

The  airframe  of  a  booster  may  be  assembled  by  the  bolting  (or  other  nonhomogcncous  fastening)  of  several  sec¬ 
tions  (stages)  to  make  up  the  complete  booster  vehicle.  This  assembly  leads  to  nonlinear  ciastic  properties  for 
the  airframe  which  are  not  amendable  to  the  analytical  techniques  presented  in  this  report.  However,  during 
flight  the  steady  loads  on  the  vehiclo  (longitudinal  thrust  and  air  loads)  arc  usually  sufficient  to  preload  the 
structure  and  to  hold  it  in  a  linear  range  for  small  elastic  oscillations  such  as  would  be  encountered  in  a  stable 
configuration.  The  methods  presented  in  UUs  report  are  therefore  limited  to  a  linear,  or  linearized,  airframe 
and  will  be  adequate  for  most  classes  cf  flexible  boostors. 
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1.3  MATERIAL  COVERED 

Sections  2  and  3  contain  the  background  material  for  using  the  methods  of  analysis  and  simplification,  as  well  as 
a  comprehensive  derivation  of  the  equations  of  motion  used.  The  equations  and  analytical  techniques  cover  the 
booster  airframe  plus  related  clastic  motion,  propellant  sloshing  forces  and  moments,  and  the  autopilot  and 
control  system.  Sections  4  and  5  contain  methods  of  approximation  and  simplifications  of  the  flexible  booster 
and  autopilot,  and  a  comparison  of  those  simplifications  with  the  complete  analysis.  Section  6  gives  compari¬ 
sons  of  analytic  results  with  flight  and  captive  test  data. 

The  appendices  give  related  data  not  directly  involved  in  the  simplification  and  analysis  of  the  flexible  booster 
hut  nevertheless  necessary  for  the  analysis  of  flexible  booster  and  autopilot  coupling.  Appendix  A  givos  the 
preparation  of  the  basic  dat«  n«vn««nry  to  describe  the  airframe,  the  mass  and  related  Inertial,  propellant  slosh¬ 
ing,  the  elastic  properties  (modes),  and  the  aerodynamic  coefficients.  Appendix  B  describes  the  missile  auto¬ 
pilot  a  ad  control  subsystems.  Appendix  C  discusses  sevural  miscellaneous  related  topics,  i.e. .  spin -stabilized 
vehicles  and  payloads,  solid  propellant  grain  motion,  and  the  effect  of  mass  flow  and  internal  damping  on  rigid- 
body  and  modal  solutions. 
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SECTION  2 

SURVEY  OF  BOOSTER  SYNTHESIS  AND  ANALYSIS 
TECHNIQUES 
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SYMBOLS  USED  IN  SECTION  2 


Symbol 

Definition 

UnitB 

BM 

bending  moment 

ft  lbs 

V“ 

aerodynamic  normal  force  coefficient  per  unit  angle  of  attack 

1/rad 

El 

xn 

flexural  rigidity  at  station  n  along  the  longitudinal  axis 

lb— ft2 

F 

force 

lbs 

F 

a 

aerodynamic  force  coefficient  in  the  pitch  plane 

lbs/ rad 

I 

reduced  moment  of  inertia  in  pitch  (see  Appendix  A 1-5) 

Blub  ft2 

ka 

position  gyro  gain  factor 

rad  6 /rad  0 

K 

hydraulic  actuator  gain  factor 

(rad/sec)  6 /rad  6 

c 

0 

K* 

spring  constant  for  propollant  sloshing  mass 

lbs/lt 

kh 

rate  gyro  gain  factor 

rad  6^/(rad/see)  e 

K 

a 

ot  -loop  feedback  gain  factor 

rad  6  /rad  a 
c 

l 

a 

aerodynamic  moment  arm 

ft 

£ 

0 

rocket  engine  moment  arm 

ft 

Jt 

P 

moment  arm  of  sloshing  mass  (pendulum) 

ft 

L 

P 

sloshing  analogy  pendulum  length 

ft 

hi 

generalized  mass  for  the  i^  mode 

slugs 

M 

moment  (also,  vehicle  mass) 

lb-ft  (slugs) 

Mi 

discrete  (lumped)  mass  at  station  1 

slugs 

aerodynamic  pressure  (q  53  pV  / 2) 

lbs/ft^ 

qi 

generalized  displacement  of  the  i™  mode 

ft 

r 

radius  of  gyration  (Kquatton  2-9) 

ft 

8 

Laplace  operator  (s  a  +  jw) 

l/aec 

S 

vehicle  reference  area 

ft2 

t 

time 

see 

T 

c 

control  engine  thrust 

lbs 
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SYMBOLS  USED  IN  SECTION  2  (Continued) 

Symbol 

Definition 

Units 

tl 

load  torque 

ft-lbs 

V 

vehicle  velocity 

ft/  sec 

x.y.a 

vehicle  coordinates  'oferencod  from  center  of  gravity 

ft 

XCG 

center  of  gravity  position  along  longitudinal  axis 

« 

XCP 

center  of  pressure  position  along  longitudinal  axis 

ft 

X 

p 

location  of  pendulum  attach  point  on  longitudinal  axis 

ft 

Yt 

lateral  displacement  of  l4*1  sloshing  mass  (spring  mass  analogy) 

a 

z 

acceleration  along  the  Z  axis 

ft/ sec2 

a 

angle  of  attack  In  pitch  plane 

rad 

a 

gust 

angle  of  attack  due  to  a  gust 

rad 

O' 

T 

vehicle  acceleration  along  its  longitudinal  axis 

ft/sec2 

p 

angle  of  attack  in  yaw  plane 

rad 

y 

flight  path  angle 

rad 

r 

propellant  pendulum  angle  (pendulum  analogy) 

rad 

& 

rocket  engine  glinbal  angle 

rad 

t 

damping  ratio 

N.D.* 

Q 

vehicle  pitching  angle 

rad 

aerodynamic  effectiveness  parameter  defined  in  Equation  2-2 

l/sec2 

% 

control  engine  effectiveness  parameter  defined  in  Equation  2-2 

l/sec2 

(T 

standard  deviation  as  used  in  probability 

N.D. 

a“> 

XT1 

normalized  slope  of  the  i^“  mode  at  station  n  along  the  longitudinal  axis 

rad/ft 

<*(1) 

^  xn 

normalized  deflection  of  the  i™  mode  at  station  n  along  the  longitudinal  axis 

ft/lt 

w 

natural  frequency 

l/sec 

W  ,  0) 

c  cn 

frequencies  of  engine  hydraulic  actuator  transfer  functions 

i/sec 

Note:  Throughout  this  report  no  distinction  is  made  in  notation  between  a  real  time  function  and  a 
transformed  function  of  the  complex  frequency,  s  =  a  +  Ju>.  The  differential  equations  are  given 
as  time  functions,  hut  the  equations  otherwise  are  generally  written  as  transformed  equations,  as 
is  always  evident  by  the  presence  of  the  variable  s. 

♦Non-dimensional 

H 
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2.1  BASIC  CONCEPTS* 

In  the  normal  evolution  of  a  large  flexible-booster  design,  a  considerable  number  of  feasibility  studies  are  under¬ 
taken  in  the  preliminary  design  phase  to  determine  the  payload  capability  and  mode  of  operation  of  the  booster 
for  different  missions.  These  studios  may  be  of  varying  degrees  of  sophistication  in  the  extent  to  which  they 
consider  propulsion  characteristics,  "g"  field,  aerodynamic  properties ,  otc.  Almost  invariably,  however, 
they  employ  the  common  approximation  of  studying  the  motion  of  a  point-mass  under  the  previously  mentioned 
forces,  assuming  that  the  booster  can  be  steered  perfectly  to  produce  flight  along  the  desired  trajectories. 

Those  studies  aro  sufficient  to  define  quite  closely  the  nominal  trajectory  anti  flight  characteristics  of  the  sys¬ 
tem.  After  the  preliminary  studies  have  outlined  the  capabilities  of  a  properly  controlled  and  guided  vehicle, 
it  becomos  the  task  of  the  guidance  and  control  system  to  realize  these  capabilities. 

The  overall  task  of  system  analysis  is  of  such  complexity  that  many  tools  of  analysis  have  to  be  applied  in  order 
to  obtain  satisfactory  solutions  to  the  problems.  Thus,  both  manual  and  complex  computer  studies  are  employed 
at  various  stages.  One  recognizes  that  during  early  phases  oi  flexible-missile-and-autopilot  analysis  there 
exists  an  economic  and  logical  requirement  to  reduce  the  use  of  computers.  Kor  the  early  phase  of  the  investi¬ 
gations  the  overall  problem  must  bo  simplified  in  order  to  emphasize  the  main  parameters  and  their  inter¬ 
relation  for  the  system  under  study.  To  attempt  to  study  all  phases  of  this  analysis  through  the  use  of  computers 
would  not  only  be  too  costly  hut  would  also  limit  the  inventiveness  and  creativity  of  the  engineer  for  formulating 
novel  concepts.  After  the  main  parameters  and  distinguishing  features  of  the  problem  have  been  roughed  out, 
the  complete  system  should  be  progressively  analyzed  with  computer  techniques  through  an  iterative  procedure 
of  synthesis  and  analysis. 

In  the  determination  of  approximate  transfer  functions  of  a  large  flexible  missile,  it  is  assumed  that  what  is 
sought  is  the  simplest  transfer  function  which  will  adequately  describe  the  system  under  study  in  the  realm  of 
signal  frequency  and  amplitude.  It  is  also  desired  that  the  approximate  transfer  function  may  be  obtained  with 
a  minimum  of  effort  on  the  part  of  the  person  studying  the  system.  To  determine  which  type  of  transfer  function 
will  be  best  suited  for  approximate  studies,  it  is  necessary  to  look  at  both  the  analytic  models  and  the  mathe¬ 
matical  methods  available  for  their  analyses.  In  the  following  discussion,  it  is  assumed  that  the  reader  is 
familiar  with  the  basic  theory  and  techniques  in  the  solution  of  feedback  control  problems.  The  tools  used  in 
the  majority  of  the  analyses  will  be  those  employing  system  transfer  functions  of  the  complex  frequency, 
s  -  a  +  jw.  The  root-locus  method  of  analyzing  the  closed-loop  response,  based  upon  the  open  loop  transfer 
function,  will  be  used  for  most  graphic  presentations. 

In  this  section  a  brief  survey  of  the  booster  control  system  synthesis  and  analysis  process  is  given  to  provide 
a  background  against  which  the  usefulness  and  appropriateness  of  the  transfer  functions,  and  their  simplification 
given  in  succeeding  chapters,  may  be  judged. 

2.2  STABILITY  TECHNIQUES 

To  enable  guidance  of  a  vehicle,  it  must  he  jxjsslble  to  control  its  attitude.  The  problem  of  attitude  control  will 
also  determine,  in  part,  the  loads  imposed  upon  the  vehicle  by  its  environment.  The  control  problems  may  be 
considered  as  uncoupled  from  the  guidance  problems  for  many  of  the  large  flexible  boosters.  It  is  felt  that 
this  assumption  is  justified  for  the  class  of  vehicles  to  which  this  study  is  applicable,  as  the  control  and  elastic 
oscillations  have  periods  that  arc  several  orders  of  magnitude  shorter  than  those  of  the  guidance  modes.  If  the 
guidance  and  control  systems  are  coupled  (for  hardware,  energy  management,  or  other  considerations),  then 
the  problem  cannot  be  simplified  to  the  extent  of  an  uncoupled  system.  The  equations  and  techniques  presented 
are  correct,  however,  and  fully  applicable  to  these  systems,  even  though  all  of  the  simplifications  recommended 
may  not  be  usable. 

The  major  parameters  and  mode  of  operation  of  llio  booster  must  be  understood  before  an  attitude  control  system 
can  be  studied.  The  following  paragraphs  summarize  those  factors. 

The  booster  vehicle’s  mission  is  to  lift  the  upper  stages  and  payload  through  the  earth's  atmosphere,  imparting 
to  them  a  desired  velocity  vector.  To  accomplish  this  mission  in  an  efficient  manner,  a  mode  of  operation  is 
devised  which  capitalizes  on  the  presence  of  large  propulsive  forces  and  on  very  low  maneuver  requirements. 

In  addition,  the  flight  plan  is  tailored  so  as  to  minimize  aerodynamic  loading  ar.d  thus  permit  a  low  structural 


♦References  1  and  2  have  been  drawn  up  in  preparation  of  subsections  2. 1  through  2.1. 
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weight  in  both  booster  and  upper  stages.  The  vehicle  is  launched  vertically  to  minimize  launcher  requirements  and  to 
permit  the  vehicle  to  complete  its  initial  rise  without  placing  large -lateral -stabilizing-load  requirements  on  the  con¬ 
trol  system.  Shortly  after  lift-off,  the  vehicle  is  turned  (pitches  over)  from  a  vertical  flight  path  to  a  zero-lift 
(zero -angle -of -attack)  flight  trajectory.  Using  this  flight  plan,  the  vehicle  assumes  an  intentional  angle  of  attack 
at  low  dynamic  pressures  during  the  brief  transitional  pitch -over.  Thereafter,  an  attempt  is  made  to  fly  a 
trajectory  in  which  the  turning  rate  is  equal  to  the  flight-path  turn  rate  so  as  to  obtain  a  zero  angle  of  attack. 
Obviously,  atmospheric  inputs  of  winds  (steady  profiles  and  gusts)  will  produce  some  unintended  loadings  which 
the  control  system  must  cope  with.  However,  Intentional  vehicle  maneuvering  is  kept  at  an  absolute  minimum. 

Special  flight  operations,  such  as  staging,  can  impose  severe  control  problems  if  conducted  at  high  dynamic 
pressures.  Those  operations  are,  therefore,  generally  deferred  untii  the  vehicle  has  left  the  atmosphere  or,  at 
least,  tho  region  of  high  dynamic  pressure.  The  control  problems  posed  by  such  an  oporatlon  concern  the 
stability  of  rigid-body  motions;  a  specialized  and  complex  k in o mat ic -dynamic -autopilot  simulation  is  required 
for  system  analysis.  Klastic  mode  coupling  problems  are  not  considered  in  such  a  situation,  due  to  the  fact 
that  complex  transient  conditions  pertain  at  these  times,  while  the  vohicle  configuration  is  being  varied  and 
control  gains  and  forces  (propulsive  and  hydraulic)  arc  changing  rapidly. 

2. 2. 1  Equations  and  System  Block  Diagrams.*  For  purposes  of  the  primary  study  of  the  vehicle  and  control 
system,  it  is  satisfactory  to  consider  the  vehicle  as  being  rigid.  This  assumption  simplifies  visualization  of 
the  effect  of  basic  vehicle  and  control  parameters.  Such  an  assumption  implies  that  the  control  frequencies  will 
be  kept  sufficiently  low  so  that  their  separation  from  frequencies  of  other  major  degrees  of  freedom  (propellant 
sloshing  and  elastic  modes)  is  reasonably  great. 

Only  planar  motion  of  the  vehicle  will  be  assumed  in  the  present  discussion,  the  equations  of  motion  and  the 
vehicle's  control  system  being  treated  as  uncoupled,  insofar  as  the  vehicle's  three  axes  of  rotation  are  con¬ 
cerned.  The  three-axes  coupled  equations  are  given  in  Section  3,  The  class  of  booster  vehicles  considered  will 
not  have  large  wings,  will  be  very  nearly  symmetrical,  and  will  execute  no  rapid  maneuvers.  Therefore,  the 
coupling  between  control  planes  will  bo  very  small,  and  the  planar  motion  assumption  should  be  adequate.  To 
fix  ideas,  the  analysis  is  conducted  for  the  vehicle's  pitching  plane  (longitudinal  mode)  but  is  also  representative 
of  yaw  plane  analyses . 

Figure  2-1  shows  the  parameters  employed.  The  vehicle  is  assumed  to  be  aerodynamically  unstable  (center  of 
pressure  ahead  of  center  of  gravity)  suid  to  employ  thrust-vector  control  for  attitude  stabilization.  Perturbation 
angles  away  from  a  reference  trajectory  arc  shown.  This  reference  trajectory  is  the  zero  lift  path,  having  a 
steady -state  turn  rate,  6^,  so  adjusted  as  to  cancel  the  transverse  gravitational  acceleration. 

x 


♦The  equations  of  motion  derived  in  this  section  are  quite  simple  and  are  only  adequate  to  illustrate  gross  effects. 
The  reader  is  referred  to  Sections  and  4  for  more  comprehensive  equations. 
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The  equations  of  motion  (small  6  and  a  angles  assumed)  aro: 

2F  ,  =  MV  =  T  -  D  -  Mg  sill  I' 

along  c  T 

path 

_ .  =  MVr  =  F.  a  -  T  (6  -  a)  -  Mg  cos  r  (2-1) 

ih**  i«*iu  i  ci  c  i 

to  path 

JEM.  «I0  i  6  +  FI  a 
CG  c  c  ot  a 

Here,  is  the  aerodynamic  normal  force  per  unit  {ingle  of  attack,  and  D  Is  the  drag  force.  In  writing  Equa¬ 
tions  2-1  certain  lesser  aerodynamic  coefficients  have  been  omitted,  their  effects  being  negligible. 

In  solving  Equations  2-1  the  first  equation  will  be  considered  as  uncoupled  from  the  others,  by  assuming  the 
drag  is  not  a  function  of  the  angle  of  attack.  Thus,  the  forward  velocity  Is  unperturbed  by  attitude  changes. 

This  assumption  removes  any  consideration  of  a  "phugoid"  mode.  It  is  justified  on  the  basis  that:  1)  aero¬ 
dynamic  drag  is  a  small  force  relative  to  the  propulsive  and  inertial  forces  and,  hence.  Its  perturbations  have  a 
negligible  effect  on  velocity  history;  and  2)  the  system  analyzed  is  one  of  accelerated  motion,  having  no  steady- 
state  flight  condition  in  which  a  low-frequency  "phugoid"  mode  can  manifest  itself. 

The  initial  unperturbed  state  of  the  system  Is  one  involving  flight  along  a  zero-lift  path,  for  which  y  ~  Q  =  - 
g  cos  y  0  0 

- — - and  a  ~  0. 

V  o 

Now  let: 

r  -  y  1  y 
T  o 

0  :  O  +  O 
o 

a  a 

Substituting  into  the  last  two  of  Equations  2-1,  one  obtains: 

MV(y^  +  y)  =  a  -T  (6  -  n)  -Mg  cos  (y^  +  y) 


10  =  T  £  6  +  F  a£ 
c  c  a  a 

Cancelling  MVy^  -Mg  eos  y^,  one  gets: 

MVy  -  F  Ci-T  (6  -  a)  +  Mg  sin  y  y 

a  c  o 

10  =  T  *  <5  +F  *  a  . 
c  c  a  a 


(2 -la) 


The  term  Mg  sin  y^  •  y  represents  the  motion  of  the  vehicle  relative  lo  an  accelerated  reference  system  (the 

earth  and  its  atmosphere).  It  Is  commonly  omitted  for  attitude  stability  studies  of  ballistic  boosters,  since  the 
eilects  of  the  flight -path  i  ,  coupling  into  attitude  stability  (through  aerodynamic  force  perturbations)  are 
minor.  If  this  term  is  omiti  .1,  and  if  one  uses  0  --  y  +  a ,  Equations  2-la  may  be  solved  to  yield: 


O 

6 


T  F  (£  +£  ' 

s  f  «  +  _£  vj: _ a 


MV  MV 


F  +  T 

t  a  1 

MV 


c 


-  i*  ) 


a 


(2-2) 
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where  u  =  Ti  /t  ia  the  control  effectiveness  parameter,  and  \x  a  F  i  /I  is  the  measure  of  aerodynamic 
6  c  c  a  a  a 

instability.  These  parameters  have  the  units  of  (seconds)  ,  and  give  the  angular-acceleration  per  unit-thrust- 

vector  deflection  and  per  unit-angle -of -attack,  respectively.  (For  an  aerodynamical  ly  stable  aircraft,  *s 

the  square  of  the  short  period  mode  natural  frequency.) 


At  launch,  or  out  of  the  atmosuhero,  when  the  dynamic  pressure  is  low  (F - 0)  Kquation  2-2  simplifies  to: 

or 


s 


At  another  extreme,  when  the  velocity  is  very  high  (V-*-co),  one  has: 


t) 

6 


(2-4) 


For  a  vehicle  of  the  class  being  studied  here,  one  finds  that  Fqualion  2-4  is  a  good  approximation  whenever  the 
aerodynamic  instability  is  sufficiently  great  to  necessitate  its  inclusion.  The  other  terms  of  Kquation  2-2  which 
are  omitted  thereby  only  lead  to  a  dipole  of  small  residue  (pole-zero  grouped  closely  together  >,  having  little 
Influence  on  this  problem. 

Physicully,  the  approximation  Is  that  O  -o',  a  satisfactory  assumption  for  :i  massive  vehicle  whose  transverse 
forces  are  low  by  design  intent. 

2.2.2  Autopilot  and  Control  System  liquations.  To  discuss  the  methods  used  in  a  preliminary  analysis  of  a 
flexible  toostcr  and  control  system,  it  will  be  advantageous  to  choose  a  particular  control  system.  Tills  assump 
tion  will  twit  exclude  other  control  configurations  from  the  methods  used  because  the  discussion  will  be  kept 
general.  The  advantage  gained  will  be  that  sample  root -locus  plots  can  be  sketched  from  representative 
numerical  substitutions  into  the  equations  representing  the  example  control  system. 

The  control  system  described  will  be  for  one  axis  of  vcihielc  rotation  only.  Figures  2-2  and  2-3  show  a  block 
diagram  of  the  attitude  control  system.  A  gyro  provides  attitude  reference,  a  deviation  from  which  results  in  an 
error  signal  which  yields  a  thrust  -vector  gimbaling  command.  It  is  assumed  that  thrust-vector  positioning  is 
achieved  by  gimbaling  the  rocket  engine  thrust  chambers- -a  popular  solution.  The  response  of  the  thrust- 
chamber  positioning  servo  is  represented  by  a  first  order  lag.  Sufficient  lead  will  have  to  be  provided  in  the 
control  loop  to  stabilize  the  system.  The  necessary  load  may  be  provided  by  either  a  lead  compensation  network 
or  by  insertion  of  a  rate  gyro;  the  latter  solution  is  assumed  herein. 


Figure  2-2.  basic  Klomenls  of  the  Control  System  to  be  Discussed 
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Figure  2-3.  Approximations  Used  for  Preliminary  Analysis 

An  aerodynamlcally  stable  vehicle  is  one  which  resi'onds  to  angles  of  attack  by  turning  into  the  velocity  vector  so 
as  to  reduce  the  angle  of  attack.  The  aerodynamical ly  unstable  vehicle  can  be  given  a  degree  of  synthetic  aero¬ 
dynamic  stability  by  sensbig  angle-of -attack  variations  as  they  develop  and  by  commanding  the  engine  to  gimbal 
so  as  to  turn  the  vehicle  into  the  velocity  vector,  Thus,  the  inner  feedlxick  loop  (shown  dashed)  with  gain,  K  , 
induces  such  a  stability, 

Angle-of -attack  feedback  has  the  potential  advantage  of  relieving  aerodynamic  loads  on  the  vehicle,  since  it 
moves  the  vehicle  so  as  to  reduce  the  angle  of  attack  as  It  develops.  Some  of  the  disadvantages  of  this  additional 
feedback  loop  lie  In  the  increase  in  complexity  (and  attendant  decrease  In  reliability)  and  in  the  introduction  of 
additional  higher-order  degrees  of  freedom  in  the  angle-of -atta-'k  sensor,  which  can  lead  to  further  stability 
problems.  An  additional  shortcoming  of  the  system  lies  in  the  erratic  or  uncertain  behavior  of  this  loop  at  low 
dynamic  pressures  (near  launch  or  outside  the  atmosphere) ,  possibly  necessitating  some  compensation  by  gain 
changes  in  the  outer  position  loop.  It  is  assumed  that  a  feedback  is  not  used  in  the  system  under  study,  although 
the  principles  discussed  apply  equally  well  to  such  a  system. 

2.2.3  Preliminary  Gain  Choice.  It  is  desired  at  this  lime  to  make  a  preliminary  selection  of  syBtem  gains  so 

as  to  provide  working  values  for  subsequent  discussion.  There  arc  three  gains  at  the  designer's  disposal:  K  , 

K  ,  and  K  .  The  characteristic  equation  for  the  jystem  of  Figures  2-2  and  2-3  is: 

A  u 


s‘’  +  K  s2+  |K  KK„p  -p  Is  iK  (K  u  -  p  )-0. 
c  A  c  K  6  a  e  A  6  a 


(2-5) 


A  brief  study  of  this  equation  by  use  of  Houlh's  criteria  yields  two  simple  inviolate  criteria  for  stability,  viz.: 


K  >  p  and  l/K  <  K 
A  6  Of  He 


The  first  of  these  criteria  may  bo  characterized  as  the  static  stability  criterion;  it  stipulates  that  the  restoring 
moment  per  unit  attitude  change  must  be  greater  than  the  upsetting  moment.  The  second  criterion  is  a  dynamic 
stability  requirement  to  yield  positive  damping;  it  states  that  the  lead  from  the  rate  gyro  must  bo  greater  tfcum 
the  lag  from  the  engine  servo.  Within  these  bounds  the  designer  may  select  many  suitable  gain  combinations. 
However,  experience  with  this  class  of  systems  and  vehicles  requires  that  uiie  look  ahead  and  foresee  problem 
areas  which  may  further  restrict  the  choice  of  gain*.  Therefore,  before  proceeding  with  a  choice  of  gains,  it  is 
appropriate  to  detail  some  of  those  problem  areas  so  that  they  may  be  weighed  in  subsequent  discussions. 


a.  The  engine -thrust-chamber-gi  inhaling  time  -constant,  l/K^,  cannot  bo  reduced  indefinitely  because  of  prac¬ 
tical  power  and  structural  limitations.  While  a  small  time-constant  may  be  desirable  to  reduce  the  amount 
of  lead  necessary  in  stabilizing  the  system,  the  practical  problems  associated  with  providing  high  accelera¬ 
tions  and  velocities  to  a  massive  thrust  chamber  and  of  stabilizing  the  necessarily  high-gain  servo  loop,  wil' 
result  in  a  compromised  upper  limit  to  Kc. 
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b.  Vehicle  response  to  transients,  particularly  gust  Inputs,  must  be  considered  If  system  loads  are  to  be 
limited  to  within  the  capability  of  a  light-weight  structure.  The  control  system,  without  angle-of-attack 
feedback,  does  not  respond  to  a  gust  until  a  change  hi  vehicle  attitude  has  occurred.  This  attitude  change, 

In  the  case  of  the  aerodynamically  unstable  vehicle,  Is  always  In  a  direction  which  increases  the  angle  of 
attack,  the  gust  thereby  overshooting  the  Imposed  value.  The  vehicle's  gust  response  is  strongly  dependent 
upon  the  system's  transient  response.  A  tight  system,  having  a  rapid  response  with  good  damping,  there¬ 
fore,  leads  to  small  gust  overshoots. 

c.  Stability  of  the  system  when  higher  order  terms  (other  degrees  of  freedom)  are  Included  must  be  considered 
In  selecting  gains,  these  being  particularly  significant  in  limiting  the  upper  values  of  the  gains.  A  number 
of  those  problems  will  be  considered  below,  in  relation  to  additions  to  the  basic  system  equations  and  modi¬ 
fications  to  the  root-locus  plots.  Briefly,  some  of  those  additions  are:  1)  inclusion  of  propellant  sloshing 
modes,  2)  addition  of  vehicle  body  bending  modes,  3)  Inclusion  of  higher  order  terms  in  the  englne-thrust- 
chamber-servo-loop  transfer  function  and  in  the  transfer  functions  of  the  reference  gyros,  and  4)  the 
Insertion  of  additional  shaping  and  filtering  networks  within  the  autopilot  as  required  to  stabilize  these 

new  terms. 


To  select  some  tentative  gains  we  can  assume  the  roots  of  the  characteristic  equation  are  of  the  form: 

2  a 

(a  <  p)  (8  '21»/b  'w  )  =  0  (2-6) 

l.e. ,  an  oscillatory  mode  (a  pair  of  complex  poles)  plus  an  exponential  decay  (real  pole).  If  Equation  2-6  is 
expanded  and  the  results  compared  term  by  term  with  Equation  2-5,  one  finds: 


Ke  =  2fw  +  p 

K  K  K  u  -  p  =  w2  +  2 Swp 
A  c  H  6  a 

2 

K  (K  u  *  . 

C  A  0  (t 


(2-7) 


Equations  2-7  pormit  a  choice  of  the  gains  for  a  given  and  ,  provided  one  can  ratioiially  select  p,  w,  and  £ . 

To  make  this  selection,  one  can  be  guided  by  considerations  from  the  problem  areas  enumerated  above. 
Specifically: 

a.  A  fast,  well-damped  transient  response  is  desired, 

b.  K  should  be  kept  reasonably  low, 

c 

c.  The  overall  gains  should  be  kept  low  so  as  not  to  excite  higher  modes  (body  bending  in  particular). 

These  requirements  arc  conflicting,  of  course.  However,  one  can  begin  with  an  observation,  based  upon  exper¬ 
ience,  that  a  separation  ratio  of  at  least  four  to  one  between  the  rigid-body -mode  and  first-body -bending-mode 
frequencies  will  relieve  problem  c,  above.  This  simple  rule-of-thumb  will  often  provide  a  basis  for  the  choice 
of  w,  since  the  first-body -bending  frequency  will  have  been  previously  established  by  the  configuration. 

From  a  study  of  transients  for  systems  with  the  pole  configuration  of  Equation  2-6  (Reference  3,  pp.  37-43),  it 
is  known  that  a  good,  well-damped  transient  will  result  from  choosing  £  -0.3  and  p  -  w. 

The  value  of  which  results  from  the  above  calculations  should  be  examined  from  two  points  of  view.  First, 

the  value  should  be  reasonable  as  it  affects  the  thrust-chamber-servo  -system  requirements  —  a  separate  study 
in  itself.  Second,  Kc  should  not  be  too  low,  inasmuch  as  the  complete  gust  transient  response  contains  a  zero 

at  Kfi;  too  low  a  value  of  will  adversely  affect  the  gust  overshoot.  As  a  general  rule,  if  exceeds  twice  the 
value  of  p,  the  influence  of  the  zero  on  the  gust  transient  will  bo  slight. 


The  first  approximation  gain:;  chosen  in  the  alx>vc  manner  should  form  a  satisfactory  basis  for  more  elaborate 
analysis.  Before  proceeding  to  a  root  locus  presentation  and  to  the  study  of  additional  degrees  of  freedom,  it  is 
important  to  discuss  one  other  prime  factor.  The  properties  of  this  vehicle  —  its  inertial,  aerodynamic,  and 
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propulsive  parameters  —  vary  over  wide  ranges  through  the  boost  phase.  Moreover,  many  of  the  higher  order 
effects  to  be  discussed  below  change  in  rotative  Importance  as  the  flight  progresses.  Consequently,  it  is  under¬ 
stood  that  the  tentative  gain  selection  Just  described,  whon  carried  out  for  a  specific  time  of  flight,  may  require 
different  adjustments  for  different  flight  times  when  analyzed  further.  Such  a  result  may  lead  to  the  necessity 
for  programmed  gain  changes.  It  Is  reasonable  to  carry  out  the  preliminary  gain  scloction  for  conditions  at  the 
time  of  maximum  dynamic  pressure  (usually  in  the  mid-portion  of  the  boost  phase),  on  the  basis  that  these  .are 
mean  conditions  of  a  sort  and  will  lead  to  suitable  working  values  for  studies  through  the  entire  phase.  It  is 
quite  possible  that  gains  so  chosen  may  prove  satisfactory  without  time  programming,  thus  leading  to  the  simplest, 
most  reliable  systom. 

2.2.4  Root  Locus  Studies:  Rigid  Vehicle.  To  perm  it  plotting  root  loci,  numerical  data  will  be  introduced  at  this  point. 
For  convenience  all  data  is  expressed  "here  nondimonsionally,  using  the  first-body  bending-mode  period  (l/iUj) 
as  the  unit  of  time. 

At  maximum  dynamic  pressure,  data  taken  from  the  feasibility  phase  studies  show  that  the  vehicle  studied  has: 

2  * 
a.  “0.012w,  and  p  =  0.006.  w 
6  1  a  1 

Following  a  rule-of-thumb  given  earlier,  we  let  the  control  frequency  lie  less  than  one-quarter  of  u.^.  Let 
a)  =  0.2  aij  and  set  this  also  equal  to  />.  Let  £  =0.3.  Equations  2-7  now  yield: 

K  -'  0. 32  u), 
c  1 


K„  =2.65 
A 


kr37/wi 


With  these  data  the  root  locus  for  the  control  system  of  Figures  2-2  and  2-3  haB  been  drawn  in  Figure  2-4, 
showing  the  operating  point  for  the  above  gains. 


(s+  Kc)  <s2-%) 


Figure  2-4.  Hoot  Focus  for  System  of  Figures  2-2  and  2-2,  Using  Preliminary  Gains 
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Considering  also  the  problem  of  changing  vehicle  properties,  we  will  check  the  operating  point  root  locations 
for  the  gains  chosen  above  at  conditions  near  launch  and  near  the  time  of  booster  staging.  At  both  of  these  times 
dynamic  pressure  is  low,  so  that  ~  0.  Since  engine  thrust  increases  somewhat  with  altitude  (as  the  back 

pressure  from  the  atmosphere  decreases)  and  vehicle  moment  of  inertia  decreases  with  flight,  the  control 

effectiveness  parameter,  a  ,  will  vary  over  a  modest  range.  For  the  vehicle  studied: 
o 

M...  ,=  0.  0068  w  ^  and 

6  (launch)  1 

p. ,  .  .  =  0.020  w.2  . 

6  (staging)  1 

Assuming  all  autopilot  gains  arc  kept  constant,  Figure  2-5  shows  the  root  loci  and  operating  points  for  the  begin¬ 
ning  and  end  of  this  boost  phase.  Also  shown  (dashed)  is  a  locus  of  the  operating  points  as  they  vary  over  the 

boost  phase  duo  to  changes  in  both  p  mid  p  . 

o  a 


.  w 


Figure  2-5.  Hoot  I  .ecus  for  p  0 

O' 

By  inspection  of  the  loci  of  Figure  2-5  it  would  l»c  concluded  that  the  preliminary  gains  chosen  would  be  satis¬ 
factory  for  use  throughout  the  lioost  phase,  at  least  insofar  as  the  rigid-body  stability  is  concerned.  Such  a 
cnnsLatit  gain  autopilot  is  highly  desirable  from  a  reliability  standpoint. 

2.2.5  Root  Locus  Studies:  Propellant  Modes  Included  One  of  the  important  stability  problems  in  the  attitude 
control  of  large  liquid-fueled  vehicles  is  that  of  the  control  of  sloshing  modes  of  the  internal  propellants.  An 
attitude -sensing  control  system,  such  as  that  proi>osed  here,  couples  the  rigid-body  and  sloshing  modes  quite 
strongly,  under  some  circumstances  often  producing  a  divergent  mode.  Since  the  inherent  damping  in  a  tank  of 
fluid  varies  inversely  with  lank  diameter,  these  propellant  modes  are  only  very  lightly  damped  in  large  vehicles. 
Thus,  the  energy  imparted  to  the  propellants  by  the  vehicle  motion  is  but  slowly  dissipated,  and  sloshing- 
contro!  system  modes  may  build  up  to  destructive  amplitudes  unless  properly  treated. 
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In  Appendix  A,  Paragraph  A -3,  I*  Is  shown  that  the  problem  of  propellant  sloshing  in  a  cylindrical  tank  can  be 
treated  satisfactorily  by  the  substitution  of  a  mechanical  analogy  for  the  fluid.  The  analogy  consists  of  a  rigid 
mass,  plus  a  serios  of  harmonic  oscillators  (spring  masses  or  pendulums)  -  ono  for  each  fluid  mode.  is 
mechanical  system  duplicates  the  fluid's  response  and  the  resultant  forces  and  moments  on  the  tank.  In  Practical 
control  problems,  only  the  first  propellant  mode  of  each  tank  is  treated,  the  higher  modes  producing  negligible 
contributions. 

The  usual  liquid-fueled  booster  has  a  multiplicity  of  tanks  -  two  per  stage.  The  transfer  functions  for  such  a 
system  are  unwieldy  when  treated  by  algebraic  solution.  Treatment  of  such  a  system  will ,  therefore,  be 
reserved  for  solution  by  machlno  computation.  It  is  Instructive,  however,  to  begin  with  the  more  modest  pro¬ 
blem  of  a  single  tank  in  order  to  discover  some  features  of  the  problems. 

Figure  2-6  shows  the  basic  vehicle,  with  the  addition  of  a  simple  pendulum  representing  the  sloshing  propellants 
of  the  first  flu'd  mode.  The  "rigid"  (non-sloshing)  portion  of  the  mechanical  analogy  Is  lumped  in  with  the 
vehicle's  structure  in  computing  an  effective  center  of  gravity,  mass,  and  moment  of  inertia.  The  appropriate 
parameters  for  the  sloshing  analogy,  as  a  function  of  tank  proportions,  arc  given  in  Appendix  A,  Paragraph  n-J. 


Kifgiirc  2-6.  SloshiiiK  Model 


The  equations  of  motion  become: 
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2 

where  w  =  or / 1 ,  and  a  =  T-D/M  ,  ,  is  the  absolute  longitudinal  acceleration  ol  the  vehicle,  this  being  the 
p  T  p  T  total 

parameter  affecting  the  tension  in  the  pendulum  rod.  -  M  +  M^) . 

In  writing  Equations  2-8,  we  have  omitted  the  aerodynamic  effects.  While  the  influence  of  the  aerodynamic 
forces  on  sloshing  is  not  necessarily  small  at  all  times  of  flight,  it  develops  that  the  sloshing  problem  seldom 
becomes  acute  until  the  vehicle's  propollant  mass  has  burned  down  considerably.  By  this  time  the  dynamic 
pressure  will  have  fallen  off  to  a  point  where  those  aerodynamic  forces  are  small.  The  pendulum  is  shown 
responding  to  the  absolute  transverse  acceleration  at  the  pendulum  mass  station,  the  force  summation  indicated 
being  the  summation  of  all  real  forces  transverse  to  the  missile's  logitudinal  axis.  (Gravitational  attractions 
do  not  displace  the  pendulum.)  Setting: 

■  EE  =  -(t  fl  +  M  <*  r\, 

7.  Vo  p  T  /' 

one  sees  that  the  first  and  last  equations  of  Equations  2-8  are  uncoupled  from  the  flight-path  equation  (the  result 
of  assuming  no  aerodynamic  effects) . 


Hence  one  finds ,  by  simplo  substitution ,  that. 


M  1 

2  ,2  P  T  P 

s  +  co  +  — — - *— — 

p  M  L  f 

_ _ _ P  c 

.  M  or  f  (f  -  L  )  f 

s2+w’'tr_P  JLJ 1  _ P_JL 

p  M  L  f  2 

p  c  r 


(2-9) 


where 


and 


r2  -  I/M  . 


A  comparison  of  Equations  2-9  and  2-3  reveals  that  the  addition  of  the  harmonic  oscillator  lias  introduced  a  pair 
of  pole-aero  dipoles  on  the  imaginary  axis.  The  presence  of  the  very  small  fluid  damping  (omitted  in  the  equa¬ 
tions)  would  shift  these  points  slightly  into  the  left-hand  lialf  of  the  s -plane.  A  study  of  root  loci  for  the  closed- 
loop  autopilot  system  may  be  made  using  this  transfer  function.  Figure  2-7  shows  a  typical  result  fer  one  of 
the  main  tanks  of  a  booster  vehicle. 


j'w 


Figure  2-7.  Typical  Hoot  l.oci  for  Booster  Vehicle  with  Single  l  ank  of  Sloshing  Propellant 
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2.2.6  Detailed  Root  Loctis  Studies:  Multi-Tank  Vehicle.  Kor  purposes  of  studying  more  carefully  the  variations 
in  roots  of  the  significant  modes  (modes  within  the  range  of  control  frequencies) ,  It  Is  convenient  to  employ  a 
digital  computer,  particularly  when  the  equations  become  quite  numerous  and  strongly  coupled.  The  digital 
routine  should  be  oapable  of  extracting  the  roots  directly  from  the  equations  whon  they  are  written  as  a  set  of 
simultaneous  differential  equations  in  all  tho  varlablos.  The  homogeneous  equations  of  motion  (independent  var¬ 
iables  such  as  gust  Inputs  set  equal  to  zero)  will  usually  have  the  matrix  form: 

j(A]s2  +  [B)s  +  (C|j  |qij  =0 

where  the  elements  are  the  problem  variables,  and  the  A,  B,  and  C  matrices  contain  the  system  parameters 
(constant  for  a  given  instant  of  flight). 

It  is  most  efficient,  in  terms  of  machine  time,  to  extract  tho  roots  of  the  equation  for  =*  0  and  K^_*~oo,  ob¬ 
taining  thereby  the  open-loop  poles  and  zeroes  (respectively)  and  then  to  employ  a  separate  digital  routine  using 
these  poles  and  zeroes  as  inputs  to  generate  the  root  locus.  The  variety  of  methods  which  may  be  programmed 
to  accomplish  these  calculations  Is  so  great  as  to  preclude  any  discussion  here. 

Figure  2-8  shows  machine -generated  root  loci  for  a  two-tank  booster  vehicle,  computed  at  one  time  instant  of 
boost  phase  flight.  The  variables  considered  wore  the  rigid-body  degrees  of  freedom  and  the  sloshing  of  pro¬ 
pellants  in  the  two  main  tanks.  One  tank's  roots  are  seen  to  be  slightly  unstable  for  the  assumed  case  of  zero 
damping. 


ju> 


Figure  2-8.  Hoot  Loci  for  Booster  Vehicle  with  Two  Propellant  Tanks 

Since  propellant  modes  can  be  controlled  by  mechanical  baffles  to  provide  damping,  it  is  common  to  defer  fur¬ 
ther  study  of  the  sloshing  problem  until  other  problem  areas  (such  as  bending  stability)  have  been  investigated. 

2.2.7  Hoot  Locus  Studies:  Body  Bending  Included.  The  problem  of  closed-loop  stability  of  the  flexible  missile 
was  mentioned  earlier  in  connection  with  phenomena  which  will  establish  an  upper  limit  on  the  autopilot  gains. 
The  attitude  gyros  sense  missile  body  bending  modes  in  addition  to  rigid-body  attitude  changes,  and  these  modal 
contributions  provide  a  gimbaling  command  to  the  thrust  chambers.  Since  the  thrust  vector  movement,  in  turn, 
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excites  body  bonding  modes,  a  closed  loop  is  formed  which  can  lead  to  a  divergent  oscillation 
(juoncy,  if  excessive  gains  and  incorrect  phasing  arc  employed. 


at  the  bending  fre- 


Figure  2-9  shows  tho  parameters  used  in  a  simple  ono- 
cies  at  which  thrust  chamber  lateral  inertial  iorces  are 
verse  component. 


mode  analysis  for  moderate  frequencies,  l.e. ,  frequen 
small  relative  to  the  gimbaltng  thrust  vector's  trans- 


/ 


Figure  2-9.  Vehicle  with  One  Klastic  Mode 
The  equations  of  motion  for  rigid-body  attitude  and  the  first  bending  mode  arc: 


ls20  =  TcC0  (d  -  "xT*  <lj)  '  •  e  ^xT^i 
(s2  +  i  w,s  *  w,J)q|  =  -  6 


(0.. 


W  =  1 


(2-10) 


a  I')  10  are  the  normalized  modal  slope  and  deflections,  respectively,  at  the  engine  station  (sub- 

where  oyr  and  «*>XT  are  the  nirmam^  J  ^  are  Ule  mode  (iampi„g,  frequency  and 

script  ”T").  The  mode  normal  coordinate  is  qv  and  i  a  °  14 

generalised  mass,  respectively. 

Because  the  gyro  package  senses  the  total  attitude  at  the  gyro  station,  the  expresston,  Og  =  O  <  a®  q.can  be 
written.  Here  o  «  is  the  normalized  mode  slope  (positive  nose  up)  at  the  gryo  station.  Schematically,  the 
block  diagram  could  be  drawn  as  in  Figure  2-10. 


■'iguru  2-10.  Block  Diagram  rr  Control  System  Including  One  Klastic  Mode 
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If  these  additional  relationships  are  incorporated,  the  open  loop  transfer  function  becomes: 
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(2-11) 


A  comparison  between  Kquution  2-11  and  tho  open-loop  transfer  function  for  Figures  2-2  and  2-3  (Ref.  Figure 
2-4)  reveals  that  the  addition  of  the  mode  has  affected  the  gain  as  well  as  introduced  a  pole-aero  doublet.  One 
may  show  that  in  order  for  such  a  dipole  to  yield  a  loop  of  stable  roots,  the  bending  mode  zero  should  be  less 
than  (below)  the  pole  (see  Figure  2-7).  Thus,  an  inspection  of  the  equation  reveals  that  it  is  desirable  to  locate 
the  gyro  on  the  aft  portion  of  the  vehicle,  (behind  tho  antinode)  where  <H^>  is  negative.  It  must  be  added,  how¬ 
ever,  that  this  simple  conclusion  applies  only  to  modo«  of  moderate  frequency  (probably  only  the  fundamental) 
and  to  the  simple  low -order  autopilot  of  Figure  2  11.  A  more  elaborate  study  will  be  required  to  provide  a 
reasonable  assurance  of  stable  operation  when  higher  frequency  modes  are  considered. 


Figure  2-11.  Approximations  Used  for  Preliminary  Analysis  of  Control  System 
Including  One  Elastic  Mode 

2.2.8  Detailed  Root  Locus  Studies:  Higher -Order  Elastic  Mode  Analysis.  Even  a  planar  analysis  of  an  elastic 
vehicle  leads  to  complex  equations  when  numerous  modes  of  motion  and  system  degrees  of  freedom  are  to  be 
accounted  for.  Large  analog  computer  simulations  were  used  for  the  early  studies  of  such  large  boosters  as 
Navaho  and  Atlas.  Tho  use  of  the  analog  computer  permitted  the  inclusion  of  many  modes,  aerodynamic  and 
propellant  slosh  forces,  and  the  nonlinear  characteristics  of  the  servo  actuator.  A s  more  was  learned  about 
the  problem  it  became  apparent  that  the  system  could  be  analyzed  adequately  in  separate  parts,  i.e. ,  the  elastic 
modes  examined  one  mode  at  a  time,  and  the  rigid-body  and  sloshing  modes  examined  independently  from  clastic 
motion . 

For  the  analysis  of  the  coupling  of  the  control  system  with  the  elastic  motions,  the  following  simplifications  were 
found  to  be  suitable  to  adapt  the  analysis  for  manual  techniques.  Such  analysis  yields  good  results  for  pre¬ 
liminary  design  and  may,  under  certain  conditions,  be  acceptable  for  determining  final  configuration.  The 
limitations  upon  this  method  are  explained  in  later  chapters. 
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In  the  first  simplification  only  one  elastic  mode  Is  considered  at  a  time.  This  step  \h  permissible  because  the 
elastic  modes  are  orthogonal  and  couple  only  through  the  aerodynamic  forces ,  rocket  engine  control  forces 
(through  the  autopilot),  and  fuel  sloshing  modes.  The  frequency  separation  between  modes  and  the  highly  tuned 
nature  of  each  mode  (low  damping)  make  this  coupling  negligible  (see  Section  4). 

In  calculating  the  characteristics  of  the  modes ,  the  vehicle  mass  and  inertial  properties  are  computed  with  the 
engine  mass  and  rigid  portion  of  the  propellants  included  (see  Appendix  A).  This  technique  provides  maximum 
uncoupling  of  the  modal  coordinates. 


The  second  simplification  neglects  the  effects  of  aerodynamics.  This  assumption  generally  Is  satisfactory  at  all 
times  for  u  ballistic  booster  with  a  nonwlnged  payload.  For  analysis  of  a  winged  booster  or  payload,  aerody¬ 
namics  will  have  to  be  included  at  certain  times  of  flight.  The  effect  of  aerodynamics  on  stability  can  be  es¬ 
timated  by  computing  the  apparent  frequency  chango  of  the  modo  brought  about  by  the  generalized  aerodynamic 
forcing  function.  If  the  frequency  doos  not  change  more  than  a  few  percent  the  effects  of  aerodynamics  are 
safely  ignored. 

In  the  third  simplification,  a  linear  rocket  engine  servo  (as  derived  in  Appendix  B-4)  is  used.  The  technique 
used  to  linearize  the  nonlinear  equations  Is  given  in  Appendix  B-4.  By  using  gains  for  several  engine  ampli¬ 
tudes  the  presence  of  stable  and  unstable  limit  cycles  can  be  predicted. 

For  the  block  diagram  of  the  control  system  and  missllo,  including  an  clastic  mode,  two  parallel  blocks  will  be 
used  to  represent  tho  missile  dynamics  -  one  for  rigid  motion  (0/6)  and  the  other  for  elastic  motion  (qj/6). 

This  block  diagram  Is  given  in  Figure  2-10. 


The  equations  which  will  be  used  to  replace  Kquations  2-10  for  vehicle  dynamics  are  derived  by  addition  of  en¬ 
gine  chamber  inertial  terms.  They  are:  and  ^s^6  ,  respectively.  Hence: 


(Rigid  Body): 


is2e  = 


(Bending  Mode): 


6  -Tc(*c0*(T+*iTH 

f  ( 

r-T^-v 

\ 


For  the  engine  servo  one  uses  the  equation: 

<s3  +  2fcn  "on*2  +  "on  8  +  Kc"c>  *  =Ke^5c 


(2-12) 


(2-13) 


(2-14) 


Combining  these  equations  in  the  control  system  of  Figure  2-10  gives  the  following  open-ioop  transfer  function. 

kAkckKuic  lc  (MH«k  ~  1  K^xT ) 

0£  I  (filter)  [  gyro  dynamics) 


s~  »•  2  «j  s  *  Wj2 


where  A-  =  1  -  * 
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In  writing  Equation  2-15  the  second  order  terms  describing  the  effect  of  rocket  engine  Inertia  on  the  rigid  body 
motion  have  been  approximated  in  favor  of  factoring  out  a  simple  expression  for  the  "tatl-waga-dog"  zero.  Also, 

we  have  used  the  convention  0^  =  1. 

The  so-called  "tall-wags-dog"  (TWD)  zero  appears  in  Equation  2-15.  This  zero  occurs  at  the  frequency  at 
which  the  transverse  inertia  forces  resulting  from  the  gtmbaling  of  the  rocket  engine  chamber  cancel  the  thrust 
forces  resulting  from  the  chamber's  angular  deflection.  Thus,  at  frequencies  below  the  TWD  zero  the  thrust 
forces  will  determine  the  phase  of  the  resulting  forco,  while  the  inertia  forces  will  determine  the  resultant 
force-vector  phase  at  frequencies  above  the  TWD  zero.  Therefore,  there  will  be  a  180-degree  phase  shift  in 
force  output  as  the  frequency  crosses  the  override  point. 

In  writing  Equation  2-15  the  rate  and  position  gyros,  if  both  are  used,  were  restricted  to  the  same  location  on 
the  missile.  The  equations  and  simplifications  which  can  be  used  when  this  assumption  is  invalid  are  given  in 
Section  4. 

With  Equation  2-15  one  may  continue  to  use  the  rool -locus  technique  for  simplified  analysis.  This  is  one  of  the 
best  methods  available  for  linear  systems,  giving  a  good  visual  Indication  of  the  effect  of  one  mode  and/or  ele¬ 
ment  upon  the  other.  In  addition,  the  root-locus  technique  gives  a  direct  indication  of  the  damping  of  the  sys¬ 
tem.  Figure  2-12  shows  a  representative  root-locus  polo-zero  configuration  for  Equation  2-15. 


It  HATE  GYRO  POLE 


Figure  2-12.  Representative  Root-Locus  for  Pole-Zero  Configurations  for  Equation  2-15 

The  effect  of  higher  order  elements  such  as  those  poles  due  to  the  rate  gyro  roll-off  characteristics  can  be  il¬ 
lustrated  at  this  point.  The  relatively  high  frequency  body  bending  mode  in  Figure  2-12  would  be  affected  by  the 
rate  gyro  poles.  This  effect  can  be  shown  by  measuring  the  phase-angle  contribution  of  these  pole-3  from  the 
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elastic  mode  pole.  For  a  low  frequency  mode,  on  the  othor  hand,  the  phase  contribution  of  the  gyro  poles  will 
be  negligible. 

As  a  linear  approximation  Is  used  to  represent  the  nonlinear  actuator,  the  engine  servo  pole  configuration  will 
only  be  applicable  to  one  engine  amplitude  and  frequency  of  oscillation  (see  Appendix  B-4).  A  change  in  ampli¬ 
tude  would  cause  a  shift  In  the  position  of  the  actuator  roots.  This  shift  would  cause  a  gain  change  and  angular 
rotation  In  the  locus  from  the  clastic  pole.  A  typical  change  in  locus  with  amplitude  is  shown  in  Figure  2-13. 


i*L 


Figure  2-13.  Knginc  Serve  Poles  for  the  Three  Different  Signal  Amplitudes 
and  the  Resulting  Three  Different  Departure  Loci 

The  results  of  the  locus  of  Figure  2-13  can  be  expressed  in  three  ways;  a  constant  amplitude  locus  (conventional 
gain  locus),  a  constant  gain  locus,  or  a  family  of  gain  and  amplitude  loci.  These  representations  would  appear 
as  shown  in  Figures  2-14  through  2-16. 
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Figure  2-15.  Constant-Gain  Locus 

Although  Figures  2-12  through  2-16  represent  a  simplification,  they  are  very  useful  in  analysis  of  the  effects  of 
elastic  motion.  The  roots  illustrated  above  can  he  easily  handled  by  manual  techniques.  One  effect  which  has 


ju> 


Figure  2-16.  Family  of  Constant-Gain  vs.  Constant-Amplitude  Loci 

been  omitted  is  that  of  the  dynamics  of  the  displacement  gyro.  The  relative  unimportance  of  the  displacement 
gyro,  its  gain,  and  its  characteristics  may  be  seen  from  the  fact  that  the  l/Kp  zero  is  practically  at  the  origin, 
and  hence  is  almost  cancelled  by  a  polo  there.  Insofar  as  its  appearance  from  the  region  of  the  bending  dipole 
is  concerned. 

Figure  2-17  illustrates  the  importance  of  the  angle  of  departure  from  the  bending  pole  in  the  analysis  of  the  sta¬ 
bility  of  the  system.  By  manipulating  the  parameters  related  to  the  filter  (position  and  number  of  poles  and 
zeros),  one  can  obtain  any  desired  angle  of  departure  from  the  bending  pole.  For  example,  the  addition  of  a  lag 
filter  is  quite  often  used  to  phase -stabilize  ll.e  lower  fiequency  modes.  However,  this  results  in  a  deterioration 
of  the  rigid -body  locus,  as  shown  in  Figure  2-17. 
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Figure  2-17.  Deterioration  of  the  Rigid-Body  Locus  as  a  Result 
of  Lag-Stabilization  ol  Low  Frequency  Mode 

The  preceding  discussion  indicates  that  at  any  time  the  control  system  analyst  could  provide  a  stable  control 
system  bending  mode  configuration  by  the  addition  of  proper  phase  compensation.  This  approach,  however,  is 
not  always  feasible  In  practice.  First,  there  will  be  many  dipoles,  each  "no  representing  a  different  mode. 
Thus,  a  simple  filter  which  stabilizes  one  mode  may  make  another  unstable,  thereby  requiring  a  more  elaborate 
filter  design,  in  addition  to  the  multiplicity  of  dipoles,  each  dipole  will  move  in  the  course  of  the  flight.  This 
would  correspond  to  an  increase  in  the  frequency  of  the  modes  as  the  propellants  are  expended.  The  frequency 
range  covered  by  a  higher  mode  (e.g. ,  the  third  or  fourth)  over  the  course  of  a  stage  of  flight  might  be  very 
great.  In  addition,  the  mode  shapes  change,  often  altering  the  sense  (sign)  of  a  modal  slope  seen  at  a  gyro 
station. 


It  is  therefore  impractical  to  try  to  achieve  a  stable  angle  of  departure  for  all  poles  throughout  flight  by  filtering 
only.  Thus,  structural  damping  (modal  damping)  must  be  relied  upon  in  practical  control  systems  to  help  in 
gain-stabilizing  certain  modes.  While  for  many  configurations  the  angle  of  departure  of  closed-loop  roots  from 
the  pole  might  be  toward  the  right  half  of  the  s -plane,  the  combination  oi  structural  damping  and  control  system 
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attenuation  will  be  sufficient  to  give  a  stable  opei'ating  point.  The  general  philosophy  is  to  attempt  to  control  the 
angle  of  departure  (phase-stabil ize)  the  low  frequency  inodes  while  depending  on  the  structural  damping  and  con¬ 
trol  system  "roll  off"  to  gain -stabilize  the  high  frequency  modes. 

The  use  of  structural  damping  to  stabilize  the  low  frequency  modes  is  inadvisable  due  to  the  small  amount  of 
damping  available.  This  damping  has  been  found  to  vary  from  1/4  percent  critical,  for  a  large,  structurally 
clean  configuration  which  is  full  of  propellants,  to  2  percent  for  conventional  built-up  construction  when  the  tanks 
are  empty.  This  damping  will  generally  be  higher  for  the  high  frequency  modes*.  Curves  illustrating  the  damp¬ 
ing  for  several  configurations  of  a  large  booster  are  given  in  Section  6. 

The  preceding  technique  gives  a  simple  method  for  the  preliminary  analysis  of  flexible  booster -autopilot  elastic 
coupling.  The  answers  are  correct  under  the  assumptions  made  and  give  insight  into  phenomena  which  may  oc¬ 
cur  when  a  more  complete  analysis  is  undertaken.  The  results  obtained  are  useful  for  predesign  studies  on 
autopilots  for  flexible  booster  configurations  and  will  lie  adequate  for  final  configuration  and  gains  for  a  large 
class  of  boosters  (see  Sections  \  and  5) , 

2.3  DETAILED  COMPUTER  STUDIES 

In  addition  to  the  simple  linear  and  describing  function  results,  analog  and  digital  computer  solutions  of  the  com¬ 
plete  system  of  equations  are  often  used.  The  analog  solutions  may  be  used  to  give  final  verification  of  the  solu¬ 
tion  of  the  elastic,  rigid  body,  and  slosh  equations.  With  present  ana'.og  equipment  one  can  simulate  (practical¬ 
ly)  up  to  five  elastic  modes  plus  the  slosh  analogies.  A  block  diagram  of  the  control  syst  vi  missile  dynamics 
and  the  elastic  modes,  plus  the  rate  and  position  sensor  dynamics  for  such  a  system  of  equations  is  shown  in 
Figure  2-18.  The  use  of  an  analog  computer  makes  it  possible  to  simulate  more  extensive  nonl inear ities  such 
as  a  complete  servo  actuator  and  intentional  control  nonl  inear  ities  (limits,  thresholds,  digital  sampling-and- 
hold,  etc.).  The  computer  allows  all  significant  degrees  of  freedom  to  be  included  at  the  same  time,  this  giving 
a  final  verification  of  freedom  from  instabilities  arising  because  of  unexpected  coupling  between  the  various 
modes  and  because  of  the  nonlinearities. 

Early  analog  studies  were  used  to  obtain  elastic  missile  stability  boundaries,  which  are  plots  of  gyro  location 
versus  maximum  allowable  gain  for  stability.  Each  boundary  represents  one  particular  flight  time.  A  typical 
stability  boundary  plot  for  several  flight  times  is  shown  in  Figure  2-19. 

The  elastic  modes  change  frequency  and  configuration  as  propellants  are  expended,  on  a  root  locus  system  they 
have  the  effect  of  moving  the  bending  dipole  up  along  the  jw  axis.  In  the  stability  boundary  obtained  from  the 
analog  this  effect  shows  up  as  a  change  In  permissible  gain  and  a  shift  of  the  boundary  along  the  missile.  This 
shift  reduces  ihe  available  area  in  which  the  sensors  can  be  placed. 

The  stability  boundary  gives  an  accurate  representation  of  the  gains  which  can  be  used  at  various  times  of  flight 
but  does  not  give  information  necessary  for  complete  confidence  in  the  result.  This  is  true  because  small 
changes  in  phase,  such  as  could  occur  with  changes  in  time  and  other  parameters,  may  alter  the  angle  of  de¬ 
parture  from  the  elastic  pole  and  drastically  change  the  gains  allowable  for  stable  operation.  For  instance, 
the  angle  of  departure  from  the  elastic  pole  were  parallel  to  the  jo?  axis,  the  allowable  gain  could  be  appreciably 
reduced  by  a  rotation  of  this  angle  a  few  degrees  towards  the  jw  axis.  Thus,  even  a  minor  interpolation  or 
change  in  operating  characteristics  could  alter  the  nature  of  the  results  seriously. 

The  best  method  of  synthesis  and  analysis  of  a  quasi -linear  booster  control  system  appears  to  be  through  the  use 
of  modified  root-locus  techniques  (as  described  in  Subsection  2.2.H)  to  determine  the  gains  and  filter  configura¬ 
tions.  These  techniques  may  be  elaborated  to  consider  suspected  coupling  between  inodes  due  to  a  small  fre¬ 
quency  separation  and/or  significant  generalized  forces.  Such  elaboration  is  made  by  employing  a  general, 
digital-root  extraction  routine  such  as  described  in  Subsection  2. 2.(5 ,  along  with  as  many  modes  of  the  system 
as  necessary. 

The  degree  to  which  such  a  result  can  be  utilized  without  analog  verification  is  dependent  upon  the  accuracy  with 
which  the  system's  nonlinearilies-’oolh  unintentional  and  intentional  -can  he  represented.  One  fruitful  usage  of 


♦This  observation  is  in  contradiction  to  the  classical  structural  damping  property  Inn  rests  upon  the  fact  that  a 
portion  of  the  damping  is  from  coulomb  friction  and  propellants. 
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Single- Plane  Attitude-Control  System  for  a  Flexible-Bodied  Vehicle: 
Simplified  Block  Diagram 
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Figure  2-19.  Typical  Stability  Boundary  Plot  for  Several  Flight  Times 

the  analog  might  be  to  provide  a  measure  of  the  accuracy  of  the  digital  results  by  running  a  test  problem  as  a 
standard,  against  which  digital  predictions  may  be  gaged.  In  this  way  the  necessity  for  mounting  a  full-scale 
analog  effort,  with  its  attendant  equipment  complexity  problems,  may  be  obviated. 

On  the  other  hand,  the  use  of  the  massive  computer  simulation  for  a  final  proofing  of  the  complete  missile  sys¬ 
tem  does  have  several  advantages.  One  advantage  is  that  all  terms  which  affect  solution  accuracy,  including 
strong  nonlinearities,  can  be  simulated,  and  the  results  cannot  be  questioned  on  the  basis  of  an  excessive  num¬ 
ber  of  simplifying  assumptions.  Thus,  one  increases  the  confidence  level  by  verifying  the  results  of  other 
studies.  Finally,  the  simulation  yields  transient  results  under  various  inputs  and  provides  data  concerning  local 
histories  of  body  loads.  The  determination  of  loads  is  discussed  below. 

2.4  TIME -VARYING  STUDIES 

Time-varying  studies  constitute  the  most  complete  simulation  and  analysis  which  can  be  applied  to  the  flight  of  a 
missile.  A  mathematical  model  which  changes  with  time  is  the  only  comprehensive  representation  that  can  be 
used  for  the  lower  frequency  modes  of  a  vehicle  expending  propellants  and  .living  through  a  varying  environment. 
The  effect  of  the  change  of  parameters  can  then  be  evaluated  and  the  differences  from  fixed  time  studies  shown. 

The  time-varying  nature  of  the  studies  gives  rise  to  additional  transfers  of  energy  which  arc  not  present  in 
fixed -coefficient  studies.  This  transfer  arises  from  changes  in  longitudinal  acceleration  upon  propellant  slosh¬ 
ing,  aerodynamic  forces,  mast  and  inertial  changes,  and  changes  in  the  elastic  properties.  Of  the  preceding 
items,  changes  in  elastic  properties  are  usually  not  included  in  the  time-varying  analysis.  This  omission  is 
acceptable  because  the  time-varying  solution  is  usually  conducted  to  analyze  the  rigid-body  and  sloshing  coupling 
between  the  pitch,  yaw,  and  roll  planes;  there  normally  is  a  great  frequency  spread  between  these  modes  and  the 
elastic  modes. 
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Conversely,  time-varying  solutions  are  not  usually  used  in  the  analysis  of  elastic  modes.  The  bending-mode 
equations  are  of  such  nature  that  a  theory  for  the  time-varying  case  which  can  be  practically  Implemented  does 
not  exist.  The  partial  differential  equations  of  tho  elastic  motion  are  too  cumbersome  to  handle,  and  the  modal 
simplifications  can  only  bo  made  for  time-fixed  configurations.  The  time-fixed  analysis  is  satisfactorily  ac¬ 
curate,  however,  since  modal  poriods  are  short  and  parameters  vary  slowly. 

The  design  of  an  autopilot  demands  that  tho  system  be  stablo  at  all  conditions  of  flight.  Using  the  time-slice  ap¬ 
proach,  system  stability  is  demonstrated  at  seloctod  timos.  There  is  small  possibility  of  elastic  instabilities  in 
a  system  that  passes  through  a  number  of  stable  points  in  which  the  parameters  vary  only  slightly  from  point  to 
point.  Thus,  by  analyzing  a  number  of  points  during  the  flight  tho  stability  between  these  discrete  points  can  be 
correctly  inferred. 

Both  single-plane  and  three-axis  studies  are  used  in  timo-varylng  analyses.  The  single-plane  analysts  will  al¬ 
ways  be  simpler  than  the  throe-axis  analysis  and,  therefore,  should  be  used  whenever  It  can  give  satisfactory 
results.  One  such  study  area  concerns  the  offoct  of  the  continuing  Increase  in  acceleration  on  propellant  slosh¬ 
ing  amplitudes.  This  increasing  acceleration  has  the  effect  of  reducing  slightly  the  amplitude  at  any  given  time. 
As  die  acceleration  is  increased,  the  same  energy  can  be  contained  in  an  oscillation  of  slightly  less  amplitude. 

In  a  related  study,  the  butld-up  of  sloshing  due  to  system  Inputs  is  simulated.  All  expected  atmospheric  dis¬ 
turbances  during  flight  are  simulated  to  provide  tho  most  accurate  means  of  predicting  the  maximum  slosh 
angles  which  are  to  bo  expected.  Tho  effect  of  this  maximum  slosh  amplitude  on  loads  and  control  capability  can 
be  evaluated.  The  damping  provided  by  mechanical  baffles- one  common  method  of  slosh  control-is  a  function 
of  tho  amplitude  of  slosh  (soe  Appendix  A-.'i).  The  effect  of  this  nonlinear  damping  on  fluid  slosh  history  during 
flight  can  be  analyzed  only  by  a  time-varying  so’utlon. 

The  effect  of  the  cumulative  flight  history  upon  aerodynamic  loadings  may  also  be  analyzed  in  this  simulation. 
Vehicle  initial  conditions,  angle  of  attack,  angular  velocity,  and  control  deflection  all  have  an  effect  on  the  re¬ 
sponse  to  aerodynamic  disturbances  such  as  wind  profile,  shear,  shear  reversal,  and  gusts. 

With  the  time-varying  simulation  a  number  of  tests  of  performance  quality  may  be  made  which  are  not  possible 
with  fixed-coefficient  studios.  Primarily,  thoso  studies  consist  of  a  complete  launch -to-staging  (burnout  for  a 
single  stage  vehicle)  simulation  to  observe  the  behavior  of  the  vehicle  and  control  system  during  launch,  transi¬ 
tion-turn  off  the  vertical,  and  flight  through  various  wind  profiles  and  gusts.  The  implications  of  the  instability 
in  the  forward  propellant  tanks  and  the  amount  of  dumping  which  must  be  added  to  the  tank  may  be  examined.  In 
one  vehicle,  for  Instance,  it  was  found  possible  to  allow  a  slight  degree  of  propellant-mode  instability  up  to 
about  t  =  0. 7  Ts  (Ts  =  time  of  staging)  without  adding  propellant  damping  baffles.  After  t  =  0. 7  Ts,  it  was  found 
necosaary  to  add  baffles.  (A  baffle  Is  "added"  at  a  certain  tlme-of -flight  by  locating  it  In  the  propellant  tank 
such  that  the  free  surface  of  tho  liquid  arrives  at  the  baffle  station  just  shortly  before  the  damping  is  needed. 
Baffle  damping  is  only  effective  when  the  baffle  is  close  to  the  liquid's  freo  surface.) 

There  are  some  problem  areas  where  all  three  control  axes  must  be  simulated  and  the  vehicle  given  six  degrees 
of  rigid-body  freedom.  Some  of  these  problem  areas  are: 

a.  Circular  sloshing  (swirling  propellants),  111  which  the  propellant  may  oscillate  in  two  orthogonal  planes  with 
varying  phase  and  amplitude  relations.  It  should  bo  noted  also  that  propellants  tend  to  slosh  In  inertial 
planes  about  which  tho  vehicle  may  roll. 

b.  Center-of-gravity  offset  and  product-of-lnertia  coupling. 

c.  Coupling  through  the  control  system  due  to  cross-talk  between  control  channels  or  due  to  poor  tracking  be¬ 
tween  chambers  of  a  multi-engine  configuration.  Cross-talk  may  be  caused  from  electrical  pickup  between 
control  channels  or  from  unwanted  signals  "seen"  by  the  sensors  (e.g. ,  a  rate  gyro  Is  sensitive  to  accelera¬ 
tions  about  its  output  axis). 

:S.f>  LOAD  STUDIES 


The  problem  of  load  determination  and  transient  response  is  a  necessary  part  of  the  flexible-booster  autopilot 
analysis  since  the  matter  of  maximum  bending  moments  Imposed  on  the  structure  is  critical  to  the  success  of  the 
booster  system  being  analyzed.  An  unnecessary  increase  in  the  bending  moments  which  the  structure  must  sus¬ 
tain  will  result  in  an  unnecessary  increase  in  tho  structural  weight.  An  indication  of  the  maximum  angle  of  at¬ 
tack  that  tiie  control  system  must  balance  will  uiso  lie  evaluated.  As  the  classes  of  vehicles  considered  will 
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usually  be  aerodynamleally  unstable,  the  rocket  engine  control  moment  available  must  be  greater  than  the  aero¬ 
dynamic  overturning  moment  at  the  maximum  expected  angles  of  attack  and  dynamic  pressures.  Thus,  the  load 
analysis  will  also  lead  to  a  verification  that  the  control  moment  available  is  adequate  for  the  task. 

The  determination  of  the  loads  imposed  on  the  structure  can  be  determined  in  three,  progressively  refined 
studies:  1)  rigid  body  (steady -state),  2)  in-flight  rigid  body,  and  3)  in-flight  elastic  body.  Each  of  these  methods 
will  be  used  at  some  time  during  the  destgn  study  from  preliminary  to  detailed  final  analysis.  The  three 
methods  will  be  discussed,  and  the  stage  of  the  analysts  under  which  each  is  applicable  will  be  outlined. 

2.5.1  Steady -State  Loads.  The  simplest  method  Is  that  of  rigid  body  steady-state  load  determination.  This 
method  is  usually  used  during  early  predesign  studies  to  give  a  rough  estimate  of  the  loads  which  the  airframe 
structure  will  be  required  to  carry.  The  method  is  particularly  well  suited  to  rapid  parametric  studies  wherein 
comparative  data  is  desired  on  the  relative  load  carrying  requirements  of  several  configurations.  It  is  also  the 
only  method  which  may  be  used  independently  of  the  nature  of  the  flight  control  system  characteristics,  i.e. ,  it 
does  not  make  use  of  an  autopilot.  The  major  shortcoming  of  tho  steady-state  analysis  is  that  it  requires  en¬ 
gineering  judgment  and  experience  to  obtain  quantitative  load  data  and  to  make  allowances  for  dynamic  overshoot 
effects . 

The  method  used  for  steady-state  analysis  is  derived  as  follows.  Assume  that  the  missile  has  a  steady-state 
angle  of  attack.  This  anglo  of  attack  determines  tho  aerodynamic  forces  and  moments  (see  Figure  2-20). 


Figure  2-20.  Model  Used  for  Rigid-Body  "Steady-State"  Angle  of  Attack 
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The  control  force  required  to  trim  the  aerodynamic  moment  is  then  determined:* 
jr  M  0  -  0  =  Ma  a  i  Tcf  c  sin  6  . 

The  equation  for  the  summation  of  lateral  forces  can  be  written:* 


(2-1G) 


Z  Fz  =Faor  -Tcsin  5. 


(2-17) 


*  Equations  2-16,  2  -17  were  written  for  one  control  force  only.  If  more  than  one  control  or  propulsive  force  is 
present  they  must  all  be  included  in  moment  and  force  equations. 
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This  force  causes  a  lateral  acceleration  of  the  vehicle  as  shown  below: 

nose 

..  f 

7,  ~  -  where  M_,  =  /  m  (x)  dx  and  m  (x)  is  the  mass  per  unit  length. 

MT  T  •'tall 

The  bending  moment  at  any  point  along  the  vehicle  can  now  be  determined  by  summing  moments  from  the  nose. 

Thus,  the  moment  at  station  Xn  equals: 

nose  nose 

I  ..  f  f  9CN/a 

M  x  =  X  = ' z  J X  m  <*>  <5  ■  xn>  d?  +  “qB  /x  ~aT~  «  -  ^  d« • 

I  x  xn  ^  n  -  n 

Here  the  auxiliary  variable,  lias  been  introduced  for  convenience.  The  preceding  equation  was  written  as  an 
Integral  equation.  The  solution  will  usually  be  accomplished  by  a  summation  of  discrete  elements  in  the  actual 
analysis. 

The  integral  In  the  preceding  equation  gives  the  value  of  the  bending  moment  at  any  station  along  the  vehicle.  It 
may  be  seen  that  the  loading  is  proportional  to  both  angle  of  attack  and  dynamic  pressure,  q.  The  required  dy¬ 
namic  pressure  can  be  obtained  from  trajectory  data.  The  preliminary  trajectories  are  usually  sufficiently  ac¬ 
curate  for  determining  this  value  of  "qM  to  be  used  for  load  calculation*} . 

The  maximum  bending  moment  for  an  actual  vehicle  will  occur  at  some  general  position  along  the  missile.  Thus, 
the  bending  moment  must  be  calculated  at  various  selected  points  and  an  interpolation  made.  This  can  be  rep¬ 
resented  by  a  graph  showing  bending  moment  per  unit  angle  of  attack,  per  unit  q  versus  station  number.  Figure 
2-21  gives  a  typical  curve  of  bending  moment  for  a  steady  state  ot  along  the  vehicle  length  at  a  particular  time 
and  dynamic  pressure.  A  number  of  such  plots  will  have  to  be  made  for  different  times  of  flight.  The  use  of 
these  curves  requires  estimates  of  flight  conditions  (angle  of  attack  and  dynamic  pressure)  at  various  times  of 
flight  so  that  the  absolute  magnitude  of  the  bonding  moment  at  each  section  of  the  booster  can  be  determined. 


Figure  2-21.  Bending  Moment  for  Steady -State  Angle  of  Attack 

The  maximum  angle  of  attack  to  be  considered  in  load  determination  presents  a  more  serious  problem.  The 
various  contributions  to  the  total  angle  of  attack  must  be  assayed  and  their  sum  used  to  obtain  the  vehicle  load¬ 
ing.  First,  the  angle  of  attack  history  due  to  the  reasonable  steady  wind  profile  (shear  reversal  peak  not  in¬ 
cluded)  is  obtained  from  trajectory  calculations  which  arc  made  with  an  instantaneously  balancing  control  engine 
(no  autopilot  required  as  yet). 


In  addition  to  the  load  imposed  on  Hie  structure  by  the  wind  profile,  short-period  wind  disturbances  such  as 
shear  layers  and  gusts  also  affect  loads.  These  disturbances  exist  mostly  at  altitudes  below  100,000  feet,  which 
is  also  the  region  of  high  dynamic  pressure.  Allowance  for  these  loads  must  also  be  included  in  structural  capa¬ 


bility.  An  estimate  of  the  angle  of  attack  accompany  Ity.  a  sharp 
-where -Vg  is  the  gust  velocity  coni|>o»oui  normal  to  the  vehicle, 


-edged  mist  is  readily  hud  »»:  v* ’ 

whose  velocity  is  V.  A  further  empirical 
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allowance  must  be  made  at  this  point  for  an  anticipated  dynamic  gust  overshoot- ranging  from  20  to  50  percent 
on  typical  aerodynamically  unstable  boost  vehicles  — which  occurs  because  of  the  finite  time  of  response  of  actual 
control  systems. 

The  total  air  load  then  consists  of  that  due  to  the  steady  wind  profile,  plus  that  due  cithor  to  a  gust  or  to  shear 
layers  (shear  reversal  peak).  The  last  two  events  appear  to  be  mutually  exclusive  and  rarely  will  occur  si¬ 
multaneously.  The  gust  usually  imposes  the  greatest  load  upon  the  system:  however,  the  loading  imposed  bv 
both  gust  and  reversal  should  be  evaluated. 

The  wind  profile  (horizontal  wind  velocity  versus  altitude)  velocities  and  wind  shear  and  gust  velocities  have  a 
probability  value  associated  with  them.  These  probability  data  are  available  in  the  literature  (Refs.  4,  5,  and 
14  in  the  Bibliography).  Figures  2-22,  2-23,  and  2-24  give  typical  wind  profiles  and  wind  shear  and  gust  inten¬ 
sity  data.  These  curves  are  representative  of  the  most  severe  conditions  existing  over  the  North  American 


Figure  2-22.  Maximum  Predicted  Wind  Velocity  Over  the  North  American  Continent 

Continent  at  any  time  during  the  year.  Less  severe  criteria  can  usually  be  chosen  if  a  particular  location  and 
direction  are  known;  also,  reductions  can  sometimes  be  made  if  it  is  known  that  the  vehicle  will  fly  during  a 
particular  time  of  the  year. 

A  detailed  statistical  analysis  of  the  effect  on  vehicle  loads  of  winds  aloft  is  being  performed  by  Hobbs  (Refer¬ 
ence  14).  The  initial  results  of  this  study  indicate  that  the  loads  which  would  be  obtained  using  the  methods  out¬ 
lined  in  this  section  are  non-conservative  for  vehicles  smaller  than  an  Atlas  (actual  loads  could  be  slightly  in 
excess  of  predicted  loads).  There  exists  some  doubt,  however,  as  to  the  accuracy  of  the  methods  used  in  the 
reduction  of  the  balloon -sounding  data  which  was  used  for  these  studies.  Further  studies  have  indicated  that  the 
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WIND  SHEAR  (FEKT/SECOND/IOOO  FEET) 

Figure  2-23.  Variation  of  Wind  Shear  Intensities  Versus  Altitude  for  Various  Probabilities 
of  Occurrence  Over  the  North  American  Continent 


TRUE  GUST  INTENSITY  (FEET/SECOND) 

Figure  2-21.  Variation  of  Gust  Intensities  Versus  Altitude  for  Various  Probabilities  of  Occurrence 
Over  the  North  American  Continent  (Gust  Shajies  aie  Versine  Types) 
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wind  loads  as  predicted  in  Reference  14  are  too  severe  and  that  the  method  explained  in  this  section  will  givo  as 
accurate  a  result  as  any  discrete  method.  The  further  studies  also  indicate  that  for  vehicles  of  Atlas-size,  the 
loads  predicted  using  the  methods  of  this  section  will  be  conservative. 

2.5.2  In-Flight  Rigid-Body  Bonding  Moment.  The  design  of  the  autopilot  cannot  be  made  without  giving  attention 
to  the  loads  imposed  on  the  air-frame  by  the  environment  and  tho  manner  in  which  they  are  affected  by  the 
control -system  response.  In  this  next,  more  elaborate  loads  study  an  active  control  system  iu  simulated,  so 
that  dynamic  response  of  the  vehicle  may  be  obsorvod,  Tho  equations  of  motion  of  the  vehicle  with  autopilot  are 
written  as  usual.  Equations  comparable  to  those  of  Subsection  2. 5. 1  (but  including  angular  acceleration  effects) 
are  also  added  to  yield  tho  bonding  moments  at  various  siations  as  linear  functions  of  two  flight  parameters: 


BM  =  BM*  (6)+BM„  (a) 
xn  °n  <*n 


where  the  coefficients  BMt  and  BM„  aro  functions  of  x  along  the  vehicle  body  and  are  also  functions  of  flight 
°n  “n 

time,  as  outlined  below: 


T_  xn  xn  xn 

BM  =  Ttr  %  Mi  (4,  -  *„)  "  P.  t  M,  (4.  -  x  )  -  R  (x  -  x  )  £  M  (f  -  x  > 
onMrrjiin  o  i  i  i  n  c>  n  Ui  1  l  n 


n  T 
xn 


*Vv 


BM  -  £  (C  /a)  (i  -  x  )  qS  -  £  “ST 

an  j  N  i  i  n  Y  l  i  n  M 


’"a  L.  Mi  (4i  '  V  Z  Mi«l  -V- 


The  steady-state  bending  moment  can  be  obtained  directly  from  the  simulation  used.  The  next  step  is  to  analyze 
the  effect  of  tho  autopilot  on  loads.  A  curve  of  maximum  bending  moment  for  a  gust  or  shear  input  may  be  plot¬ 
ted  for  various  values  of  control  system  gain  (KA).  A  typical  plot  of  the  results  for  an  aerodynamically  unstable 
vehicle  is  given  in  Figure  2-25. 


CONTROL  CAIN 

(DEGREES  ENGINE  MOTION  PER  DEGREE 
ATTITUDE  ERROR) 


Figure  2-25.  Steady  State  Rigid-Body  Bending  Moment  for  Increasing  Autopiloi  Gains 
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The  loads  in  Figure  2-25  have  a  simple  physical  explanation.  The  bonding  moment  due  to  aerodynamics  (a)  can 
be  thought  of  as  going  to  infinity  at  low  values  of  K^,  since  the  vehicle,  being  unstable,  will  tumble.  At  inter¬ 
mediate  gains  the  control  system  will  allow  some  overshoot  due  to  control  sluggishness.  This  over^hoot  will  go 
to  zero  at  an  infinitely  high  gain,  thus  reducing  the  bending  moment  due  to  aerodynamics  to  that  of  the  steady- 
state  value  for  high  values  of  KA.  For  the  bending  moment  due  to  the  rocket  engine  (6)  the  converse  is  true  for 
high  values  of  The  higher  the  gain  the  farther  the  engine  will  gimbal  for  the  same  attitude  disturbance. 

Thus,  for  increasing  values  of  the  bonding  moment  due  to  the  rocket  engine  (<5)  will  increase.  Figure  2-25 
also  shows  a  curve  of  the  total  bonding  moment,  BM(a  +6).  The  optimum  point  for  gain,  as  far  as  loads  are 
concerned,  can  be  taken  from  this  minimum  point  on  the  curve. 

2.5.3  In-Flight  Elastic  Vehicle  Bending  Moment.  The  preceding  rigid-vehicle  study  may  be  sufficiently  accu¬ 
rate  for  many  applications.  The  increase  in  loading  due  to  elastic  deflections  is  small  for  the  types  of  vehicles 
presently  flown.  This  increase  is  only  significant  under  gust  or  shear  reversal  responses  and  will  run  from  a 
few  percent  on  a  presont-day  ICBM  to  five  to  10  percent  on  multistage  satellite  vehicles  having  a  large  slender¬ 
ness  ratio.  When  an  analysis  of  the  elastic  flexing  on  the  flexible  booster  is  considered  Important,  the  following 
method  can  be  used  to  evaluate  this  oading. 

In  calculating  the  loads  due  to  elastic  motion,  an  analysis  technique  which  can  determine  transient  response  must 
be  used.  This  restriction  will  usually  Imply  that  a  large  digital  or  analog  computer  simulation  must  be  used. 
This  simulation  would  use  a  flow  diagram  similar  to  that  of  Figure  2-18. 

Once  the  transient  response  to  a  particular  input  has  been  determined,  there  are  two  methods  which  may  be  used 
to  calculate  the  bending  moment.  The  first  of  these  is  the  mode-displacement  method  and  the  second  is  the 
mode -acceleration  method . 


In  the  mode -displacement  method  the  following  equation  is  used  for  calculation  of  the  transient  bending  moment 
at  station  "  * 
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where  n  •-  number  of  modes  used  and  — — ; —  is  the  normalized  curvature  of  the  r*1  mode  at  station  x  . 

dx^  n 

oxn 

The  mode -deflection  method  is  theoretically  correct  for  calculation  of  the  bonding  moment  only  if  all  modes  are 
used.  In  practice,  the  answer  is  obtained  by  using  no  more  than  five  modes,  with  three  being  a  more  repre¬ 
sentative  number.  For  this  limited  number  of  modes  the  mode  displacement  method  can  introduce  certain  in¬ 
accuracies  into  the  result.  Those  inaccuracies  arise  because  the  flexible  booster  will,  in  general,  have  a  highly 
discontinuous  mass  distribution.  The  modal  solution  lends  to  smooth  out  these  discontinuities  and  can  give  re¬ 
sults  which  are  substantially  in  error  in  certain  areas.  To  give  a  more  accurate  answer  with  fewer  modes  the 
mode  acceleration  method  is  usually  used. 


In  the  mode -acceleration  method  the  transient  bending  moment  at  station  "xn"  is  given  by  a  static  summation  of 
moments,  working  from  the  nose  of  the  vehicle  Ixtck  to  a  given  station.  The  equations  follow: 
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where 


j  index  of  stations  forward  of  Xn 
i  index  of  propellant  sloshing  lank 
i  =  modal  index 
n  -  station  index. 
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Here  Z  is  the  lateral  acceleration  of  the  center  of  gravity  of  the  reduced  mass  (with  sloshing  propellants  re¬ 
moved)  of  the  vehicle  under  the  action  of  air  loads,  thrust  vector  forces,  and  sloshing  propellant  forces. 

The  mode -acceleration  method  will  give  more  accurate  results  than  the  mode-displacement  method,  in  that  it 
will  converge  to  the  desired  value  with  fewer  modes.  As  the  elastic  contribution  is  usually  small  compared  to 
that  from  the  rigid  body  and  rigid  body  overshoot,  the  use  of  one  mode  by  the  mode  acceleration  method  is  usu¬ 
ally  sufficiently  accurate  for  the  determination  of  bending  moments  on  the  structure. 


In  addition  to  the  bending  moment  it  may  be  necessary  to  determine  the  lateral  acceleration  at  various  stations 
on  the  missile.  This  acceleration  environment  is  needed  for  design  of  equipment  and  mountings,  and  may  bo 
computed  using  the  same  simulation  used  in  determination  of  bending  moments.  The  transient  lateral  acceler¬ 
ation  at  station  is  given  by  the  equation: 


ZCG  +  (X„-XCG>°  f  £/;„  ", 
1  -  1 


This  discussion  completes  the  Information  usually  obtained  during  transient  analysis  of  the  flexible  booster. 
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SECTION  3 

SYSTEM  EQUATIONS  OF  MOTION 
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SYMBOLS  USED  IN  SECTION  3 


Symbol 


Definition 


C 

nm 

^N/o: 

(CN/q')xii 

cm 

Elxn 
Fx ,  y ,  z 


I 

XOk 

Ki 

t 


L.M.N 

rate) 


M . 
x£ 

M 

r. 

M 

o 

M,ik 

M 


aerodynamic  drag  coefficient 
linearized  gimbal  friction 

flexibility  influence  coefficient  for  an  unrestrained  beam 

aerodynamic  normal  force  coefficient  per  unit  angle  of  attack  in  pitch  plane 

local  aerodynamics  normal  force  coefficient  per  unil  angle  of  attack  at 
station  n  along  the  longitudinal  axis 

aerodynamic  normal  force  coefficient  per  unit  angle  of  attack  in  yaw  plane 
flexural  rigidity  at  station  n  along  the  longitudinal  axis 
total  force  acting  aiong  the  x,  y  or  z  axis 
acceleration  due  to  gravity 

reduced  moment  of  inertia  (see  Appendix  A 1-5) 
moment  of  inertia  (pitch  or  yaw)  of  k^1  engine  about  its  own  c.g. 
spring  constant  for  sloshing  mass  in  f 1,1  propellant  sloshing  tank 
sloshing  propellant  index 

moment  arm  of  sloshing  mass  in  propellant  sloshing  tank 

moment  arm  of  k1*1  rocket  engine  measured  from  its  gimbal  point 
to  its  center  of  gravity 

moments  about  the  x,y  or  /.  axis  respectively 
running  mass  along  the  longitudinal  axis 
generalized  mass  of  the  i1*1  mode 

sloshing  moment  coefficient  for  the  f  ^  propellant  sloshing  tank 

sloshing  mass  (1st  mode)  of  prope  llant  sloshing  tank 

"lumped”  mass  at  station  n 

reduced  vehicle  mass 

mass  of  rocket  engine 

total  mass  of  vehicle 


Units 
N.I).  * 

lb-ft-sec/rad 

ft/!b 

l/rad 

i/rad 

l/rad 
lb  ft2 
lbs 

ft/sec2 

slug  ft2 

slug  ft2 

lbs/ft 

N.D. 

ft 

ft 

ft  lbs 

slugs/ft 

slugs 

slug  ft 

slugs 

slugs 

slugs 

slugs 

slugs 


*  Non-dimensional 


•U 
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SYMBOLS  USED  IN  SECTION  3  (Continued) 

Symbol 

Definition 

Units 

P 

aerodynamic  force  parameter,  =  qS 

lbs 

P.Q.R 

angular  rotation  rates  about  the  x,y,  and  z  axis  respectively 

rad/sec 

q 

aerodynamic  pressure  (q  -  pV2/2) 

lbs/ft2 

ql 

generalized  displacement  of  i^1  mode 

ft 

Q1 

generalized  force  acting  on  the  i^  mode 

lbs 

S  or 

vehicle  reference  area 

ft2 

SREF 

t 

time 

sec 

T 

thrust 

lbt 

u,v,w 

velocity  along  the  x,  y,  and  z  axis  respectively 

ft/sec 

Un(t) 

"lumped"  displacement  as  a  function  of  time 

ft 

u(x,t) 

transverse  displacement  of  longitudinal  axis 

ft 

W  (t) 
n 

"lumped"  loading  as  a  function  of  time 

lbs 

w(x,t) 

transverse  loading  along  longitudinal  axis 

lbs/ft 

x,y,z 

vehicle  coordinate  system 

ft 

X,\  ,Z 

component  forces  along  x,  y,  and  z  axis 

lbs 

Yi 

lateral  displacement  of  sloshing  mass  in  sloshing  propellant  tank 

(spring  mass  analogy) 

ft 

a  ,fi 

aerodynamic  angles  of  attack  in  the  pitch  and  yaw  planes  respectively 

rad 

ar 

vehicle  longitudinal  acceleration 

,  2 
ft/sec 

Of 

xn 

local  anglo  of  attack  at  station  n  along  the  longitudinal  axis 

rad 

r 

sloshing  pendulum  angle  (pendulum  analogy) 

rad 

6 

angle  between  rocket  engine  thrust  vector  and  vehicle  elastic  axis  at 
gimbal  point;  includes  elastic  deformation  of  engine  position  servo 
and  actuation  within  the  servo  itself 

rad 

K 

angle  between  thrust  vector  and  elastic  mode  at  the  k^  rocket  engine 

CG  due  to  actuation  within  the  positioning  servo 

rad 

f 

i 

damping  ratio  for  the  i**1  mode 

N.D. 

t 

da  mping  ratio  for  the  f  ^  sloshing  propellant  tank 

N.D. 

(),ip  ,(p 

rotation  angles  defined  in  Figure  3-3 

rad 

P 

radius  of  gyration 

ft 
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Symbol 

SYMBOLS  USED  IN  SECTION  3  (Continued) 

Definition 

Units 

X 

normalized  slope  of  the  ith  mode  along  the  longitudinal  axis 

rad/ft 

a<» 

X 

normalized  slope  of  the  mode  along  the  longitudinal  axis 

rad/ft 

a<Z> 

xn 

normalized  rigid  body  plunging  mode  slope  at  station  u  along  the 
longitudinal  axis 

rad/ft 

a<°> 

xn 

normalized  pitching  mode  slope  at  station  n  along  tho  longitudinal  axis 

N.D. 

*<*> 

xT 

normalized  slope  for  the  i^1  mode  at  station  T  (roekot  engine  gimbal 
point)  along  the  longitudinal  axis 

rad/ft 

xek 

normalized  deflection  of  the  i^1  mode  at  station  e  (rocket  ongine  center 
of  gravity)  along  the  longitudinal  axis  for  the  k^  engine 

ft/ft 

xn 

normalized  deflection  of  the  i1*1  mode  at  station  n  along  the  longitudinal  axis 

ft/ft 

*«> 

xn 

normalized  deflection  of  the  j1*1  mode  at  station  n  along  the  longitudinal  axis 

ft/ft 

xn 

normalized  deflection  of  the  rigid  body  plunging  mode  at  station  n 
along  the  longitudinal  axis 

ft/ft 

0<e> 

xn 

normalized  deflection  of  the  pitching  mode  at  station  n  along  the 
longitudinal  axis 

ft/ rad 

rxT 

tii 

normalized  deflection  of  tho  .  1  mode  at  station  T  (rocket  engine 
gimbal  point)  along  the  longitudinal  axis 

ft/ft 

"i 

natural  frequency  of  the  l41*  mode 

l/sec 

“f 

natural  frequency  of  slosh  for  the  f^1  propellant  sloshing  tank 

l/sec 

Aerodynamic  Coefficients  (N.D.) 


CN  /ft’ 

Cy/P’ 

Cy/R’ 

cy/«* 

CN/a 

Cz/P' 

Cz/Q’ 

c  '■/*>* 

Ct  //»’ 

Cl/P’ 

Cf/R’ 

Cl/6<t> 

Cm/a  ’ 

Cm/P’ 

Cm/Q' 

Cm/d8 

Cn//?' 

Cn/P’ 

Cn/R’ 

Cn/6y 

NOTE:  These  coefficients  are  defined  to  represent  the  aerodynamic  forces  or  moments  per  unit  value  of  a  vari¬ 
able  producing  the  effect.  Thus,  C^^  represents  (in  nondimensional  form)  the  force  in  the  z -direction  per 
unit  angular  pitching  rate,  Q.  1 

Matrix  Notation 

j  ]  column  matrix 
'j'  ^diagonal  matrix 
f  I  square  matrix 
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3.1  BASIC  PRINCIPLES 

Certain  characteristics  of  the  ballistic  booster  distinguish  this  class  of  vehicle  from  the  lift-sustained  vehicle. 
The  ballistic  booster  is  built  with  a  high  degree  of  structural  (and  honce  inertial)  symmetry.  This  symmetry  in 
many  cases  goes  beyond  the  plane  symmetry  of  the  lifting  vehicle,  extending  almost  to  pure  axial  symmetry. 

The  control  axes  nearly  coincide  with  the  principal  inertial  axes.  Thus,  inertial  coupling  effects  between  mo¬ 
tions  about  the  control  axes  are  small.  The  external  configuration  Is  nearly  symmetric  as  it  affects  aerody¬ 
namic  properties,  leading  to  negligible  aerodynamic  cross  effects  (lateral-directional  coupling).  The  control 
configuration  will  rarely  employ  active  aerodynamic  surfaces,  but  will  depend  primarily  upon  reaction-jet  con¬ 
trol.  For  those  configurations  which  depend  upon  a  degree  of  aerodynamic  centre;}  in  thn  region  of  high  dynamic 
pressure,  the  vehicle  configuration  is  still  such  as  to  result  in  very  small  aerodynamic  cross-coupling  effects 
between  control  channels. 

The  three -axes  coupled  equations  of  motion  of  the  ballistic  booster  are  given  in  Subsection  3.5,  where  these 
coupling  effects  are  discussed  further.  It  is  sufficient  at  this  point  of  development  to  say  that  the  cross -couplings 
are  minor  enough  for  this  class  of  vehicle  to  permit  very  extensive  and  detailed  control  analyses  of  plane  mo¬ 
tions;  these  analyses  are  highly  satisfactory  for  purposes  of  control  system  design. 

It  should  be  stated  further  that  such  coupling  effects  between  vehicle  axes  as  do  exist  are  only  of  significance  for 
studies  of  the  lowor  frequency  (rigid-body)  modes  and  are  of  lessor  importance  in  studying  closed-loop  servo- 
elastic  stability  of  the  control  system.  Since  the  main  thesis  of  this  report  is  the  analysis  of  elastic  autopilot 
coupling  effects,  the  greatest  emphasis  is  placed  here  on  the  equations  for  plane  motion  of  a  flexible  booster. 
These  plane  motion  analyses  are  applicable  to  either  the  pitch-,  yaw-,  or  roll-control  planes  but  for  uniformity 
of  presentation  are  illustrated  here  for  the  pitch  plane  alone.  In  general,  the  roll  control  system  for  this  class 
of  vehicle  Is  not  a  high  performance  control  loop,  and  hence,  elastic  coupling  problems  in  roll  will  rarely  occur. 
Thus,  the  pitch  and  yaw  planes  are  the  control  planes  of  greatest  interest  and  are  those  to  which  the  following 
analysis  is  pointed. 

For  purposes  of  analysis  the  mathematical  model  of  the  missile  system  under  consideration  in  this  study  is 
basically  th*  same  for  all  vehicles,  regardless  of  the  external  configuration  of  the  missile  system.  Although  one 
may  have  configurations  ranging  in  size  from  a  sounding  rocket  to  a  large  space  probe  with  tandem  tanks,  par¬ 
allel  tanks,  winged  payloads,  etc. ;  tne  main  body  of  the  olrueture  may  be  represented  adequately  a 

loaded  beam  in  all  cases.  It  may  be  necessary  to  represent  the  missile  as  a  split,  "branch"  beam  for  certain 
configurations;  but  the  modal  solutions  of  all  the  configurations  will  bo  of  identical  form,  yielding  modal  fre¬ 
quencies,  masses,  and  mode  shapes  for  all  portions  of  the  beam. 

Two  approaches  to  writing  the  equations  of  motion  may  1x3  taken.  If  the  system  is  looked  upon  as  a  continuous 
medium  having  an  infinite  number  of  degrees  of  freedom,  one  is  led  to  a  differential  equation  representation  of 
the  problem.  On  the  other  hand  one  may  hike  a  lumped  parameter  model  leading  to  a  finite  (but  large)  number  of 
degrees  of  freedom,  the  equations  being  written  most  conveniently  in  matrix  form. 

In  either  case,  to  reduce  the  problem  to  a  reasonable  number  of  degrees  of  freedom,  a  modal  solution  approach 
is  employed.  In  this  approach  the  system's  deflected  shape  under  forced  motion  is  represented  by  the  super¬ 
position  of  a  restricted  number  of  selected  functional  shapes  (modes) .  The  shapes  of  these  modes  are  chosen 
such  that,  in  proper  combination,  one  may  expect  to  represent  accurately  the  system's  deflected  form.  For 
reasons  of  computational  expediency  (and  for  their  physical  appeal)  one  often  uses  orthogonal  modes  as  computed 
for  the  free  vibrations  of  the  system.  These  "normal  modes"  lead  to  equations  having  no  inertial  or  elastic 
coupling  terms.  Lacking  a  set  of  truly  orthogonal  modes,  the  analyst  may  employ  completely  arbitrary  mode 
shapes  ("assumed  modes"),  or  as  a  better  compromise,  some  mode  shapes  computed  in  the  presence  of  certain 
artificial  constraints  which  are  applied  for  convenience  ("artificially  uncoupled  modes").  These  modes  are  ex¬ 
plained  in  the  following  paragraphs. 

Modes  which  are  computed  for  the  complete  system  with  no  artificial  constraints  applied  are  called  "normal 
modes".  In  the  resulting  equations  of  motion  for  the  system,  these  modes  are  completely  uncoupled  elastically 
and  incrtially.  However,  in  the  calculation  of  these  inodes  the  analyst  accounts  for  all  of  the  physical  coupling 
between  elements  of  the;  system.  lienee,  historically  (and  unfortunately),  these  modes  came  to  be  known  as 
"coupled  modes". 


Modes  which  are  computed  for  the  system  in  the  presence  of  some  artificial  mathematical  constraints  (applied 
usually  for  computational  ease)  are  called  "artificially  uncoupled  modes".  For  example,  the  missile  body -bending 
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modes  are  often  computed  with  tho  sloshing  portion  of  the  liquid  propellants  removed.  Correspondingly,  the 
liquid  propellant  mode  is  computed  for  a  rigid  (fixed)  tank.  These  two  modes,  computed  In  this  artificially  un¬ 
coupled  manner,  are  then  coupled  together  analytically  in  writing  the  equations  of  motion.  They  will  therefore 
have  elastic  and  inertial  coupling  terms  between  them  in  the  equations  of  motion. 

Modes  are  sometimes  used  which  have  assumed,  arbitrary  shapes;  these  modes  will  have  the  greatest  elastic 
and  inertial  coupling  in  the  equations  of  motion.  Such  functions  may  be  used  If  analytic  evaluations  of  certain 
elements  in  tho  equations  (most  often  integral  terms)  are  greatly  expedited  by  the  use  of  a  series  of  closed  form 
(standard)  functions  (polynomials,  harmonic  functions,  etc.).  There  may  also  be  reason  to  suspect  (on  physical 
grounds)  that  some  such  function  may  actually  better  describe  the  system's  deflected  shape  than  do  the  normal 
modes.  Tills  might  be  the  case  on  an  aoroolastic  calculation  for  a  thin  lifting  surface  where  It  is  felt  that  aero¬ 
dynamic  forces,  rather  than  inertial  forces,  arc  dominant  in  distorting  the  wing.  Since  for  the  ballistic  booster 
it  is  clear  that  elastic,  inertial,  and  propulsive  forces  are  dominant,  use  of  arbitrary  modes  is  seldom  made; 
the  system's  doflected  shape  is  unquestionably  better  described  by  normal  modes  or  (second  best)  by  certain  ar¬ 
tificially  uncoupled  modes. 

in  the  following  paragraphs,  equations  of  motion  for  the  vehicle  treated  as  a  loaded  elastic  beam  are  derived  by 
both  the  differential  equation  and  lumped  parameter  approaches.  In  each  case  one  is  led  to  a  modal  formulation 
of  the  problem  of  forced  motion.  Finally,  a  rather  complete  sot  of  equations  of  forced  motion  for  a  flexible 
booster  with  autopilot  is  written  in  a  format  suitable  lor  use  with  either  orthogonal  normal  modes  or  with  certain 
classes  of  artificially  uncoupled  modes. 


3.2  DIFFERENTIAL  EQUATION  PROBLEM  FORMULATION 


The  plane  elastic  motion  of  the  continuous  system  of  Figure  3-1  is  described  by  the  partial  differential  equations 
for  forced  small  amplitude  vibrations  of  a  "free-free"  (floating)  beam.* 


m  (x) 


a^u 

atu 


<)x^ 


w(x,t) 


(3-1) 


Figure  3-1.  Elastic  Beam  Coordinates  of  a  Continuous  System 

3.2.1  Free  Vibrations  of  System.  The  solution  to  the  free  vibration  problem  (w  ~  o)  for  this  beam  is  obtained 
by  the  method  of  separation  of  variables,  i.e. ,  by  assuming  a  solution  of  the  form: 

u(x,t)  -  U  (x)  •  T  (t) 

The  spatial  functions  U(x)  arc  found  to  be  the  ^ystora'c  normal  modes  of  vibration  (eigenfunctions;  which  are  de¬ 
pendent  upon  tho  geometric  boundary  conditions  (method  of  support  or  constraint  of  tho  beam).  Associated  with 
each  of  these  modes  is  a  characteristic  parameter  (eigenvalue),  Wj,  its  natural  frequency.  The  time  functions, 
T(t»,  arc  found  to  be  harmonic  functions  of  the  circular  frequency  u>j. 


*  Shear  deformation  displacements  and  rotary  inertial  terms  are  omitted  here  for  simplicity,  see  pp.  07,  08  of 
Keferenee  0.  Their  inclusion  in  the  general  solution  is  discussed  later. 
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An  infinite  series  of  these  functions  is  necessary  to  satisfy  the  general  boundary  conditions  in  time  (initial  con¬ 
ditions)  and  to  describe  thereby  the  time  history  of  free  vibratory  motion.  ThuB,  one  writes: 


oo 

u(x,t)  =  £ 


1=1 


lAj  sin  Wjt  +  Bj  oos  o)jt  I 


i>W 

^(x) 


where  the  's  are  the  normal  modes.  In  computing  the  coefficients.  A,  and  B,,  from  the  given  initial  condi- 
(x)  1  1 

tions,  advantage  is  takon  of  the  modes'  property  of  weighted  orthogonality,  :  !z. : 

,L 


4 m«*S>)#Sd8" 


1  *  i 
X\  i=j 


(3-2) 


Note  that  the  absolute  magnitude  of^j  as  defined  here  is  dependent  upon  the  scale  selected  for  the  mode  shapes, 

0^  ,  since  these  aro  functions  giving  only  relative  amplitudes.  Selecting  a  particular  scale  for  these  is  the  pro- 

(x) 

cess  known  as  normalizing. 


3.2.2  Forced  Motions  of  System.  A  Fourier  series  of  normal  mode  functions  is  used  to  represent  the  deflection: 


u(x,t)  = 


co 

£ 

1=1 


Qj  (t)  •  <t> 


(I) 

(x) 


(3-3) 


whore  the  qj(t)'s  are  functions  of  time  to  be  determined  and  are  called  normal  coordinates.  If  Equation  3-3  is 

substituted  into  Equation  3-1  and  the  result  is  multiplied  by  and  integrated  over  the  length  of  the  beam,  one 

(x) 

obtains  a  series  of  simultaneous  equations  of  the  following  generic  form: 


w,2  q. 


.  Qi(t> 


i  »i 


Here  advantage,  has  been  taken  of  the  modal  orthogonality  property .  and  we  have  defined: 

L 

Q,(t>  =  /  w(x,t)  •  0^  dx 
o 

as  the  generalized  force  acting  on  the  i1*1  mode.  The  generalized  mass  of  this  mode  Is  given  by: 


X 


Li 


f  m  (x)  \<t> 


dx. 


Also,  the  natural  frequency  is  defined  by: 


„2  =  J_  f  d2 

1  *1  J 

o 


KI(x) 


(x) 


dx2 


0) 
<t>  (x) 
dx. 


(3-4) 


No  inertial  or  elastic  coupling  terms  appear  between  the  coordinates.  It  follows  that  the  normal  coordinates 
(modes)  couple  only  through  any  dependence  of  the  forcing  function,  w(x,t)  upon  the  motions  themselves,  i.e. ,  if 
w  -  w  (x,  t,  u,  u).  The  "external"  forcing  functions  used  in  an  elastic  missile  simulation  are: 


a.  Aerodynamic  Forces 

b.  Itocket  Engine  Thrust  Forces 

c.  Engine  Control -Servo  Inertial  Forces 

d.  Propellant  Sloshing  Forces 
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Quasi-static  aerodynamics  are  most  commonly  used,  employing  local  lift  coefficients  along  the  body  and  local 
angles  of  attack  induced  by  body  deflections  and  deflection  rates.  Both  in-phase  and  damping  terms  are  thereby 
generated.  Methods  which  can  be  used  to  approximate  the  aerodynamic  forces  are  given  la  Appendix  A5. 

For  an  unwinged  ballistic  booster  the  aerodynamic  forces  (which  do  depend  upon  the  die  placements)  are  small  in 
comparison  to  the  olastic,  inertial,  and  propulsive  forces.  These,  therefore,  provide  negligible  modal  coupling. 
The  other  significant  source  of  coupling  is  through  the  control  forces  (autopilot)  which  respond  to  sensed  mo¬ 
tions.  These  modal  frequencies  are,  however,  always  (by  intent)  well  above  the  control  system  bandwidth;  hence, 
their  signals  receive  groat  attenuation.  Consequently,  it  is  only  harmonic  or  quasi-harmonic  motion  at  or  near 
the  resonant  frequency  of  a  given  mode  which  can  achieve  sufficient  magnification  to  be  sustained  by  control 
forces  (and  then  oniy  if  the  phase  is  correct).  The  control  system  then  provides  negligible  elastic  modal  coupling. 

In  practical  applications  a  beam  will  possess  some  dissipative  forces  which  provide  damping.  This  dissipative 
energy  is  usually  small  in  comparison  to  the  olastic  and  kinetic  energies;  thus,  the  lower  eigenvalues  and  eigen¬ 
functions  are  negligibly  affected.  These  effects  are  discussed  in  detail  in  Appendix  C 3.  This  dissipative  force 
can  be  approximated  by  adding  a  small  viscous  damping  term  to  liquation  (3-4): 


a  +  2  f  to  q  + 
4i  i4i 


o  2q 
1  4l 


=  Ql(t) 
*  i 


This  damping  does  not  affect  the  calculations  of  the  normal  modes  nor  does  it  couple  them  together. 


Values  of  have  been  determined  by  experiment.  The  use  of  an  equivalent  viscous  damping  term  in  piace  of  a 
combination  of  structural  damping,  coulomb  damping,  and  true  viscous  offect3  is  acceptable  because  of  its  small 
magnitude  (l/4  to  2  percent  of  cxitlual)  and  because  of  the  near-harmonic  nature  of  the  motion  being  investigated 
for  stability.  Typical  curves  of  damping  for  various  tank  configurations  and  propellant  leading  conditions  are 
given  in  Section  6. 


Finally,  we  note  that  the  missile  In  free  flight  is  an  unrestrained,  "floating"  beam.  For  such  a  case  it  is  con¬ 
venient  to  introduce  two  rigid  body  modes:  translation  and  rotation  of  the  principal  inertial  axis  through  the  cen¬ 
ter  of  mass.  These  modes  have  zero  frequency.  The  clastic  deflections  in  this  case  become  simply  the  deflec¬ 
tion?  measured  relative  to  this  principal  axis.  Thin  technique  is  employed  specifically  i: 


u  cue  iieXL  auuauuuuu. 


3.3  MATRIX  EQUATION  PROBLEM  FORMULATION 


Ballistic  booster  vehicles  are  sufficiently  complex  in  their  physical  makeup  that  a  lumped -parameter  idealiza¬ 
tion  of  the  system  often  has  more  intuitive  appeal  than  a  continuous  media  model.  In  a  lumped -parameter  sys¬ 
tem  the  analyst  concentrates  attention  on  those  aspects  of  the  system  which  are  felt  to  be  dominant  (major  mass¬ 
es,  major  structural  members),  while  secondary  features  are  "lumped  in"  to  account  for  them  approximately. 
Figure  3-2  shows  a  lumped -para meter  model  of  a  loaded  clastic  line.  The  deformed  shape  of  the  system  is 


Wn“) 


INERTIAL  REFERENCE 


Figure  3-2.  Lumped-Parameter  Model  of  a  Loaded  Elastic  Line 
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given  by  a  finite  number  of  coordinates.  Elastic  properties  are  also  expressed  In  lumped  fashion  as  a  set  of 
flexibility  influence  coefficients,  Cmll,  giving  the  elastic  deflection  at  point  m  per  unit  force  at  point  n* ,  The 
displacements,  un(t),  air  measured  relative  to  an  inertial  reference.  Three  equations  of  motion  are  written 
(small  displacements  assumod): 


(Summing  forces  vertically) 


SM  a  =  2  W  (3-5) 

n  «  n  „  n 

(Summing  moments  about  the  coordinate  origin) 


2  M  x  ii  =  2  W  x 

n  n  n  n  n  n  n 


(3-6) 


(Elastic  deflection) 


u 

n 


Du 

-U(0)-X„_(0) 


2  C 


W  -  M 


(3-7) 


Here  u(o)  and  —  (o)  are  the  deflection  and  slope  of  the  olastica  at  the*  origin  of  x.  In  this  case  the  flexibility  in¬ 
fluence  coefficients  are  to  be  thought  of  as  giving  elastic  deflections  relative  to  this  reference  line  in  the  beam. 


It  is  found  convenient  in  further  analytic  manipulations  to  sot  the  origin  oi  x  coincident  with  the  system  mass  cen¬ 
ter,  i.e. ,  X  Mnxn  “  0.  This  arrangement  is  assumed  in  the  following  discussion. 

3.3.1  Free  Vibrations.  With  -  0.  Equation  3-7  may  be  rewritten,  using  (3-3)  and  (3-6),  to  yield:** 


u  -  - 
n 


2 

m 


C  to  \i 
nm  in  m 


(3-8) 


where  the  C^'s  are  the  flexibility  influence  coefficients  for  the  unrestrained  (floating)  beam.***  Written  in  matrix 
form,  for  all  n  mass  points  m  harmonic  motion,  this  becomes: 


hi  hm)  |M4  | Uin  | "  <3'9) 

Equation  (3-!))  Is  in  a  form  suitable  for  solution  for  the  orthogonal  elastic  modes  (eigenvectors,  0^)  and  their 
natural  frequencies  (eigenvalues,  uq).  The  rigid-tody  displacements  have  been  "swept  out"  through  the  use  of 
F.quations  (3-5)  and  (3-6)  in  deriving  Equation  (3-9);  hence,  only  clastic  modes  (uq  0)  are  obtained  from  Equa¬ 
tion  (3-9).  Those  modes  are  orthogonal  with  weighted  orthogonality  (cf.  Equation  3-2): 


2  4>(l)  M  dx 
n  n  n  n 


i  t  j 
i  i 


It  is  also  true  that  these  modes  arc  orthogonal  with  any  rigiu-body  displacements  (translation  and  rotation),  as 
may  bo  shown  using  Equations  (3-5)  and  (3-6)  with  -  0. 

3.3.2  Forced  Vibrations.  To  treat  the  forced  vibration  ease  it  is  found  most  expeditious  to  employ  the  free  vi¬ 
bration  normal  orthogonal  modes  to  describe  the  total  system  displacement  as: 

11  n  ‘  V  ‘ii  ft  '  4  (3-10) 


♦Deflection  and  force  here  are  defined  in  the  general  sense,  i.e. ,  rotations  and  couples  are  included.  These  de¬ 
flections  are  all  measured  relative  to  an  arbitrary  reference  station  in  the  beam.  The  effects  of  shear  deforma¬ 
tion  are  conveniently  Introduced  into  the  problem  at  this  point  by  accounting  for  them  in  the  structural  calculation 
of  the  Cmn,  (see  Appendix  Ad). 

**  See  Reference  7,  pp.  173-lso. 

***  Sec  also  Reference  6,  Article  3-7  where  this  proof  is  carried  out  in  Integral  equation  form. 
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Here  the  q.'s  are  functions  of  time  called  normal  coordinates.  The^^'s  are  the  orthogonal  normal  modes  (spa¬ 
tial  functions)  and  arc  understood  now  to  include  the  rigid-body  modes  of  translation  of  the  center  of  gravity  and 
rotation  of  the  principal  centroidal  sixes.  Thus: 


(translation) 


i,  wT  =  0 


.(rotation) 
mi  '  n 


"h  =  °- 


For  intuitive  appeal,  one  often  writes  y,  and  O  for  the  normal  coordinates  of  these  modes.  Note  that  the  rigid- 

body  velocity,  £  ,  in  this  case  is  the  velocity  with  respect  to  a  fixed  coordinate  system;  i.e. ,  this  is  not  a  body- 
axes  coordinate  system  (of.  Appendixes). 


If  Equation  3-8  is  substituted  into  Equations  3-5,  3-0,  and  3-7,  the  equations  of  motion  uncouple  to  yield  the  fol¬ 
lowing  set: 


it  ni  :  d  w 

n  n  n  n 


0  £  M  x  2  =  il  W  x 

n  n  n  n  n  n 

>i.  1  <lj  -  Qi  {t)/5tjr  j 

where 

>  .  2  M  )  “ 

1  i  n  n  n 

Qi  =  2  W  <A(1)  . 

it  n  n 


(3-11) 


Equations  3-11  are  the  general  set  for  the  motions  of  the  normal  coordinates  under  the  actio*  of  external  forces. 
The  only  coupling  between  those  orthogonal  modes  can  occur  through  a  dependency  of  the  forces,  Wn,  upon  the 
motions  themselves.  The  general  form  of  equation  may  ho  compared  with  that  of  Equation  3-4,  derived  for  the 
continuous  media  model:  it  is  identical. 

The  observations  relative  to  the  properties  of  normal  modes,  given  in  this  and  the  last  subsections,  form  the 
basis  for  their  use  in  writing  the  detailed  system  equation  to  follow. 

3.  1  PLANE  MOTION  OF  A  FLEXIBLE  VEHICLE  -  GENERAL  EQUATIONS 

In  deriving  the  equations  of  motion  of  the  missile  airframe  and  propellant  in  normal  coordinates  we  will  use  the 
mathematical  model  shown  in  Figure  3-3.  The  missile  is  partitioned  into  the  following  elements: 

n  ci»ncenlralcil  masses,  each  free  to  translate  and  rotate, 

m  rocket  engine  masses  attached  through  torsional  springs  and, 

s  concentrated  sloshing  masses  attached  to  the  elastic  axis  of  the  beam  by  springs. 

Moments  (pure  couples)  due  to  sloshing  propellants  are  also  applied  at  the  bottom  of  each  liquid  tank.  The  pro¬ 
pellant  sloshing  masses,  attachment  springs,  attachment  locations,  and  other  propellant  parameters  are  dic¬ 
tated  by  the  spring-mass  analogy  of  sloshing  propellants  (see  Appendix  A.  subsection  A3). 

The  missile  is  constrained  to  motion  in  a  single  plane  with  translational  and  rotational  degrees  of. freedom.  For 
small  displacements  (Iie»  ding  displacements  are  always  small  when  O'. spared  fo  the  gross  dimensions  or  the 
missile)  the  concentrated  body  masses  and  engine  masses  wiil  bo  assumed  to  translate  laterally  and  to  rotate, 
but  not  to  translate  longitudinally.  The  sloshing  masses  are  restricted  to  translation  normal  to  the  elastic  axis 
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of  the  missile.  The  number  of  degrees  of  freedom  of  such  a  system  is:  2n  +  m  +  s.  As  discussed  in  Appendix 
A4,  it  is  often  found  satisfactory  to  omit  the  rotary  inertias  (and  hence  rotary  degrees  of  freedom)  from  the  mo¬ 
dal  calculations.  In  this  case  the  number  of  degrees  of  freedom  reduces  to:  n  +  m  +  s.* 

In  performing  a  stability  analysis  of  a  missile  and  its  flight  control  system,  there  are  several  approaches  which 
may  be  taken  to  describe  the  system's  motion: 

a.  The  orthogonal  modes  of  the  entire  missile  structure  with  propellants  may  be  calculated;  this  means  including 
the  rocket  engines  and  the  sloshing  propellants  in  the  modal  calculations.  This  approach  results  in  a  mini¬ 
mum  of  coupling  between  the  modes,  such  coupling  only  arising  through  the  dependency  of  the  aerodynamic 
forces  and  control  forces  (rocket  engine  deflections)  upon  the  system's  motions.  Of  these  forces  the  aero¬ 
dynamic  group  are  small  for  an  unwinged  booster. 

b.  The  artificially  uncoupled  bending  and  rigid  body  modes  may  be  calculated  by  excluding  the  sloshing  portion 
of  the  propellants  in  the  modal  calculations.  The  uncoupled  sloshing  modes  of  each  individual  tank  will  have 
been  calculated  previously  by  means  of  a  hydrodynamic  solution,  in  order  that  one  may  know  which  portion 
of  tho  propellant  is  considered  to  bo  sloshing.  In  this  case  the  bending  modes  will  be  coupled  by  means  of 
the  flight  control  systom,  aerodynamics,  :ind  the  various  sloshing  propellant  modes. 

c.  The  artificially  uncoupled  bending,  rigid-body,  and  sloshing  inodes  may  first  be  coupled  together  by  calculat¬ 
ing  orthogonal  modes  of  the  system  from  the  free- vibration  equations  of  motion.  These  modes  will  then  he  rea¬ 
sonable  approximations  to  tho  orthogonal  normal  modes  of  the  first  approach.  They  may  then  be  treated  as  in 
the  first  approach  by  coupling  them  together  with  the  flight  control  system  and  the  aerodynamics  of  the  missile. 

In  the  study  of  bending  stability,  in  the  majority  of  cases  the  use  of  artifically  uncoupled  modes  (uncoupled  in  a 
prescribed  manner)  will  prove  as  satisfactory  as  the  use  of  orthogonal  system  modes.  As  will  be  shown  later  in 
Subsections  2  and  3  of  Section  4,  the  rigid-body  modes,  sloshing  modes,  and  the  bending  modes  (other  than  the 
bending  mode  being  investigated)  may  be  omitted  in  the  analysis  for  the  majority  of  cases.  In  the  cases  where 
these  othor  modes  may  be  omitted,  a  comparison  of  the  orthogonal  system  modes  with  the  artifically  uncoupled 
bending  modes  will  show  that  there  is  a  negligible  difference  between  the  bending  mode  properties  (mode,  shape, 
generalized  mass,  and  frequency)  and  the  corresponding  orthogonal  mode  properties. 

When  the  artifically  uncoupled  bonding,  sloshing,  and  rigid-body  control  frequencies  are  in  the  vicinity  of  one 
another,  all  cf  those  modes  in  that  vicinity  will  most  likely  have  to  be  included  in  the  stability  analysis.  Here 
the  use  of  orthogonal  modes,  either  approximate  or  exact,  will  be  easier  since  they  will  not  couple  with  one 
another  as  strongly  as  the  artifically  uncoupled  inodes.  This  lower  coupling  is  evidenced  bv  the  fact  that  there 
will  be  an  appreciably  larger  frequency  separation  between  all  of  the  orthogonal  modes  concerned.  This  separa¬ 
tion  allows  one  to  treat  some  of  those  modes,  if  not  all,  exclusive  of  the  others. 

It  follows  from  the  previous  discussion  that  if  a  complete  stability  analysis  of  the  missile  (with  the  control  sys¬ 
tem)  is  to  be  conducted,  i.o. ,  bending,  rigid-body,  and  sloshing  stability,  the  first  approach  would  be  easier 
than  the  othor  two.  This  is  true  since  the  calculation  of  orthogonal  modes  by  means  of  a  detailed  digital  com¬ 
puter  program  will  not  appreciably  increase  the  input  data  nor  the  operating  time  as  compared  to  calculation  of 
artifically  uncoupled  bending  modes. 

In  order  that  the  stability  analysis  may  be  made  using  artifically  uncoupled  bending,  rigid-body,  and  sloshing 
modes,  the  generalized  equation  of  motion  will  be  written  showing  force  inputs  trom  the  sloshing  propellants. 

Also,  separate  equations  of  motion  will  be  written  for  the  artifically  uncoupled  modes  of  the  sloshing  propellants. 
If,  however,  sloshing  propellants  arc  to  be  included  in  the  missile  modal  calculations  (orthogonal  modes)  the 
generalized  equation  of  motion  will  remain  the  same:  one  simply  omits  the  sloshing  terms  (Y's)  and  drops  the 
sloshing  equations  of  motion. 


The  general  equations  of  motion  are  to  be  written  using  the  form  of  Equations  3-11.  To  accomplish  this  it  is  on¬ 
ly  necessary  to  display  the  generalized  forces  acting  on  each  mode.  These  forces  will  be  discussed  briefly  at 
this  point. 


*  Henceforth  the  number  of  degrees  of  freedom  and/or  number  of  modes  in  the  various  summations  shown  will  be 
denoted  by  (he  symbol  r.  In  theory  r  could  be  equal  to  l lie  number  *>f  degrees  of  freedom,  there  being  that  many 
normal  modes;  in  practice  a  far  smaller  number  of  modes  is  used. 
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3. 4. 1  Inertial  Forces.  The  equations  will  be  written  for  artificially  uncoupled  body  modes  (rigid  and  elastic) 
and  sloshing  modes,  and  for  a  set  of  additional  degrees  of  freedom  representing  the  engine  thrust  chamber's  mo¬ 
tions  duo  to  action  within  the  positioning  servos.  The  coupling  which  will  arise  between  these  modes  will  be  dis¬ 
played  by  applying  inertia  forces  (D'Alembert's  reversed  effective  forces)  to  each  sloshing  mass  element  and  to 
each  rocket  engine  chamber. 

3.4.2  Rocket  Engine  forces  and  Moments.  Referring  to  Figure  3-3,  the  rocket  engine  may  be  seen  to  be  gim- 
baled  at  the  engine's  injector  head.  At  the  time  of  writing  this  technique  is  the  most  common  one  used  for  thrust- 
vector  control  of  liquid  propellant  engines.  Other  thrust-vector  control  techniques  will  very  likely  be  idealized 
to  a  model  compatible  with  this  one;  henco,  its  generality  is  probably  assured. 


NOTE:  ALL  ELASTIC  MODAI. 
DEFLECTIONS  ARE 
SHOWN  AS  FOR  A  UNIT 
NORMAL  COORDINATE 
DISPLACEMENT  q<*>  1 


H  DENOTES  PARALLEL  LINKS 


Figure  3-3.  Schematic  Showing  General  Relations  of  the  Coordinates  Used  for  Elastic  Motion 

Since  the  entire  engine  is  gimbai  ed  instead  of  just  the  thrust  vector,  the  gimbaling  of  the  engine  will  exert  iner¬ 
tial  forces  as  well  as  thrust  forces  on  the  missile  body.  Those  inertial  forces  arc  appreciable,  and  their  lateral 
components  will  occasionally  equal  those  of  the  thrust  forces  when  the  engine  is  giinbalcd  sinusoidally.  For  cur¬ 
rent  engines  this  crossover  occurs  somewhere  between  3-1/2  and  7  cycles  per  second.  An  engine  using  jet- 
evators  or  vanes  for  thrust-vector  deflection  will  exhibit  forces  similar  to  those  produced  by  a  gimbaied  thrust 
nozzle. 

In  addition  to  the  propulsive  thrust  and  chamber  inertial  forces,  there  arc  friction  forces  exerted  at  the  gimbai 
due  to  relative  movement  there.  These  forces  are  applied  to  both  the  missile  and  the  engine,  and  are  a  function 
of  both  the  modal  deflections  and  the  engine  perturbation  angle.* 


♦The  total  angle  between  the  center  line  of  the  engine  chamber  and  expansion  nozzle  and  the  elastic  axis  of  the 
structure  at  the  gimbai  point  consists  of  two  parts:  a)  an  angular  displacement  which  is  contained  within  the 
mode  shape  itself  (due  to  the  elasticity  of  the  engine's  torsional  spring  mounting  as  employed  in  the  modal  cal¬ 
culations)  while  the  servo  positioning  system  is  locked,  and  b)  an  additional  degree  of  rotational  freedom  added 
to  represent  the  motion  accompanying  action  within  the  positioning  servo.  The  latter  motion  is  referred  to 
throughout  as  the  perturbation  angle,  6^. 
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For  small  angles  the  lateral  propulsive  force 
a  total  engine  chamber  angular  deflection  (6*^ 


exerted  on  the  missile  at  the  hinge  point  of  the  rocket  engine  due  to 

q  \  is: 

7  xe  j' 


Tu(6k 


4,)- 

xe  j 


However,  we  choose  to  omit  that  portion  of  this  component  due  to  the  angle  between  the  principal  inertial  axis  and 
*Jhe  elastic  axis  at  the  gimbal  point;  i.e.  ,  the  only  work  done  on  the  mode  by  the  propulsive  forces  is  assumed  to 
bo  that  due  to  the  inclination  between  the  thrust  vector  and  the  elastic  axis  at  the  gimbal: 


(or*®  -  )  q  ) 

v  xc  xT  '  Mj 1 


This  approximation  is  made  to  offset  tho  omission  of  the  work  done  by  longitudinal  movement  of  the  thrust  vec¬ 
tor;  it  is  duscussed  In  detail  in  Appendix  C  l. 


The  bearing  friction  moment  about  the  hinge  point  due  to  gimbal ing  of  the  rocket  engine  is: 
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Here  Cf  is  tho  linearized  gimbal  friction  of  a  specific  frequency  and  amplitude  of  oscillation  of  the  engine  angle, 
with  respect  to  the  elastic  axis  at  the  gimbal  (see  Appendix  U4). 


3.4.0  Liquid  Propellant  Sloshing  Forces  and  Moments.  There  arc  two  popular  mechanical  analogies  which 
duplicate  the  frequencies,  forces,  and  moments  resulting  from  the  hydrodynamic  solution  of  a  rigid  circular 
cylindrical  tank,  undergoing  translation  and  rotation  in  a  "carried  acceleration  field."*  These  analogies  are  the 
pendulum  and  spring-mass  analogies,  and  they  are  discussed  in  greater  detail  in  Appendix  A3  under  the  heading 
Sloshing  Basic  Data.  For  our  purposes,  we  choose  to  use  the  modified  spring-mass  analogy,  sinne  it  may  be 
arranged  to  place  the  point  of  application  of  the  lateral  sloshing  forces  at  tho  center  of  pressure  for  the  sloshing 
fluid.  This  arrangement  is  made  through  tho  addition  of  a  pure  couple  to  represent  moments  due  to  the  hydro¬ 
dynamic  forces  on  the  bottom  of  the  propellant  tank  (sec  Appendix  Vi). 


When  tho  sloshing  propellant  masses  are  not  Incorporated  within  the  elastic  beam  modal  calculation  (as  is  the 
case  if  an  artificially  uncoupled  mode  approach  is  taken)  explicit  terms  must  bo  written  for  the  sloshing  masses' 
forces  and  moments  reacting  on  the  tank  wails. 


The  lateral  force  exerted  on  the  missile  due  to  deflection  of  the  sloshing  mass,  Mj  ,  Is  .  This  force  ex¬ 
pression  may  be  used  as  an  alternate  to  the  inertial  forces  in  coupling  the  sloshing  to  the  body  modes.  And,  the 
moments  exerted  on  the  bottom  of  tho  tank  due  to  acceleration  and  deflection  of  the  sloshing  mass,  M„,  are: 


Me  Yl  +  Mu  «T  Y£  . 


3.4.4  Aerodynamic  Forces  and  Moments.  In  this  analysis  only  quasi -steady -state  aerodynamics  are  considered, 
as  discussed  in  Appendix  A5.  This  mathematical  model  for  aerodynamic  forces  assumes  the  forces  to  be  directly 
proportional  to,  and  in  phase  with  the  instantaneous  local  angle  of  attack  at  eaeli  body  station.  The  linear  aero¬ 
dynamic  property  is  a  good  approximation,  since  the  angle  of  attack  seldom  exceeds  six  to  eight  degrees  for  this 
class  of  vehicle  during  the  time  of  flight  witen  dynamic  pressures  are  significant  (mid-portion  of  the  boost  phase). 
No  aerodynamic  interaction  between  stations  (dowmvash  effect)  occurs.  This  model  is  essentially  the  slender 
body-airship  theory  of  Munk  and  Jones  (lleferencc  !>)  which  presumes  two-dimensional  flow  in  planes  transverse 
to  the  tiight  direction.  In  preference  to  using  the  theoretical  local  lift  curve  slopes,  which  are  known  to  be  in¬ 
accurate  (see  Appendix  Ali),  experimental  or  at  least  empirically  corrected  values  are  employed. 


*A"carried  acceleration  field"  is  an  acceleration  fluid  that  is  fixud  with  respect  to  the  maneuvering  vehicle.  In 
the  case  of  a  booster  vehicle  tho  total  thrust  of  the  engines  is  directed  along  the  longitudinal  axis  and  rotates  with 
the  vehicle.  The  lateral  acceleration,  due  lo  a  thrust  vector  deflection  with  respect  to  tile  longitudinal  axis,  is 
accounted  for  as  one  of  the  forcing  functions  of  the  sloshing  propellants. 
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The  adequacy  of  this  aerodynamic  model  for  slender,  non-lifting  bodies  at  modest  angles  of  atix  ik  may  be  as¬ 
sumed  a  priori  for  low  values  of  effective  frequency  of  oscillation,  since  steady-state  experimental  or  empirical 
lift  distribution  data  is  to  be  employed.  In  the  case  of  the  slender-body  oscillatory  problem  the  criterion  against 
which  to  judge  whether  or  not  an  oscillatory  frequency  is  MlowM  is  the  reduced  frequency  parameter,  k  =  col /V, 
where  1  is  the  body  length.  In  general,  this  parameter  should  be  less  than  unity  for  the  slender-body  hypothesis 
to  be  valid  (Reference  9). 

For  rigid  body  mode  oscillations  of  ballistic  boosters  the  typical  range  of  this  parameter  is  from  0. 1  to  1;  hence 
one  concludes  that  the  quasi-steady  aerodynamic  model  should  be  satisfactory  for  this  mode.  For  the  higher  fre¬ 
quency  (elastic)  modes  the  situation  is  neither  so  simple  nor  so  clear.  Parameter  k  for  these  higher  modes  may 
range  from  1. 0  to  100,  when  based  upon  use  of  total  body  length.  One  can  argue  that  this  unit  of  length  is  mean¬ 
ingless  in  this  case,*  but  regardless  of  selection  of  a  reasonable  alternative,  the  reduced  frequency  parameter 
remains  too  high  to  justify  completely  the  use  of  the  quasi -steady  model  for  the  elastic  modes*  aerodynamic  force 
effects . 

No  suitable  alternative  to  the  quasi-steady  model  for  high  frequency  motions  of  a  slender  body  is  known  to  exist. 
By  inference  from  the  properties  of  non-steady  aerodynamics  of  lifting  surfaces  one  might  conclude  that  the  non¬ 
steady  effects  are  those  leading  to  a  reduction  in  force  amplitude  and  to  a  modest  phase  lag.**  Such  effects 
could  be  of  major  importance  in  the  study  of  sustained  oscillations  of  a  system  which  extracts  its  energy  from 
the  air,  e.g. ,  wing  flutter.  For  the  servo-elastic  problem  of  the  unwinged  ballistic  booster,  however,  the  aero¬ 
dynamic  forces  play  a  secondary  role  and  the  small  phase  shift  is  of  little  importance.  Hence,  the  quasi-steady 
model  is  still  suitable  and  will  be  employed  herein. 

Another  phenomenon  further  complicates  the  study  of  the  unsteady  aerodynamic  forces;  viz. ,  transonic  buffeting. 
This  phenomenon  manifests  Itself  in  the  form  of  sizable  oscillatory  pressures  acting  on  the  vehicle  during  its 
passage  through  the  transonic  speed  region.  The  nature  of  the  mechanism  of  this  buffeting  is  obscure;  it  has 
been  observed  on  fixed  and  oscillating  models  of  a  variety  of  two-  and  three-dimensional  shapes,  over  a  sizable 
transonic  speed  range.  The  phenomenon  is  generally  attributed  to  regions  of  separated  flow  which  appear  pro¬ 
minently  in  the  transonic  range  over  blunt  bodies.  This  separation  has  been  observed  to  result  in  a  hysteresis 
effect  in  the  aerodynamic  coefficients,  such  that  under  certain  conditions  increased  amounts  of  energy  may  be 
extracted  from  the  airstreum. 

Much  of  the  model  testing  work  (lone  in  the  area  of  transonic  buffeting  is  reported  only  in  the  classified  literature 
(e.g. ,  Reference  12),  although  some  earlier  results  are  more  generally  disseminated  (Reference  13).  The  phe¬ 
nomenon  is  highly  configuration -dependent  and  is  so  little  understood  that  no  general  treatment  of  it,  either 
analytic  or  scmi-cmpirical,  is  available.  Some  statistical  design  approaches  have  been  made;  however,  the 
application  of  stationary ,  random -process  analytic  methods  to  an  accelerating  vehicle  is  questionable. 

Transonic  buffeting  is  believed  to  be  a  problem  only  on  those  ballistic  booster  configurations  having  reductions 
in  diameter  (negative  "skirt -angle”  effects)  which  require  a  flow  expansion  behind  a  bulbous  forward  stage  or 
"hammerhead  payload.”  A  configuration  with  continually  increasing  stage  sizes  going  aft  should  experience  a 
minimum  of  trouble  from  this  source.  Actual  flight  experience  to  date  of  ballistic  boosters  carrying  bulbous 
forward  stages  or  payloads  has  been  meager,  and  the  data  obtained  is  inconclusive  as  regards  the  presence 
and/or  significance  of  the  transonic  buffeting  phenomenon.  Flight  experience  with  vehicles  of  monolonically  in¬ 
creasing  diameters  has  confirmed  the  absence  of  any  serious  effects  due  to  buffeting,  for  such  configurations. 

The  prohlem  of  providing  a  suitable  aerodynamic  model  for  the  ballistic  booster  carrying  a  lifting  surface  pay- 
load  and/or  fins  is  a  formidable  one,  for  which  no  simple  general  solution  is  available.  Hero,  downwash  and 
wing-body  interference  effects  can  be  significant.  Here,  too,  the  amount  of  energy  which  may  be  extracted  from 
the  air  (or,  equally,  the  magnitude  of  lifting  forces)  is  much  greater  than  that  associated  with  the  unwinged 
booster.  Fortunately,  a  larger  hotly  of  theory  ami  experience  is  available  to  be  applied  against  the  problem. 

For  treatment  of  the  lifting  surface  problem  herein  the  following  observations  are  made;  the  range  of  reduced 
frequencies,  k  -  wb/V,  where  b  is  the  semichord  of  a  lifting  surface  attached  to  a  ballistic  booster,  is  usually 
low  if  consideration  of  modal  frequencies  is  restricted  to  those  of  the  overall  vehicle  structure  (including  its 


*  The  law  of  null  forward  propagation  of  effects  at  supersonic  speeds  certainly  makes  it  questionable. 

**  See  for  instance  a  plot  of  Thcodorsen’s  function  C  (k)  on  p.  272  of  Reference  6. 
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elastic  modes).  Thus,  "local"  modes  of  the  lifting  surfaces,  with  their  higher  uncoupled  natural  frequencies, 
are  omitted  from  consideration.  The  Mach  number  range  in  which  the  aerodynamic  forces  for  the  winged  boos¬ 
ter  are  significant  is  usually  from  0.4  to  4.0.  Hence,  the  range  of  the  parameter,  kM,  is  not  sufficiently  high 
to  justify  application  of  the  simple  "piston  theory"  (Reference  11),  which  applies  for  kM  »  1.  However,  since 
the  range  of  the  lifting  surface  reduced  frequency  parameter,  k  -  wb/V,  Is  low,  continued  use  of  the  quasi-steady 
aerodynamic  model  for  those  lifting  surfaces  is  reasonable.  Moreover,  it  perm  11m  a  unified  description  of  aero¬ 
dynamic  forces  over  the  entire  vohieie. 

Thus,  in  the  following  discussion  quasi-steady  aerodynamics  are  Indicated  for  all  portions  of  the  vehicle.  The 
extension  of  the  equations  to  incorporate  a  more  sophisticated  aerodynamic  model  (when  available)  is  direct  but 
is  not  given  heroin  because  of  the  specialized  nature  of  any  such  treatment,  dependent  as  it  is  upon  configuration, 
Mach  range,  and  experience  and  personal  tasto  of  the  analysts. 

Following  the  quasi-steady  approach  the  lift  distribution  along  the  vehicle  is  obtained,  as  discussed  in  Appendix 
A5,  By  integrating  the  aerodynamic  normal  force  coefficient  per  unit  length,  per  unit  angle  of  attack  over  the 
length  of  the  Individual  partitioned  segments  of  the  missile,  one  obtains  a  normal  force  coefficient  per  unit  angle 
of  attack  ful  each  segment,  (Cj^/a)xn  .  Applying  these  coefficients  at  the  centrcid  of  the  partitioned  length,  one 

writes  the  aorodynamlc  force  at  the  segment’s  centroid  as  the  product  of  the  normal  force  coefficient  and  angle  of 
attack  of  the  centroid  of  the  segment. 


Figure  3-4.  Determination  of  Effective  Angle  of  Attack 


♦The  perturbation  angle  of  the  flight  path,  y,  is  taken  as  zero,  i.e.  ,  O  fa 
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This  makes  the  aerodynamic  force  applied  at  station  X  equal  to: 

n 

P*W»i  A  (-'4  V'in  “j  ) 


where  P=qS 

ref 

No  aerodynamic  couple  is  applied  on  any  beam  segment  in  this  model,  since  it  is  assumed  that  the  centroids  of 
area  and  pressure  coincide. 

3.4.5  Internal  Dissipative  (Damping)  Forces.  Some  of  the  forces  already  discussed  arc  velocity -dependent  (e.g. , 
certain  aerodynamic  forces  and  engine-gimbal-bearing  friction  torques)  and  will  therefore  be  dissipative  in  na¬ 
ture.  However,  there  exist  other  dissipative  (damping)  effects  due  to  material  strain  hysteresis,  coulomb  fric¬ 
tion  in  structural  joints,  and  to  viscous  propellant  action  in  the  tanks. 

The  nature  of  all  these  additional  damping  effects  is  obscure  and  does  not  lend  itself  to  anything  other  than  an  ap¬ 
proximate  empirical  treatment.  This  treatment  represents  the  gross  effect  of  those  scattered  dissipative  me¬ 
chanisms  as  an  equivalent  viscous  damping,  added  to  each  mode  as  appropriate.  The  damping  is  thus  assumed 
to  produce  no  coupling  between  modes.  While  this  mochani'/ation  is  not  entirely  realistic.  It  is  justified  by  the 
following  observations: 

a.  The  actual  damping  is  very  low  and  is  found  by  test  to  produce  little  coupling.  Thus,  nearly  pure  normal 
modes  of  a  system  may  be  excited  and  the  system  observed  to  decay  almost  harmonically.  The  indication 
given  is  that  velocity-dependent  coupling  is  very  small. 

b.  If  one  were  to  show  a  velocity-dependent  coupling,  the  coefficient  would  have  to  be  determined  experimental¬ 
ly.  Since  the  direct  damping  coofficiont  is  itself  difficult  enough  to  measure,  it  is  clear  that  one  could  hardly 
expect  to  improve  the  accuracy  of  a  study  by  introduction  of  still  more  suspect  data. 

The  structural  damping  force  is  a  function  of  the  deflection  of  the  generalized  coordinate  of  the  mode  but  in  phase 
with  the  velocity  of  the  generalized  coordinate  of  that  mode.  To  treat  this  damping  as  a  viscous  damping  requires 
that  the  mode  oscillate  in  a  quasi  harmonic  manner.  This  damping  force  may  then  be  expressed  as  a  damping 
factor,  £  j,  where  2£  jcjjqj  is  the  internal  damping  force  of  the  i*n  mode  per  unit  generalized  mass. 

The  fluid  propellant  damping  forces  result  from  the  dissipative  nature  of  a  viscuus  fluid  undergoing  shear.  Al- 
through  there  arc  some  approximate  methods  for  calculating  damping  forces,  these  forces  are  most  commonly 
arrived  at  by  experimental  testing  of  the  actual  lank,  in  the  case  of  small  missiles,  and  a  model  tank  in  the  case 
of  large  missiles.  These  forces  may  be  represented  as  a  propellant  damping  factor,  ,  in  the  expression 

2£|W|Yjg ,  which  is  the  damping  force  per  unit  sloshing  mass. 

Tn  Appendix  C3  it  is  shown  that  the  rate -of-change -of -mass  terms,  including  jet-damp^g,  are  negligible  for  the 
class  of  vehicles  considered.  Therefore,  these  terms  are  assumed  to  bo  zero. 


3.4.6  Servo  Actuation  Torques.  The  engine  positioning  servo  actuation  system  produces  a  torque  on  the  engine 
chamber,  denoted  here  by  ^Lservn‘  e*a^ora^ion  *n  terms  of  the  servo  system  properties  and  autopilot  com¬ 
mand  signals  is  a  specialized  study  for  each  such  system  (see  Section  4). 

3.4.7  Equations  of  Motion.  By  defining  a  few  special  symbols  concerned  with  the  rigid-body  degree  of  freedom, 
the  equations  of  motion  of  the  vehicle  body  modes  may  be  written  in  a  general  form  which  will  include  rigid -body 
pitching,  rigid-body  plunging  and  body  bending.  Let 


xn 


-  1 


and 


</> 


xn  n 


x 


CG 


/fij 

Here  cr  ^  is  the  normalized  slope  of  the  rigid-body  pitching  mode  at  station  n  along  the  longitudinal  axis  of  the 

vehicle; <f>^  ^  is  the  normalized  deflection  in  this  mode.  Note  that  is  dimensionless  and$^  has  units  of 
xn  xn  xn 


WA.rm  TR-61-93 
April  1961 


ft/radian.  The  pitching'  mode  normal  coordinate  is  q  ft  and  is  dimensionless.*  The  generalized  mass  for  the 

ft 

pitching  mode  becomes: 


■  /  »'(x) 


^  (*> 


dx 


m(x  -  x^,)“  dx  - 


Also  define 


„<z> 

xn 


=  0 


0  ^  =  1 


where 0  ^  is  the  normalized  rigid-body  plunging  mode  deflection  at  station  n. 

xn 

The  generalized  mass  for  this  mode  is: 

-  2 

=  J  m(x)  J  0^  (x)  j  tlx  j  mdx  =  M. 

It  will  be  noted  that  a  ^  anti  0  ^  are  constant  along  the  longilutlinal  axis  of  the  vehicle  since  they  are  pure  rota- 
xn  xn 

tion  and  translation,  respectively,  of  the  vehicle’s  principal  axis,  behaving  as  a  rigid  hotly. 


By  use  of  this  choice  of  symbols  the  rigid-body  mode  equations  become  identical  in  form  with  those  of  the  elastic 
modes.  Hence,  in  this  section  we  will  denote  their  normal  coordinates  as  qj’s,  just  as  for  the  clastic  modes. 
Two  other  classes  of  degrees  of  freedom  are  distinct  enough  in  their  nature  that  they  will  be  carried  with  their 
own  distinctive  symbols:  the  control  deflections  of  the  rocket  engines  will  be  denoted  by  oj,  and  the  translation 
of  the  sloshing  masses,  by  . 

The  modes  assumed  to  describe  the  body  shape  are  orthogonal  modes,  computed  with  the  rocket  engine  masses 
afixed.  Inertial  coupling  between  the  Ivw.ly  modes  and  the  engine  then  occurs  only  through  the  perturbation  angle 
accelerations,  S’*  .  To  write  the  equation  of  motion  of  6 the  rocket  engine  chamber  mode,  wc  begin  by  sum¬ 
ming  forces  and  torques  about  that  engines  center  of  gravity. 


Z  M  --  I, ,  (is;  -  £■  a  <J)  <1, )  T.  •  V  # .  -T. 
CO  0  k  I  xv  j  “Servo  I  U  f 


Z  K  M„  ((  4!  ^  Z  <t>  <j)  q.)  -  V 

It  H  k  j  xe  j  1 


where  Vrp  is  the  transverse  shear  force  acting  on  the  engine  (and  vehicle)  at  the  gimhal  point,  due  to  the  engine's 
transverse  acceleration;  Tj  is  the  gimbal  friction  torque:  and  1  Lscrvo  *s  torque  generated  by  the  servo  ac¬ 
tuation  device.  If  one  eliminates  V'p  from  the  above,  the  general  emulation  for  the  rocket  engine  is  obtained  as 
shown  below. 


In  rases  where  the  sloshing  liquid  elements  have  been  included  in  the  calculation  of  the  body  modes,  the  slosh 
displacements  arc  given  within  the  modal  description.  The  slosh  modes  are  then  orthogonal  to  tile  body  modes 
and  the  sloshing  terms  ol  Kuuation  3-12  may  be  omitted;  this  includes  dropping  the  tank  bottom  couples 
(M  ^tYj)  and  (Mc^  Yj  ),  which  are  now  accounted  for  in  the  modal  calculation  (see  Appendix  A4).  Equation 

3-1-1  is  also  not  needed  in  such  a  ease. 


*  From  these  remarks  one  sees  that  the  units  of  the  pitching  mode  coordinate  are  unique,  all  other  modal  coor¬ 
dinates  having  units  of  feet.  An  arbitrary  unit  of  length  could  be  introduced  to  the  pitching  coordinate  to  make  it 
conform,  but  no  basic  advantage  would  thereby  accrue. 
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(1 tfl  propellant  sloshing  mode) 
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3.5  THREE-AXIS  RIGID  VEHICLE  EQUATIONS 

The  rigid-body  equations  of  motion  of  a  booster  vehicle  which  possesses  six  degrees  of  freedom  are  presented 
herein.  The  vehicle  is  considered  to  he  asymmetric,  both  inertially  and  acrodynair ically .  By  asymmetry  it  is 
meant  that  the  center  of  gravity  and  center  of  pressure  do  not  necessarily  coincide  with  the  geometric  or  control 
axes  of  the  vehicle.  Eulorian  (body  fixed)  axes  are  used  In  writing  the  equations  of  motion.  The  axes  are  placed 
along  the  pitch,  yaw,  and  roll  geometric  or  control  axes,  with  the  origin  referenced  at  the  longitudinal  center  of 
gravity  of  the  "reduced  vehicle."* 

It  is  assumed  that  in  flight  a  Ixioster  vehicle  will  have  only  small  angular  deviations  about  the  body-fixed  coordi¬ 
nates  in  the  yaw  and  roll  directions.  The  anguiar  displacement  about  the  pitch  axis  (Y-Y")  will  be  considered  to 
be  composed  of  two  parts:  the  steady  state  pitch  angle,  0O,  and  the  perturbation  pitch  angle,  O. 


o  =  e0  +  e 

4>  -  4> 


where  <f> ,  9  and  ip  are  the  perturbation  quantities. 


*The  "reduced  vehicle"  is  that  portion  of  the  vehicle  which  acts  as  a  unitary  mass  at  the  ngid-body  control  fre¬ 
quency.  This  is  usually  taken  to  be  the  entire  vehicle  mass  minus  the  mass  of  the  sloshing  portion  of  the  liquid 
propellants,  and  for  this  analysis  will  be  defined  as  such. 
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3.5  THREE-AXIS  RIGID  VEHICLE  EQUATIONS 

The  rigid-body  equations  of  motion  of  a  boostor  vehicle  which  possesses  Bix  degrees  of  freedom  are  presented 
herein.  The  vehicle  is  considered  to  lie  asymmetric,  both  incrtially  and  acrodynamically .  By  asymmetry  it  is 
meant  that  the  center  of  gravity  and  center  of  pressure  do  not  neeessarily  coincide  with  the  geometric  or  control 
axes  of  the  vehicle.  Eulerian  (body  fixed)  axes  are  used  in  writing  the  equations  of  motion.  The  axes  are  placed 
along  the  pitch,  yaw,  and  roll  geometric  or  control  axes,  with  the  origin  referenced  at  the  longitudinal  center  of 
gravity  of  the  "reduced  vehicle."* 

It  is  assumed  that  in  flight  a  booster  vehicle  will  have  only  small  angular  deviations  about  the  body-fixed  coordi¬ 
nates  in  the  yaw  and  roll  directions.  The  angular  displacement  about  the  pitch  axis  (Y-Y')  will  be  considered  to 
be  composed  of  two  parts:  the  steady  state  pitch  angle,  80,  and  the  perturbation  pitch  angle,  6. 


e  =  e0  *  e 

0=0 

4r  4, 


where  4>t  9  and  ip  are  the  perturbation  quantities. 


♦The  "reduced  vehicle"  is  that  portion  of  the  vehicle  which  acts  as  a  unitary  mass  at  the  rigid-body  control  fre¬ 
quency.  This  is  usually  taken  to  be  the  entire  vehicle  mass  minus  the  mass  of  the  sloshing  portion  of  the  liquid 
propellants,  and  for  this  analysis  will  be  defined  as  such. 
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The  forward  velocity  along  the  steady-state  pitch  geometric  axis,  U,  Is  assumed  to  be  relatively  large.  Lateral 

W  V 

perturbation  velocities,  V  and  W,  are  written  as  anglus  of  attack:  a  :  and  p  ■” .  All  angles  will  be 

written  In  radian  measure. 

The  Euler  angles  are  defined  as  those  angles  through  which  one  axis  system  must  be  rotated  sequentially  to 
superimpose  it  upon  another  having  an  initial  angular  displacement  from  the  first.  In  Figure  3-5  these  lotations 
are  made  sequentially  about  the  vehicle's  pitch,  yaw,  and  roll  axes  In  that  order. 


Figure  3-5.  Angular  Notation  Used  for  a  Three-Axis  Analysts  (0-0  System) 

The  following  relations  can  be  obtained  by  direct  resolution  of  the  vectors  in  Figure  3-5: 

P  -  <t>  1  8  sin  0 
Q  =  9  cos  0  cos  <t>  t  0  sin  0 
R  =  0  cos  <t>  -  9  cos  0  sin  <t> 

By  rearranging  these  equations  the  rates  of  change  of  the  Euler  angles  may  be  expressed  as  functions  of  the  in¬ 
stantaneous  angular  velocities: 

<j>  ~  P  *•  It  sui  tan  0  -  Q  cos  tan  0 


0  =  ft  cos  <t>  *  Q  sin  <p. 


These  equations  are  linearized  by  assuming  small  perturbations  only:  <j>  and  0  must  be  restricted  to  small 
angles;  P,  Q,  ami  It  are  small  also: 

<t>  P 

9  -q 

0  -  it . 

Figure  3-fi  presents  the  mathematical  model  and  coordinate  system  used.  Figure  3-7  presents  a  modification  for 
vehicles  with  aerodynamic  surfaces  of  a  typical  manned  ballistic  boost-glide  configuration,  carrying  a  lifting  sur¬ 
face  payload  ami  stabilizing  fins  on  the  first  stage  iionalcr. 
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The  equations  of  motion  of  a  rigid  vehicle  about  a  body-fixed  axis  system  are  derived  in  numerous  references, 
e.g. ,  Reference  11.  The  equations  will  therefore  not  he  derived  but  only  presented.  Attention  will  be  directed 
instead  to  development  of  those  facets  of  the  equations  peculiar  to  the  ballistic  booster  and  which  distinguish  it 
(and  its  analysis)  from  the  lift-sustained  vehicle.  These  Items  are  discussed  following  the  presentation  of  the 
general  equations  themselves. 

a.  5. 1  Three  Axls-Kquation  of  Motion: 
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Note  that  the  equations  arc  written  for  Ixnly -fixed  coordinates  (see  Appendix  C3). 


3.5.2  Forces.  The  forces  Fx,  Fy,  and  Vy  have  contributions  from  the  aerodynamic  forces  (sub  a),  propulsion 
forces  (sub  p).  and  sloshing  forces  (sub  s). 
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3.5.2. 1  Aerodynamic  Forces.  The  aerodynamic  forces  arise  from  angler,  of  attack  in  pitch  and  yaw  (o’  and  /3), 
from  the  roll,  pitch  and  yaw  body  rates  (P  <f>  f  Q  =  8,  and  K  -  p)  and  from  aerodynamic  control  surface  deflec¬ 
tions.  Expressed  in  terms  of  aerodynamic  coefficients  these  are  as  follows: 
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3. 5. 3. 3  Sloshing  Moments: 


M  =  -  7.  1 
s  s 


N  =Y  l  , 
s  s  pi 


3.5. 1  Propellant  SloshlnR  Equations  of  Motion: 
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3.5.5  Discussion  of  Three-Axis  Coupling  Effects  for  a  Ballistic  Booster.  Coupling  in  the  three -axis  system 
arises  from  four  sources: 

a.  inertial  coupling,  since  principal  axes  arc  not  presumed, 

b.  coupling  due  to  asymmetric  aerodynamic  configurational  aspects, 

c.  coupling  through  the  control  system  (aerodynamic  and  reaction  jet),  and 

d.  propellant  sloshing  in  inertial  planes  about  which  the  vehicle  rolls. 

The  cross-coupling  due  to  inertial  asymmetry  is  significant  when  the  body  axis  system  does  not  coincide  with  the 
principal  axes.  This  type  of  coupling  is  often  negligible  in  analysis  of  ballistic  boosters  which  are  built  sym¬ 
metrically  by  intent.  The  principal  inertiai  axes  will  very  nearly  coincide  with  the  geometric  or  control  axes, 
making  such  coupling  very  low.  Typically,  the  ratios  of  products  of  inertia  to  moments  of  inertia  for  this  class 
of  vehicles  will  bo  of  the  order  of  0.  001  to  0.  01. 

Aerodynamic  symmetry  in  the  booster  vehicle  is  also  maintained  by  intent.  Although  the  symmetry  may  be  only 
plane  symmetry,  it  is  with  respect  to  two  planes  and  is  usually  enough  to  eliminate  most  aerodynamic  configura¬ 
tion  coupling.  Inspection  and  discussion  of  the  various  aerodynamic  forces  and  moments  will  give  an  indication 
of  the  origin  and  relative  importance  of  the  aerodynamic  terms,  such  that  it  will  be  evident  that  many  of  these 
terms  may  be  omitted  from  the  three-axis  equations  of  motion  and  may  likewise  justify  using  a  plane-motion 
study  for  rigid -body  stability. 

3.5.6  Aerodynamic  Coupling  Due  to  Drag  Force  Increments.  To  minimize  aerodynamic  loading  during  flight, 
ballistic  missiles  or  boosters  arc  purposely  flown  on  zero-lift  trajectories,  either  by  pre -programming  the  de¬ 
sired  flight  path  angle  or  through  direction  from  some  form  of  guidance  system.  In  addition,  an  angle-of-attack 
attitude  control  loop  may  be  employed  which  will  try  to  maintain  a  zero  angle  of  attack  (zero  lift)  when  the  missile 
is  flying  through  wind  shears  and  gusts  (see  Section  2,  Subsection  2.2.2).  It  follows  then  that  the  lift  distribution 
on  the  aerodynamic  surfaces  is  low  (nominally  zero).  Consequently,  any  vehicle  maneuvers  or  differential  con¬ 
trol  deflections  which  produce  asymmetric  lifting  surface  loadings  will  result  tn  very  little  cross  coupling 
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between  axes  due  to  drag  force  increments.  For  example,  a  differential  aileron  deflection  to  produce  roll  will 
result  In  equal  drag  increases  on  the  two  main  surfaces  (if  they  have  no  lift)  and,  hence,  will  not  be  accompanied 
by  a  yaw  couple.  Likewise,  a  roll  rate  (<f>  =  P)  will  result  in  equal  (but  opposite)  lifts  and  equal  drag  increments 
on  the  main  surfaces  duo  to  the  Induced  angle  of  attack. 

It  should  also  be  noted  tliat  such  differential  drags  as  do  occur  on  the  main  surfaces  act  at  a  very  small  moment 
arm  from  the  yaw  axis,  leading  again  to  the  conclusion  that  roll-to-yaw  coupling  due  to  drag  increments  is  neg¬ 
ligibly  small. 

3.5.7  Forces  and  Moments  Due  to  Yaw  Angle  of  Attack  or  Sideslip.  The  forces  Fy,  F2,  F3,  and  F4  of  Figure 
3-8  are  exerted  on  the  vehicle  due  to  a  relative  wind  angle,  /3.  The  force  F^  is  tho  total  aerodynamic  force 
exerted  on  the  aft  fins  in  the  Z-plane.  The  fins  on  the  booster  section  of  the  vehicle  would  be  symmetrically 


t  FRONT 
7. 

Figure  3-8.  Aerodynamic  Forces  Due  to  Sideslip  on  a  Ballistic  Booster  with  Lifting  Surfaces 

placed  with  respect  to  the  yaw  plane  such  that  the  force  F;  would  intersect  the  X-axis,  and,  therefore  not  con¬ 
tribute  a  rolling  moment  The  payload  on  the  forward  part  of  the  vehicle  will  not  necessarily  be  symmetric  about 
the  yaw  plane,  as  shown  in  Figure  3-8.  He  re  the  forces  F3  and  F,j  impart  a  rolling  moment  which  is  the 


I 
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(qS  s.  C,  ,  fi)  -term  of  the  aerodynamic  roll  moment  L  .  All  of  the  forces  (F  ,  F  .  and  FI  are  included  in  the 
P /ji  a  12  3  4 

(qS  j  P) -term  of  the  iateral  aerodynamic  force  Y^.  The  roll  moment  imparted  by  and  would  be  quite 
small  as  compared  to  the  other  aerodynamic  and  control  rolling  moments  and  is  often  safely  omitted. 


3.5.«  Forces  and  Moments  Due  to  Roll  Rate.  The  forces  F^,  F^,  Fg,  F^,  F?t  and  Fg  of  Figure  3-9  produce 

no  net  lateral  force  but  are  the  main  contributors  of  the  (qS  I  C4  at -term  of  I,  .  The  conventional 

I/P  a 

roll-yaw  coupling  1b  either  zero  or  negligible,  as  previously  mentioned,  since  boost  vehicles  are  flown  on  a 
zero-lift  trajectory  or  nominal  zero  angle  of  attack. 


P 


Figure  3-9.  Aerodynamic  Forces  Due  to  a  Rolling  Rate 
on  a  Ballistic  Booster  with  Lifting  Surfaces 

The  forces  Fg  and  Fg  do  however,  contribute  a  yawing  moment  due  to  rolling  velocity,  but  this  moment  is  again 
much  less  than  the  yaw  control  moments.  It  is  not  likely  tliat  there  will  be  asymmetry  in  both  of  the  lateral 
planes  of  the  aerodynamic  payload  and,  therefore,  as  shown  in  the  figure,  the  forces  F7  and  Fg  do  not  contribute 
pitching  forces  or  moments. 

3.5.9  Forces  and  Moments  Due  to  Yaw  Rato.  The  forces  Fj,  F^,  and  Fg  of  Figure  3-10  produce  a  yawing  mo¬ 
ment  that  opposes  the  yawing  motion.  Forces  Fg  and  Fg  also  contribute  a  small  roll  moment,  L  . 

3.5. 10  Forces  and  Moments  Duo  to  Yaw  Control  Surface  Deflection.  The  control  forces  F.  and  F9  of  Figure 
3-11,  due  to  deflection  of  the  vertical  fin  control  surfaces  in  the  same  direction,  cause  an  overall  control  force 
in  the  Y -direction  and  a  yawing  moment,  since  the  forces  do  not  pass  through  the  center  of  gravity  of  the  mis¬ 
sile.  Since  the  fins  arc  symmetric  there  no  roll  moment  produced. 

3.5. 11  Forces  and  Moments  Due  to  Roll  Control  Surface  Deflection.  All  of  the  control  surfaces  may  contribute 
to  the  roll  control  of  the  missile  by  either  deflecting  clockwise  or  counterclockwise.  The  forces  F j ,  F9,  Fg  and 
F,j  in  Figure  3-12  produce  no  net  lateral  force  lntl  only  a  rolling  moment  since  the  fins  arc  symmetrical  in  each 
plane.  No  significant  yaw  moment  is  produced,  either. 

In  summary,  ballistic  or  boost  vehicles  are  purposely  limited  to  low  turning  rates  so  as  to  minimize  structural 
loads .  They  also  nominally  fly  zero  lift  trajectories.  Guidance  commands  produce  much  slower  maneuvers  than 
do  the  control  commands  of  manned  aircraft  and  therefore  do  not  appreciably  affect  the  problem.  In  rigid-body 
studies  of  booster  vehicles  it  is  therefore  common  to  ignore  all  of  the  terms  other  than  the  major  term  in  each  of 
the  aerodynamic  fuiee  and  moment  equations.  Thus,  for  the  ballistic,  booster  without  lifting  surfaces  one  writes: 
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SECTION  4 

SIMPLIFICATION  AND  APPROXIMATION  OF  TRANSFER  FUNCTIONS 
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Symbol 

A 

B 

Cf, 


(C  /or) 

N  xn 


°k 

l*k 

k 

K 


SYMBOLS  USED  IN  SECTION  4 
Definition 

area  of  hydraulic  actuator  piston 
bulk  modulus  of  hydraulic  fluid 

glmbal  bearing  friction  coefficient  for  the  kin  engine 
hydraulic  actuator  leakago  coefficient 

local  aerodynamic  normal  force  coefficient  per  unit  angle  of  attack  at 
station  n  along  the  longitudinal  axis 

roduced  moment  of  Inertia  (see  Appendix  A 1  -5) 

moment  of  Inertia  In  pitch  or  yaw  of  the  k engine  about  its  own  center 
of  gravity 

moment  of  lnortia  of  the  k*  h  engine  about  Its  glmbal  point 
rocket  engine  index 

hydraulic  actuator  (no  load)  open  loop  velocity  gain 


hydraulic  actuator  effective  (at  load)  open  loop  velocity  gain  aB  defined 
in  Equation  4-12 

'  V„ 


equivalent  spring  constant  for  hydraulic  actuator  system  equals 


JT 

4  BA2 


1 

K 


-1 


*Hk 

Kf 

K 

m 

4 

4 

a 

4 

c 

f.< 


hydraulic  actuator  spring  constant  for  the  ktJl  engine  - 

VT 

spring  constant  of  sloshing  mass  in  the  4il  propellant  sloshing  tank 
actuator  structural  spring  constant 
sloshing  propellant  index 
aerodynamic  moment  arm 

control  thrust  level  arm  about  center  of  gravity 

sloshing  pendulum  moment  arm  for  4^  propellant  tank 

rocket  engine  lever  arm  measured  from  the  glmbal  point  at  the  engine 
center  of  gravity 

generalized  mass  for  the  i  mode 


Units 

ft2 

lbs/ft2 

lb  ft  sec/rad 
5 

ft  /lb.  see. 
l/'rad 

slug  ft2 
slug  ft2 

slug  ft2 

N.D.* 

(rad/3ec)  6 
rad  6C 

l/sec 

lbs/ft 

lbs/ft 

lbs/ft 

lbs/ft 

N ,  D. 

ft 

ft 

ft 

ft 


slugs 


*  Non-dimensional 
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SYMBOLS  USED  IN  SECTION  4  (Continued) 


Symbol 

Definition 

Units 

MC£ 

sloshing  moment  coefficient  for  the  i  ^  propellant  sloshing  tank 

lb  sec^ 

“l£ 

first  mode  sloshing  mass  in  l4*1  propollant  (sloshing  tank) 

slugs 

Mr 

mass  of  rocket  engine 

3  lugS 

M(t 

aerodynamic  moment  due  to  pitching  rato 

ft  lbs  sec 

p 

aerodynamic  force  parameter  =  q  S^ 

lbs 

PL 

load  pressure  on  hydraulic  actuator 

lbs/ft2 

qi 

generalized  displacement  of  the  l1*1  mode 

ft 

Qi 

generalized  force  for  the  i*  elastic  bending  mode 

lbs 

R 

moment  arm  of  hydraulic  actuator 

ft 

8 

Laplace  operator  (s  -  a  + )  w ) 

l./sec 

T 

total  rocket  engine  thrust 

lbs 

T 

c 

thrust  of  control  ongine  (s) 

lbs 

Tf 

thrust  of  fixed  rocket  engine  (s) 

lbs 

tk 

thrust  of  kth  rocket  ongine 

lbs 

V 

vehicle  volocity 

ft/sec 

xi 

actuator  deflection  duo  to  load  pressure  acting  on  the  actuator  clastic 
compliance 

ft 

X 

n 

X  coordinate  (longitudinal)  of  station  n 

ft 

yf 

lateral  displacement  of  the  sloshing  mass  in  the  £Ul  sloshing  propellant 
tank 

ft 

a 

angle  of  attack 

rad 

ar_ 

T 

T  -  D 

vehicle  longitudinal  acceleration  -  ,, 

M 

ft/sec2 

6 

angle  between  rocket  engine  thrust  vector  and  vehicle  clastic 
axis  at  gimbal  point;  includes  elastic  deformation  of  engine  position 
servo  and  actuation  within  the  servo  itself 

rad 

6 ' 

angle  between  thrust  vector  and  clastic  mode  at  rocket  engine's 
center  of  gravity,  due  to  actuation  within  the  positioning  servo 

rad 

6 

€ 

rocket  engine  error  angle  (defined  in  Equation  4-20) 

rad 

cn 

damping  ratio  for  hydraulic  actuator 

N.D. 

damping  ratio  for  the  i^1  mode 

N.D. 

i; 

generalized  damping  ratio  for  the  mode 

N.D. 
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SYMBOLS  USED  IN  SECTION  4  (Continued) 


Symbol 

Definition 

Units 

£i" 

damping  ratio  as  defined  In  Equation  4-13 

N.D. 

damping  ratio  of  the  sloshing  mass  in  the  propellant  sloshing  tank 

N.D. 

e 

vehicle  pitch  angle 

rad 

aerodynamic  effectiveness  parameter  defined  in  Equation  2-2 

l/sec^ 

onglno  control  effectiveness  parameter  defined  in  Equation  2-2 

l/see^ 

cr 

normalized  modal  slope 

rad/ft 

T 

time  constant 

sec 

<t> 

normalized  modal  deflection 

ft/ft 

W 

c 

natural  frequency  for  hydraulic  actuator 

l/sec 

u>} 

1 

natural  frequency  for  mode 

1/sec 

“l 

generalized  natural  frequency  for  1th  mode 

1/see 

“i" 

modal  natural  frequency  defined  in  Equation  4-13 

1/see 

“’l 

natural  frequency  of  sloshing  mass  in  propellant  sloshing  tank 

l/sec 

Subscripts 

A 

station  A  (location  of  lateral  translation  sensor) 

c 

station  e  (center  of  gravity  of  rocket  engine) 

G 

station  G  (gyro  or  other  angular  sensor  location) 

station  B  (bottom  of  tank)  of  1“*  propellant  sloshing  tank 

n 

station  n 

T 

station  T  (rocket  engine  gimbal  or  thrusting  point) 

X 

coordinate  along  the  longitudinal  axis 
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4 . 1  AIMS  OF  SIMPLIFICATION 

In  any  field  of  analysis,  one  of  the  main  concerns  of  tho  analyst  is  to  determine  to  what  degree  of  complexity  or 
completeness  he  must  commit  himself  in  performing  the  analysis  so  that  the  solution  obtained  is  significant  and 
sufficiently  accurate  to  satisfy  the  purpose  for  which  it  was  intended.  In  tho  field  of  automatic  control,  this  pro¬ 
blem  manifests  itself  in  the  form  of  determining  the  most  suitable  equations  of  motion  (or  transfer  functions,  if 
the  problem  may  be  linearized)  for  description  of  tho  "forward  path",  i.e. ,  the  plant  or  process  being  controlled. 
Present-day  control  theory,  in  combination  with  modern  computer  facilities,  is  probably  sufficient  to  give 
reasonable  assurance  that  solutions  to  tho  control  problem  may  always  be  obtained,  provided  the  proper  mathe¬ 
matical  model  of  tho  controlled  process  can  be  written. 

From  a  practical  as  well  as  a  philosophical  viewpoint,  it  is  desirable  to  determine  and  possess  the  simplest 
equations  of  motion  or  transfer  functions  that  will  yield  sufficiently  accurate  results,  keeping  in  mind  the  purpose 
of  the  analysis.  As  a  consequence  of  having  a  suitably  simplified  analysis,  good  results  may  be  obtained  with  the 
most  efficient  use  of  timo  and  me  y.  Tho  simpler  transfer  functions  will  permit  illumination  of  the  most  signi¬ 
ficant  features  of  the  problem;  they  will  allow  application  of  powerful  analytic  tools  thereby  providing  great  in¬ 
sight  to  the  nature  of  the  problem;  they  will  obviate  the  necessity  for  massive  computer  simulations  within  which 
the  heart  of  the  problem  is  often  buried  from  sight. 

in  this  section  a  group  of  simplified  approximate  transfer  functions  for  tho  large  ballistic  booster  are  given. 

Those  transfer  functions  have  a  limited  range  of  applicability.  The  limitations  are  well  defined  since  each  trans¬ 
fer  function  is  tailored  to  pormit  investigation  of  certain  specific  flexible  booster  /autopilot  control  problems  by 
the  least  elaborate  of  analytic  methods.  In  every  caso  those  simplified  transfer  functions  may  be  viewed  as  being 
extractions  from  the  genoral  system  equations  of  motion  given  in  Section  3.  The  basis  for  this  extraction  is  now 
discussed. 

4.2  BASES  OF  SIMPLIFICATION 

Since  the  primary  application  of  the  simplified  or  approximate  transfer  functions  will  be  in  performing  stability 
analyses  of  the  elastic  booster  with  autopilot  control,  it  is  natural  that  the  basis  of  simplification  be  established 
with  stability  analysis  criteria.  It  is  necessary,  however,  to  keep  in  mind  also  that  these  same  approximate 
transfer  functions  should,  if  possible,  be  useful  for  load  analyses  and  other  system  studies  wherein  the  time- 
domain  response  of  the  system  is  most  important.  For  these  reasons,  it  is  felt  that  the  suitability  of  approxi¬ 
mate  transfer  functions  can  best  be  judged  relative  to  behavior  of  the  complex  roots  of  the  Laplace  variable,  (s). 
Effects  of  approximations  on  these  roots  can.  In  turn,  bo  judged  most  effectively  from  the  graphic  interpretations 
possible  in  root- locus  plotting  methods. 

Hence,  while  many  alternate  interpretations  of  the  approximations  may  be  made  in  the  frequency  realm  (Bode 
plots,  Nyquist  diagrams),  these  will  rarely  be  employed  here;  then  only  insofar  as  they  lead  to  a  convenient  way 
of  cataloging  some  effects. 

Judgments  as  to  the  efficacy  of  a  particular  approximation  are  very  difficult  to  arrive  at  in  a  truly  objective 
manner  -  they  are  almost  certain  to  be  colored  by  the  user's  own  experience.  To  this  degree  the  approximate 
transfer  functions  given  in  this  section  represent  a  distillation  of  the  authors'  experience.  In  addition,  however, 
certain  objective  measures  of  these  equations'  suitability  can  be  applied.  These  measures  will  be  discussed  in 
each  area,  along  with  other  approximations  made,  since  they  will  provide  the  reader  with  an  appreciation  of  the 
range  of  applicability  of  the  equations  as  well  as  with  some  techniques  which  may  prove  useful  in  evaluating  new 
approximations  for  the  unforcseeably  strange  vehicle  configurations  of  the  future. 

Approximations  may  be  placed  in  one  of  the  following  two  categories: 

a.  The  relative  size  of  coefficients  of  the  same  order  of  (s)  in  a  transfer  function  (secondary  effects)  is  con¬ 
sidered. 

h.  The  importance  of  terms  of  different  orders  of  (s)  (higher  or  lower)  are  studied.  These  terms  usually  rep¬ 
resent  other  modes  or  physical  effects  associated  with  certain  regions  of  the  frequency  spectrum. 

In  every  case  the  criteria  for  evaluating  these  two  classes  of  approximations  maj  be  interpreted  from  their  sig  ¬ 
nificance  in  affecting  the  modes'  complex  roots  and.  hence,  their  stability  and  time -domain  behavior. 
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4.2.1  Mogleot  of  Secondary  Effects.  Terms  deleted  from  the  equations  of  motion,  as  under  a.  above,  have  the 
effect  of  representing  either  small  changes  In  the  loop  gain  of  the  system  or  small  shifts  In  the  position  of  the 
open-loop  poles  or  zeros  and  hence  of  the  phase  of  the  system.  Here  the  Importance  of  such  a  term  Is  readily 
weighed  relative  to  the  effect  it  has  on  the  position  of  the  closed  loop  roots.  Very  often  such  a  comparison  may 
be  made  solely  on  the  question  of  the  size  of  such  a  term  In  comparison  with  the  micertaintleB  in  the  values  of 
the  larger,  dominant  parameters,  i.e. ,  the  accuracy  with  which  it  is  expected  other  parameters  in  the  system 
will  be  known  or  controlled. 

As  an  example,  the  angular- velocity-dependent  aerodynamic  damping  term  is  usually  omitted  in  studying  rigid- 
body  pitch  axis  stability  of  nonwlngod  ballistic  boosters.*  One  way  in  which  this  term  might  be  evaluated  is  to 
ohserve  its  role  in  the  rigid-missile  transfer  function,  9/6.  If  Incorporated,  the  transfer  function  becomes 

Q/6~Ha  -s— - - -  (cf. Equation  2-4  of  Section  2,  from  which  thu  notations  are  borrowed).  The  result¬ 

s'*  +  /I  a-n  a 

ing  shift  in  the  two  real  poles  (at  approximately  ±  ) ,  due  to  inclusion  of  the  damping  term,  Is  negligible  as 

It  affects  the  closed  loop  root  for  the  class  of  boosters  considered.  The  situation  is  depicted  graphically  by  the 
root  locus  plot  of  Figure  4- 1 . 


Figure  4-1.  Effoct  of  Aerodynamic  Damping  on  Rigid-Body  Locus 


•o  l  2 


*  In  Equation  3-12  this  term  appears  as  P  2;  (Cu/(y)  - - — — - -  -  and  would  be  written  more  commonly 

n  *x  xn  V 


(  £  (C  /«)  x2  'je  a  M-  9. 
\  n  N  xn  n  /  9 
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Alternately,  one  could  observe  the  effect  of  Incorporation  of  this  term  on  the  closed-loop  characteristic  equation 
of  the  system  (of.  Equation  2-5).  This  aerodynamic  damping  term,  if  added,  would  appear  in  two  coefficients  of 
powers  of  (s)  also  containing  velocity  gain  constants  of  the  autopilot;  in  magnitude  it  would  be  but  a  few  percent 
or  less  of  these  coefficients.  Physically,  the  aerodynamic  damping  of  unwinged  vehicle  oscillations  is  negligible 
compared  to  that  Introduced  by  velocity-dependent  elements  of  the  control  system .  It  is  not  necessary  to  incor¬ 
porate  these  minor  terms  of  the  system  equations  when  the  autopilot  gain  constants,  which  determine  the  major 
effects,  are  not  themselves  controlled  to  within  comparable  absolute  accuracies. 

There  exists,  however,  a  complementary  example  to  the  one  Just  cited,  viz. ,  a  comparison  of  tho  relative  con¬ 
tribution  of  this  same  velocity-dependent  aerodynamic  damping  to  the  damping  of  a  body  bending  elastic  mode 
coupled  through  the  autopilot.*  Here,  system  damping  from  structural  dissipation  is  extremely  low  and  hence 
the  aerodynamic  damping,  which  yields  a  damping  contribution  of  comparable  magnitude  at  certain  flight  times, 
becomes  too  important  to  neglect.  This  situation  may  also  bo  analyzed  through  the  relative  importance  of  a 
small  shift  in  the  open-loop  pole  of  the  bending  mode  which  this  aerodynamic  damping  term  accomplishes.  While 
the  effect  on  closed-loop  roots  of  small  shift  in  the  opon  loop  pole  for  the  rigid-body  mode  may  be  negligible  (as 
noted  earlier),  it  can  be  of  critical  importance  for  the  clastic  mode  roots.  Many  of  these  modes  will  be  gain- 
stabilized,  i.e. ,  their  loci  will  depart  from  the  open  loop  pole,  heading  towards  the  Jw  axis  (and  the  right  half  of 
the  complex  plane).  Whether  or  not  the  closed  loop  root  is  stable  depends  upon  the  loop  gain  (how  far  the  root 
departs  from  the  polo)  and  upon  the  distance  tiio  pole  is  away  from  the  J  w  axis.  This,  in  turn,  is  dependent  upon 
modal  damping.  Tho  situation  is  depicted  graphically  in  figure  4-2.  It  should  be  apparent  that  a  conservative 
analysis  can  always  be  made  omitting  tills  aerodynamic  damping. 
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Figure  4-2.  Effect  of  Aerodynamic  Damping  on  Body  Bending  Mode  Roots 

From  the  foregoing  one  sees  that  the  approximations  Just,  discussed  have  as  their  bases  certain  characteristics 
associated  with  the  vehicle  class  under  study.  However,  their  validity  is  readily  re-evaluated  on  the  same  bases 
for  any  vehicle  of  strikingly  different  characteristics. 

4.2.2  Terms  of  Different  Orders  of  (sj.  There  oxist  a  variety  of  ways  in  which  terms  of  different  orders  of  (s) 
appear  in  a  problem.  A  few  of  theso  arc  as  follows: 

a.  Added  degrees  of  freedom  representing  other  modes  of  tho  controlled  vehicle, 

b.  inertial  effects  added  to  a  system  to  account  for  their  presumed  importance  in  a  problem,  and 

c.  high  frequency  characteristics  of  various  system  elements. 


*  In  Equation  3-12  this  term  appears  as  -y- 
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Because  of  the  varied  nature  of  these  effects,  it  is  more  difficult  to  make  generalizations  as  to  their  assessment. 
A  useful  point  of  view,  however,  is  alluded  to  in  the  above  listing,  viz. ,  taking  the  position  of  evaluating  terms 
as  additions  to  a  given  system  of  simplified  equations.  This  of  course  is  the  inverse  of  the  problem  posed  by 
Equations  3-12,  where  a  very  general  Bet  of  equations  Is  presented  from  which  the  desired  approximations  are 
to  be  synthesized.  The  situation  in  many  ways  is  analogous  to  the  classical  synthesis-analysis  cycle  of  design 
and.  hence,  should  not  appear  foreign  to  the  practicing  engineer. 

If  this  last  viewpoint  is  adopted,  a  number  of  useful  indications  of  treatments  of  ’’higher  order  terms”  may  be 
had  from  the  following  considerations. 

An  added  degree  of  freedom  may  be  evaluated,  relative  to  its  effects  in  the  root- locus  plot.  If  it  is  a  mode  of 
the  system  (almost  invariably  the  case),  it  will  appear  as  a  group  of  pole-zero  dipoles  and,  depending  upon  the 
strength  of  its  coupling  with  the  other  modes  (through  the  clastic,  inertial,  or  generalized  forces),  will  produce 
some  shifting  of  the  other  mode's  open  loop  poles  and  zeros.  Hence,  two  measures  of  the  effect  of  an  added 
mode  on  other  modes  present  themselves:  1)  its  effect  in  shifting  the  "existing”  open  loop  poles  and  zeros  and, 

2)  the  effect  of  its  dipole  (s)  a«  seen  from  the  area  of  the  closed  loop  roots  of  the  former  system.  Naturally,  this 
added  mode  must  itself  be  analyzed  for  its  own  stability,  but  this  is  a  separate  problem. 

As  an  example  of  the  foregoing  one  may  cite  the  coupling  between  rigid-body  plunging  and  pitching  modes 
brought  about  by  aerodynamics.  When  studying  pitch  attitude  stability  (9/6),  the  plunging  mode  coupling  mani¬ 
fests  itself  as  a  small  dipole  at  the  origin  and  as  minor  shifts  In  the  pitch  mode  poles  (cf.  Equation  2-2).  Its 
effect  on  the  pitch  mode  closed  loop  root  is  therefore  minor  (see  Figure  4-3) . 
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Figure  4-3.  Effect  of  Coupling  of  Rigid  Body  Plunging  Mode  with  Rigid  Body  Pitching  Mode 

Another  example  is  the  effect  of  a  body  bending  mode  on  rigid-body  pitching  stability.  Coupling  occurs  through 
the  autopilot  (significant)  and  through  aerodynamics  (minor).  The  added  mode  produces  a  conjugate  pair  of 
dipoles  (cf.  Equation  2-11)  and  appears  as  shown  in  Figure  4-4.  As  may  be  seen  there,  the  effect  on  the  rigid- 
body  pitching  mode  phase  unu  gain  is  negligible. 
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Figure  4-4,  Effect  of  a  Ucnding  Mode  Dipole  on  the  Kigid  Body  Mode 

Inertial  effects  are  added  to  the  equations  because  of  their  presumed  importance  in  a  frequency  region  to  be 
studied.  Depending  upon  where  these  effects  arc  added  in  the  equations,  they  may  simply  modify  existing  coeffi¬ 
cients  (e.g. ,  the  inclusion  of  aerodynamic  inertial  terms  would  only  serve  to  modify  the  body  Inertial  coeffi¬ 
cients),  or  they  may  add  new  open  loop  elements  (e.g. ,  the  "iail-wags-dog  zero”,  TWD,  which  appears  when 
rocket  engine  inertias  are  included  in  the  rocket  control  force  term;  cf.  Subsection  2,2.8).  These  now  added 
loop  elements  will  always  appear  in  conjugate  pairs.  Their  effect  on  phase  shift  and  gain  of  an  "existing  mode" 
is  readily  evaluated  from  the  root  locus  plot.  Figure  4-5  shows  the  graphic  interpretation  of  the  effect  of  the 
TWD  zeros  on  the  rigid-body  pitching  mode’s  closed  loop  roots. 

As  it  is  obvious  that  the  effect  of  the  TWD  zero  on  the  rigid-body  mode  is  minor  in  this  case,  so  too  is  it  clear 
that  the  effect  will  be  of  paramount  importance  for  body  bending  modes  in  the  range  of  the  TWD  zero's  frequency 
or  above.  Thus,  for  body  bending  studies  this  effect  becomes  a  dominant  factor,  and  certain  other  low  fre¬ 
quency  effects  (e.g. ,  the  precise  position  of  the  rigid  body  pitching  mode  poles)  become  less  significant. 

Higher  frequency  characteristics  of  elements  in  the  system  may  be  evaluated  readily  from  the  poles  and  zeros 
introduced  by  them  to  the  root  locus  plot.  Such  effects  as  roll-oft  characteristics  of  the  servo  positioning  sys¬ 
tem,  the  sensors  (gyros  and  platform),  the  amplifiers  or  any  other  elements  in  the  control  loop  appear  as  real 
or  complex  poles  and  zeros.  Their  influence  on  the  stability  of  a  mode  being  analyzed  is  quickly  gaged  from 
their  contribution  to  phase  and  gain  changes  in  the  vicinity  of  the  complex  plane  where  the  mode  of  interest  lies. 
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Figure  4-5,  Effect  of  Engine  TWD  Zeros  on  Rigid  Body  Pitching  Mode 

4.2.3  Effects  of  Flight  Environment  and  Configuration  Changes.  From  the  foregoing  discussions  it  is  clear  that 
simplifications  and  approximations  cannot  be  made  categorically  without  due  consideration  of  the  great  variations 
in  system  characteristics  (and  hence  parameters)  which  occur  over  the  course  of  a  flight.  Thus,  an  approxima¬ 
tion  which  neglects  the  effects  of  propellant  sloshing  modes  on  rigid-body  control  modes  at  liftoff  (a  good  approxi¬ 
mation)  may  be  invalid  near  burnout  of  a  booster  stage,  simply  because  the  change  in  system  parameters  has 
greatly  increased  the  coupling  between  these  modes.  lienee,  any  approximations  given  must  be  tempered  with 
these  considerations. 

In  the  remainder  of  this  section  various  approximate  transfer  functions  are  given  which  have  been  found  of  prac¬ 
tical  value  in  the  analysis  of  elastic  ballistic  boosters.  These  transfer  functions  may  be  looked  upon  as  simpli¬ 
fications  of  the  general  equations  of  Section  3  and  elsewhere.  Comments  as  to  the  nature  of  the  approximations 
made  in  arriving  at  these  equations  are  given,  along  with  expected  areas  of  applicability  of  each.  The  transfer 
functions  are  also  illustrated,  where  appropriate,  by  control  system  block  diagrams  and  by  root  locus  plots. 
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4.3  SIMPLIFICATION  OF  THE  GENERAL  EQUATIONS  OF  A  FLEXIBLE  BOOSTER  VEHICLE. 

The  preceding  subsection  illustrated  how  several  particular  effects,  when  considered  as  additions  to  simple  trans¬ 
fer  functions,  could  be  easily  evaluated  ur  to  their  importance,  in  this  Subsection  the  general  plane  motion 
equations  for  a  flexible  booster  vehicle  (see  Section  3)  are  simplified  for  use  in  the  stability  analysis  of  closed 
loop  bending  autopilot  coupling.  Thus,  the  methods  of  simplification  will  be  based  upon  the  possibility  of  omitting 
terms  or  classes  of  terms  from  the  equation.*  These  mothods  are,  in  general,  based  upon  considerations  dis¬ 
cussed  earlier  in  this  section. 

Prior  to  simplification  and  approximation  certain  facets  of  the  problem  must  be  noted.  These  considerations 
have  to  do  with  the  type  of  modes  that  aro  to  be  used  in  the  study.  The  throe  classes  of  modes  (cf .  Section  3)  are: 
1)  normal  modes,  2)  artificially  uncoupled  modes,  and  3)  assumed  arbitrary  shapes.  Of  the  three  classes  of 
modes  only  the  first  two  are  considered  In  this  report.  The  equations  to  follow  aro  for  modes  of  the  artificially 
uncoupled  type,  in  that  the  sloshing  propellants  are  not  included  In  the  mode  calculation.  If  these  propellants  are 
included  in  the  modes  then  the  equations  arc  modified  by  omitting  all  sloshing  terms  (see  Section  3). 

In  the  calculation  of  system  bending  modes  the  flexibility  of  the  rocket  engine  situation  linkage  may  be  either 
accounted  for  in  the  modal  calculations,  or  the  linkage  may  be  represented  as  a  rigid  link.  In  the  latter  case  the 
flexibility  of  the  linkage  is  included  in  the  engine  servo  mechanism,  itself.  This  is  the  approach  followed  in  de¬ 
riving  the  engine  servo  equations  of  Appendix  B4.2.  The  flexibilities  are  incorporated  therein  as  a  mounting 
spring  of  stiffness,  Km,  and  a  finite  hydraulic  fluid  bulk  modulus,  B.  This  model  leads  to  the  more  complex 
engine  servo  equations.  When  the  modal  solutions  do  not  include  the  actuation  flexibility  of  the  rocket  engines, 
the  modal  slope  on  the  missile  structure  side  of  the  rocket  engine  gimbal  block,  a  j.'j-,  is  equal  to  the  modal 
slope  on  the  rocket  engine  side,  <rxc.  Therefore,  the  difference  expression,  a  (JJ  -  crjJJ,,  Is  equal  to  zero,  mak¬ 
ing  all  terms  containing  this  difference  expression  also  equal  to  zero  (cf.  Equation  3-12).  In  this  case 


When,  on  the  other  hand,  the  actuation  system  flexibility  is  included  in  the  modal  calculations,  the  servo  loop 
equations  are  computed  with  infinite  rigidities:  Km— •-  &  ,  B-*-  «>.  Some  simplification  of  the  servo  loop  trans¬ 
fer  function  results.  In  the  following  discussion  the  actuation  linkage  flexibilities  will  be  assumed  accounted  for 
iu  the  calculations: 


"k  4  -  f  (4c-«'xr)  'it- 

With  this  approach  one  of  the  normal  vehicle  body  modes  will  be  primarily  that  associated  with  the  resonance  of 
the  engine  chamher,  elastically  mounted  from  the  vehicle.  This  mode  will  be  referred  to  as  the  "engine-body” 
normal  mode,  since  it  is  of  particular  significance. 


4.3.1  Simplification  of  Dependent  Variable  Coefficients.  The  first  step  in  simplifying  the  equations  of  motion 
may  be  accomplished  by  an  analysis  of  the  various  terms  comprising  the  total  coefficient  of  the  dependent  vari¬ 
able,  viz. ,  the  elastic  normal  coordinate,  qj.  Phis  simplification  amounts  to  neglect  of  secondary  effects.  The 
modal  equation  of  motion  (cf.  Equation  3-12)  is  rewritten  here  in  transformed  form. 
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This  equation  continued  on  next  page. 


*  Certain  observations  will  be  made  throughout  this  section  concerning  the  evaluation  of  terms,  with  regard  to 
the  usual  range  of  magnitude  of  the  various  terms.  These  observations  are  based  upon  analysis  of  several  (pro¬ 
posed)  large  space  booster  configurations  as  well  as  experience  with  present-day  space  booster  mid  1CBM  con  ¬ 
figurations.  However,  it  must  be  realized  that  these  observations  cannot  apply  to  all  possible  configurations: 
but  that  the  dependency  upon  modal  frequencies,  displacements,  slopes,  generalized  masses,  and  generalized 
forces  may  alter  these  observations. 
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In  dealing  with  a  socond  order  system  saeh  as  the  k''1  mode,  It  is  helpful  to  think  of  the  first  order  term  of  that 
variable,  sqj,  as  the  modal  damping  term  and  the  zero-order  term,  qj,  as  the  modal  frequency  term.  One  can 
then  separate  the  various  contributions  to  the  coefficients  into  components  affecting  damping  and  those  affecting 
frequency. 


4. 3. 1.1  Modal  Damping  Term,  aq,.  The  total  coefficient  of  the  sqi-term  is  composed  of:  (1)  the  structural 

2 

damping  term,  2fTj  oq,(2)  the  aorodynamic  damping  term,  ^  2  (Cjj/a)xn  4  ^  ,  and  (3) the  damping  term 


due  the  engine  glmbal  friction, 
the  effective  modal  damping. 
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1’hiB  coefficient  will  hereafter  be  denoted  as,  2  £  J  wj  , 
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For  the  various  elastic  modes  tho  2  t  j  uq  term  is  limited  to  a  relatively  small  range,  as  the  damping  factors  t 
are  found  to  be  between  0.002S  and  0.02  (see  Sections  2  and  G). 

Tho  second  term,  that  due  to  engine  glmbal  friction,  Cf^o[j  -tfxlvki  can  take  on  a  variety  of  values. 

For  an  engine  in  the  150,000-pound  thrust  class  normal  friction  levels  for  gimbals  with  sleeve  bearings  are 
500  lb-ft-coulomb  friction  and  2000  lb-ft/rad/sec  viscous  friction.  Depending  upon  the  value  of  crjjjj  -  this 

damping  term  may  vary  from  less  Hum  2  (  (  for  the  lower  body  bending  modes  to  a  much  greater  value  for 

the  higher  bending  modes.  For  an  engine-body  mode  this  term  may  be  the  dominant  damping  term,  reaching 
eight  to  ten  percent  of  critical  damping.  It  should  also  be  noted  that  Hincc  the  friction  coefficient  Cf^  is  a 

linearized  value  representing  both  viscous  and  coulomb  friction,  the  effect  of  this  term  will  vary  with  frequency 
and  amplitude  of  engine  motion;  i.e. ,  this  term  will  increase  in  Importance  as  amplitude  decreases.  This  term 
does  not  appear  in  the  rigid-body  modes  nor  in  modes  computed  with  a  rigid-engine  position -servo  linkage,  since 
i;vl,  -  a  ...  is  zero  in  each  case. 

Al-  X  i 

■*  2 

In  regions  of  high  dynamic  pressure  the  aerodynamic  damping  term,  y.'  2  (CN/«)xn  0  .for  most  classes 

of  unwinged  flexible  boosters  is  usually  of  the  same  order  of  magnitude  as  the  structural  damping  term.  As  the 
aerodynamic  damping  coefficient  is  directly  proportional  to  P/V,  its  effect  is  usually  important  only  during  the 
time  of  high  dynamic  pressure  and  can  be  ignored  during  the  other  flight  times.  Its  omission  is  conservative. 

A  damping  term  also  exists  due  to  aerodynamic  coupling  between  the  modcB.  This  term  is  small  compared  to 
the  primary  aerodynamic  damping  term,  so  is  universally  omitted. 

The  effect  of  the  aerodynamic  damping  on  the  rigid-body  pitching  and  plunging  modes  is  likewise  negligible  and 
may  be  omitted  for  most  vehicles  of  the  class  considered. 

Although  it  is  conservative  to  omit  both  the  gimbal  friction  and  aerodynamic  damping  terms,  it  is  recommended 
that  all  three  of  the  terms  comprising  2£  m1.  be  retained  (except  for  expediency  when  simple  hand  solutions 

are  being  used)  for  more  accurate  stability  analysis  and  transient  responses  of  the  system. 
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4.3. 1.2  Natural  Frequency  Term  qp  The  total  coefficient  of  tho  qj  term,  designated  as  cJf,  is  analogous  to  the 
natural  frequency  of  a  second  order  harmonic  oscillator: 
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The  class  of  vehicles  considered  are:  1)  thoso  having  relatively  constant  cross  section  over  their  length,  2) 
those  with  no  major  aerodynamic  surfaces  (wings,  fins,  etc.),  and  3)  thoso  controlled  by  means  of  a  gimbaled 
thrust-vector  located  at  the  base  of  tho  missile.  For  this  class  of  vehicles  the  aerodynamic  forces,  due  to  an 
clastic  modal  deflection,  qj,  are  low  relative  to  the  elastic  forces.  From  another  point  of  view,  the  modal  di¬ 
vergence  speed  (at  which  u»i  — 0)  is  very  high.  The  thrust  term  is  likewise  very  small  in  its  effect  on  fre¬ 
quency.  Thus,  when  considering  the  elastic  modes  of  the  class  of  vehicles  under  study,  these  two  terms  are 
usually  much  less  than  the  modal  frequency  term,  c*q  .  Only  with  the  very  slender  boosters,  or  with  boosters 
having  lifting  surfaces  will  the  aerodynamic  term  become  significant.  However,  this  aerodynamic  term  is  Im¬ 
portant  in  the  rigid-body  modes. 

4.3.2  Simplification  of  Forcing  Functions.  The  next,  and  more  difficult,  step  in  simplifying  Equation  4-1  is  an 
evaluation  of  the  various  forcing  functions  which  represent  excitations  of  a  given  mode.  The  excitations  appear 
in  several  guises: 

a.  The  orthongonal  body  modes  are  coupled  directly  through  the  action  of  such  nonconservative  forces  as  aero¬ 
dynamic,  bearing  friction,  and  propulsive.* 

b.  The  artificially  uncoupled  sloshing  modes  exhibit  inertial  coupling  with  the  normal  body  modes. 

c.  Regenerative  and  coupled  excitations  occur  through  the  autopilot  in  modes  whoso  motion  is  detected  by  an 
autopilot  sensor;  these  modes  may,  in  turn,  bo  excited  directly  by  control  forces. 

d.  Indirect  coupling  may  occur  through  the  autopilot  in  two  classes: 

1)  Modes  whose  motion  is  detected  by  certain  of  the  control  sensors,  but  upon  which  the  control  forces  can¬ 
not  act  directly;  e.g. ,  if  propellant  sloshing  were  detected  by  a  sensor  placed  in  a  tank  for  that  purpose  the  re¬ 
sultant  signal  could  command  control  forces,  but  these  forces  could  not  act  directly  on  the  propellant  modes. 

2)  Modes  whose  motion  is  not  detected  by  the  control  sensors  but  upon  which  modes  the  control  force  does 
act  directly,  c.g. ,  the  rigid-body  plunging  in  an  attitude-only  control  system. 

The  above  types  of  coupling  might  be  categorized  as  "open-loop”  (a.  and  b.)  and  "closed- loop"  (c.  and  cl.). 


4 . 3 . 2 . 1  Direct  Modal  Coupling  Terms  Between  Normal  Modes  (Open  Loop  Coupling).  Direct  modal  coupling  be¬ 
tween  normal  body  modes  occurs  through  the  nonconservativc  forces.  Figure  4-G  is  a  block  diagram  illustrating 
the  couplings  between  twn  of  the  normal  body  modes.  The  direct  modal  coupling  appears  (for  example)  as  a  feed¬ 
back  path  around  the  ith  mode  of : 


DQj 

fin. 


;>  qj 


OQj 


The  general  effect  of  this  coupling  is  to  produce  a  shift  in  the  position  of  the  open-loop  poles  of  the  i**1  mode. 
Experience  dictates  that  the  portion  of  this  shift  due  to  aerodynamics  is  minor  for  these  normal  body  modes  (as 

m  p  m 

one  might  expect),  since  the  "aerodynamic  gains"  in  the  loop  (the  P  (C^/nr^  anc*  *v  ^N'/fV)xn  4>  terms) 

are  both  very  low.  Consequently,  the  mode  forcing  function  coefficients  arc  usually  omitted  in  writing  a 
simplified  ita  mode  transfer  function.  The  exception  could  be  for  the  vehicle  carrying  lifting  surfaces  near  the 


*  The  individual  mode's  regenerative  excitations  by  these  nonconscrvalivc  forces  were  treated  as  part  of  the 
normal  coordinate's  coefficients  in  Subsection  4.3.1 . 


Figure  4-6.  Direct  Modal  Coupling  Block  Diagram 
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times  of  maximum  dynamic  pressure.  This  problem  then  becomes  that  of  the  aeroelastician,  where,  for  suffi¬ 
ciently  high  q,  the  system  rootB  (open  loop  poles)  can  move  onto  the  jw  axis.  Because  of  its  minor  role  and/or 
specialized  nature  (derivation  of  the  mathematical  model  for  the  unsteady  aerodynamic  forces  on  tbe  lifting  sur¬ 
face  is  certain  to  be  a  highly  specialized  problem),  no  further  treatment  of  this  type  of  open  loop  coupling  is 
made  herein. 

The  other  open-loop  coupling  terms  are  either: 

a.  Nonexistent  (the  case  where  the  servo  mount  elastic  compliance  Is  not  incorporated  into  the  modal  calcula¬ 
tions  so  that,  ejjJI  -  - =  0,  in  which  case  tho  coupling  will  still  appear  but  in  a  different  form  (see  Sub¬ 
section  4. 3. 2. 5),  or 

b.  Dependent  upon  the  gain,  aJJJ  -  ,  through  which  the  thrust  vector  and  bearing  friction  forces  act.  For 

most  body  modes  these  terms  are  low,  since  their  frequency  separation  from  the  engine-body  mode  (present 
when  servo  mount  compliance  is  incorporated  in  the  modes)  is  great  enough  that  this  relative  motion  is  not 
greatly  excited.  *  The  obvious  exception  then  may  occur  in  the  case  of  coupled  motions  between  an  engine-body 
mode  and  a  body  mode.  If  these  modes  are  at  all  close  in  frequency  (a  distinct  possibility  since  the  engine-body 
mode  frequency  is  relatively  constant  throughout  flight,  see  Appendix  A4  for  an  example  of  almost  coincident 
modal  frequencies),  then  significant  coupling  can  occur.  This  being  an  "open-loop"  effect,  one  can  expect  this 
coupling  to  appear  for  both  active  (commanded)  and  passive  (noncommanded)  engines.  The  effect  manifests  it¬ 
self  as  a  shift  in  the  open-loop  poles  for  the  body  mode  being  studied. 

The  effect  is  greatest,  of  course,  if  tho  two  modes  have  nearly  coincident  frequencies  and  may  be  either  bene¬ 
ficial  (stabilizing)  or  harmful  (destabilizing)  to  the  body  mode  being  studied.  The  effect  is  discussed  further  in 
Section  S  and  in  Appendix  C5. 

Occasionally,  then,  a  case  may  ariao  where  it  is  desired  to  tost  for  tho  adequacy  of  this  simplification.  For 
this  purpose  the  following  tost  may  be  employed. 

First,  it  is  noted  that  the  simplified  transfer  functions  arrived  at  during  the  course  of  this  study  are  intended  to 
be  used  both  for  stability  analysis  and  time-domain  response.  In  both  of  these  analyses  the  bohavior  of  a  lightly 
damped,  elastic  mode  is  greatly  affected  by  a  small  lateral  shift  in  its  open-loop  poles  due  to  a  phase  shift.  A 
small  change  in  tho  gain  will  not  significantly  affect  the  damping  (real  part)  of  the  closed-loop  root  as  it  will  only 
modify  the  frequency  (imaginary  part)  of  the  root.  This  effect  is  much  less  serious.  Therefore,  tho  test  will  be 
conservative  if  it  is  assumed  that  the  root  locus  departs  directly  toward  the  j-u)  axis  from  the  open-loop  polo. 
By  assuming  that  the  closed-loop  root  Is  approximately  on  the  J-u>  axis  (a  zero  real  part),  the  numerical  value 
for  the  natural  frequency  may  be  substituted  for  the  I,aplucc  variable  (  o  +  jtv),  and  the  contribution  of  the 
auxiliary  path  or  feedback  loop  may  be  evaluated. 

The  transmission  around  the  i**1  mode  representing  J®1  mode  coupling  is: 

/  3<li  \.'*a !  \/3<ij  yOQj  \  [oQi/flqj]  ^  [  OQj/flqj]  _ 

\  3Qi  /  \  /\8Qj  /V^qi  /  (s2  +  2f  1  cal  s  +  mj4)  (s2  +  2fj  u>j  s  +  ca]2).(4-4) 

Evaluating  at  8  Jw  we  obtain  tho  following  expression  for  the  magnitude  of  the  signal  in  this  path: 


This  equation  continued  on  next  page. 

♦The  response  of  the  i*H  mode  is  nonharmonic  in  general.  However,  since  these  modes  are  lightly  damped  they 
are  also  highly  tuned  (selective)  and  the  dominant  signal  strength  is  at  their  resonant  frequencies. 
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If  this  magnitude  does  not  exceed  a  numerical  value  of  0.09,  the  maximum  percentage  error  In  the  loop  modal 
damping  is  loss  than  10  porcont. 

As  an  example,  Figure  4-7  shows  the  ^  ^  transfer  function  with  the  j1*'  mode  feedhnck  loop  around  it: 


a. 


Figure  4-7.  Evaluation  of  Direct  Modal  Coupling 
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or,  If  the  percentage  error  in  the  approximation  la  defined  as: 


one  finds  this  is  identically  equal  to: 


i,t>l 

3Qt 

3Q 

3Q.  ' 

s 

•  ilQj  • 

(4-6a) 


Hence,  the  magnitude  of  this  quantity,  as  computed  in  liquation  4-B  gives  a  percentage  error  measure. 

Also,  as  seen  in  Figure  4-7,  the  ratio  in  liquation  4-(Sa  >s  an  upper-bound  approximation  to  the  error  in  the 
damping  of  the  open  loop  pole.  (Upper-bound  because  the  error  is  greatest  if  the  exact  and  approximate  poles 
have  tho  relationship  shown  In  Figure  4-7).  If  no  phase  shift  resulted,  the  ratio  would  give  the  gain  change  (less 
serious,  as  observed  earlier).  By  the  above  means  the  significance  of  direct  mode  coupling  may  be  evaluated. 

4. 3. 2. 2  Auxiliary  Path  For  Engine  Forcing  Function.  Roforring  to  Figure  4-6,  it  is  seen  that  the  I4*1  normal 
mode  also  affords  an  auxiliary  path  by  which  the  control  engine  motion,  6^  ,  can  excite  the  l1*’  normal  mode. 
This  path  is: 

OQj  0qj  <9Ql 

;>a'k  ‘  aQ.  '  <>q" 

As  might  be  expected  this  is  a  comparatively  weak  path,  for  If  the  autopilot  system  is  responding  to  motions  of 
the  1th  mode  (at  frequency  wj  ),  then  engine  responses,  6  ^  ,  through  the  auxiliary  path  are  highly  filtered  by  the 

j*"  mode.  Hence,  it  is  a  good  approximation  to  show  the  i11'  mode  responding  to  tho  engine  5^  only  through  the 
primary  path,  3Q./  <16^  . 

Again,  for  completeness  one  may  wisli  to  apply  a  test  to  determine  tho  relative  importance  of  these  paths 
(secondary  to  primary). 

Thus  (refer  to  Figure  4-6  for  notations): 
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If  this  function  is  evaluated  at  s  ,  it  may  be  used  to  gage  both  the  percentage  error  in  the  loop  gain  and 
phase  of  the  i**1  mode  incurred  by  omitting  this  auxiliary  path  through  the  mode. 

4 . 3 . 2 . 3  Direct  Modal  Coupling  Terms  Between  Artificially  Uncoupled  Modes  (Open  Loop  Coupling). 

A.  Body  Modes  and  Propellant  Modes.  The  artificially  uncoupled  propellant  sloshing  modes  are  forced  only  by 
inertial  coupling  with  the  vehicle  body  modes  (rigid  and  elastic).  The  coupling  of  these  sloshing  modes  back 
into  the  vehicle,  in  turn,  is  displayed  as  a  combination  of  inertial  and  elastic  coupling.*  No  direct  coupling 
through  any  other  force  system  exists. 

*  The  difference  is  only  a  matter  of  convenience  and  could  be  changed  by  rearranging  the  equations.  No  physical 
meaning  should  be  attached  to  the  terms  "elastic  and  inertial”  coupling  as  they  may  be  shown  to  be  mathematically 
interchangeable. 
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This  coupling  between  modes  in  the  "open-loop"  equations  of  motion  manifests  itself  as  pairs  of  dipoles-one 
conjugate  pair  tor  each  mode-in  the  transfer  functions.  For  example,  the  transfer  function  for  the  1^  nor¬ 
mal  body  mode  with  a  single  sloshing  tank  coupled  into  it  (other  body  modes  omitted,  as  per  previous  dis¬ 
cussion)  is: 


2  2 
b  +  2  £  o>  s+u> 

it  t 
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(4-8) 


The  denominator  factors  into  two  sets  of  conjugate  p>los,  one  near  the  uncoupled  slosh  mode  poles.  Figure 
4-8  depicts  the  situation  graphically. 


Figure  4-8.  Poles  and  Zeros  of  with  and  without  a  Slcsh  Mode 

This  same  situation  was  encountered  previously  in  Section  2  for  a  simple  single  tank  slosh  case.  Therein 
the  body  mode  considered  was  rigid-body  pitching,  coj  0  ,  for  which  mode  the  poles  are  at  the  origin, 
where  they  remain  even  when  sloshing  coupling  is  added. 

It  is  not  possible  to  generalize  too  swoopingly  on  the  efficacy  of  an  approximation  which  omits  a  sloshing 
mode  from  a  body-mode  transfer  function,  or  visa  versa.  However,  ii  is  clear  on  simple  grounds  that  a 
wide  frequency  separation  between  the  uncoupled  modes  would  make  such  an  approximation  suitable.  Also, 
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the  body-mode  amplitude  at  the  sloshing  mass  station,  .  is  a  good  index.  As  seen  in  Equation  4-5,  if 

xf 

this  parameter  has  a  zero  value  then  the  sloshing  dipoles  are  nulled  (pole  on  zero).  Another  parameter 
affecting  the  "strength"  of  the  sloshing  dipole  (separation  between  pole  and  zero)  is  the  mass  ratio,  . 

As  a  general  rule  for  body  bending  modes  whose  frequencies  are  several  octaves  above  the  slosh  frequencies 
(a  common  situation),  the  sloshing  may  be  omittod  in  writing  simplified  transfer  functions.  For  the  rigid- 
body  pitching  mode  this  same  approximation  is  only  partially  satisfactory,  since  the  closed- loop  roots  for 
this  mode  often  approach  a  slosh  frequency  (see  discussion  below  on  closed-loop  coupling). 

Obviously,  if  the  spring-centered  sloshing  masses  have  been  included  within  the  calculation  of  the  body  nor¬ 
mal  modes,  this  entire  issue  is  obviated,  there  being  no  icparatc  sloshing  modes  to  couple  in  "open  loop". 

In  this  case  one  passes  immediately  to  the  question  of  closed  loop  coupling  between  body  modes  (Subsection 
4. 3. 2. 5). 


B.  Body  Modes  and  the  docket  Deflection  Mode.  The  rocket  engine  deflection  mode,  6'  (or  6),  is  artificially 
uncoupled  from  the  body  modes  and,  hence,  will  exhibit  inertial  coupling  as  well  as  coupling  duo  to  the  other 
nonconservative  forces  (propulsive  and  bearing  friction). 

If  th  *ositioning  servo's  elastic  compliance  has  been  incorporated  into  the  body  mode  calculation,  then  6' 
is  th  j  bol  for  the  rocket  engine  deflection  mode,  representing  that  |x>rtion  of  the  total  rocket  motion,  6  , 
due  to  action  within  the  servo  device  itself.  That  portion  of  6  due  to  elastic  compliance  already  appears  in 
the  orthogonal  body  modes;  it  produces  an  open-loop  coupling  due  to  the  nonconservative  forces  and  was  dis¬ 
cussed  in  Subsection  4.3.2. 1.  There  remains,  however,  a  further  compliance  within  the  servo  system  due 
to  fluid  leakage  and  parasitic  pickup  of  the  feedback  transducer  signal.  It  produces  an  open-loop  coupling 
involving  inertial  forces  as  well  as  the  noneonservative  forces.  Discussion  of  this  coupling  is  given  more 
fully  in  Subsection  4. 3. 2.5. 

If  the  |x>sitioning  servo's  elastic  compliance  has  not  been  ineorjx>ratod  into  the  body  modes,  then  the  complete 
rocket  engine  control  motion  (mode),  6  ,  is  artificially  uncoupled  from  the  hotly  modes.  In  this  case  open 
loop  coupling  between  A  and  the  body  modes  involves  inertial,  propulsive,  and  bearing  friction  forces. 

4. 3. 2. 4  Coefficients  of  the  Kockct  Engine  Forcing  Function  (Aj..  ).  The  major  regenerative  and  coupled  feedback 
paths  occur  through  the  control  system  in  a  ballistic  booster.  Because  of  their  importance,  a  few  remarks  on 
the  coefficients  of  the  control  forces  which  effect  these  excitations  are  appropriate  at  this  point. 

In  a  multi-engine  installation  all  the  rocket  engines  will  deflect  due  to  interaction  of  the  inertia!  load  torque, 
mount  elasticity,  leakage  orifice  flow,  and  the  engine  servo  control  valve  flow.  However,  only  the  engine  or  en¬ 
gines  being  commanded  by  the  autopilot  are  usually  considered  as  gimbaling.  This  assumption  is  not  n  good  one 
when  the  mode  under  investigation  is  an  engine  mount  mode  or  is  in  the  frequency  range  of  an  engine  mount  res¬ 
onance  of  an  uncommanded  engine.  In  this  ease,  the  deflection  Aj.  °f  the  uncomniandod.  "zeroed,"  engine  may 
become  sufficiently  large  10  warrant  the  inclusion  of  that  engine's  forcing  function  in  the  overall  transfer  function. 
A  means  of  accounting  for  the  motion  of  the  tmeommanded  engine,  A^.  when  advisable,  is  discussed  in  Appendix 
C5 . 

2 

A .  Uockel  Engine  1  ne rU  a  (s“  A  Term) . 
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The  preceding  terms  constitute,  the  force  and  moment  necessary  to  gimbnl  the  rocket  engine  relative  to  the 
mode.  For  most  engine  gimbnl  configurations  these  terms  become  important  for  the  big  frequency 
modes.  The  term  may  sometimes  be  omitted  for  rigid-body  modes,  and  may  also  be  omitted  for  several  of 
the  common  thrust  deflectors  such  as  jelavafors.  jet  vanes,  etc.  which  have  low  giiabalou  mass. 

B.  s  u I  Term .  This  term  is  im|X)rtnni  even  though  it  may  Ik*  small.  This  is  illustrated  by  the  root  locus 

(Figure  4-9).  This  force  makes  the  sole  contribution  to  the  displacement  of  the  TWI)  (tail- wags- dog)  zero 
laterally  fr«»ni  the  imaginary  (j:o)  axis.  The  roots  of  the  elastic  modes  which  are  in  the  vicinity  of  the  TWO 
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zero  may  exhibit  an  appreciable  phase  and  gain  error  if  the  TWD  zero  is  misplaced.  Although  this  is  an  im¬ 
portant  effect,  it  is  quite  often  omitted  from  the  analysis.  This  omission  is  acceptable  under  some  condi¬ 
tions,  as  this  term  is  amplitude-dependent;  i.e. ,  the  TWD  zero  will  approach  the  imaginary  axis  as  the 
amplitude  of  oscillation  increases.  Therefore,  if  a  small  limit  cycle  can  be  tolerated  this  term  may  be 
omitted. 
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Figure  4-n,  Effect  of  Velocity  Dependent  Term  in  TWD  Zero 
4.6  2,5  Coupled  Excitations  Through  the  Autopilot, 

A .  Coupled  Bending  Excitations,  in  this  section  it  is  assumed  that  previous  tests  have  shown  the  direct  open 
loop  coupling  between  the  orthogonal  body  modes  to  be  small.  A'so,  It  will  be  assumed  that  suitable  uncoup¬ 
ling  exists  between  the  body  bonding  modes  and  sloshing  modes  such  that  their  coupling  may  be  omitted.* 

If  these  simplifications  arc  made,  then  Equation  it- 12  reduces  to: 
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For  purposes  of  the  analysis,  it  has  been  assumed  here  that  the  actuation  linkage  flexibility  is  included  in  the 
modal  calculations;  the  following  rocket  engine  equation  of  motion  may  be  used  (see  Subsection  4.3.3  for 
derivations). 


(8+  K(>)  .  (4-10) 


The  control  system  for  the  clastic  missile-autopilot  system  is  depicted  in  Figure  4-10.  This  figure  includes 
only  two  modes,  q^  and  q2  .  Additional  modes  would  only  complicate  the  picture  at  this  time;  they  are  of 

identical  form.  Also,  only  a  single  control  rocket  engine  is  assumed,  representative  of  one  or  a  cluster  of 
similar  engines. 


*  Alternately,  one  might  presume  that  the  spring-centered  sloshing  masses  have  been  included  in  the  elastic  body 
mode  calculations.  In  this  case,  this  paragraph  may  he  looked  upon  as  treating  the  closed  loop  coupling  between 
two  of  the  higher  frequency  body  bending  modes;  the  next  Subsection  considers  coupling  of  one  high  and  one  low 
frequency  bending  mode. 
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Figure  4- 10.  Autopilot  Modal  Coupling  Paths 

A  general  autopilot  is  assumed  in  which  a  variety  of  sensors  at  different  locations  will  appear  to  offer  differ¬ 
ent  transmittances  to  the  two  modes.  The  forward  path  compensation,  Gj  (s),  is  assumed  common  to  all 
sensor  paths. 

1.  Open- Loop  Coupling  Due  to  Servo  Compliance.  It  will  be  observed  that  in  Figure  4-10  the  system  still 
contains  some  open-loop  coupling  terms  between  the  body  modes.  These  terms  arise  because  of  addi¬ 
tional  compliance  within  the  servo  actuation  system  assumed.  This  "compliance'1  is  contributed  by  a 
damping  leakage  orifice  and  by  signal  pickup  (by  the  feedback  transducer,  see  Equation  4-20)  of  the  hy¬ 
draulic  fluid  compressibility.  This  open  loop  coupling  was  not  included  in  the  earlier  open  loop  coupling 
discussion  for  several  reasons.  First,  it.  is  a  fundamentally  different  coupling  -  that  occurring  between 
two  nonorthogonal  modes,  qj  and  61 .  As  such  it  contains  an  inertial  force  coupling  term  in  its  coefficient 
as  well  as  the  nonconservativc  propulsive  and  bearing  friction  forces.*  Second,  this  term  depends  great¬ 
ly  upon  the  exact  nature  of  the  servo  positioning  system  whothei  Oi  not  there  is  a  leakage  orifice;  how 
much  of  the  actuator  compliance  is  sensed  by  the  feedback  transducer,  i.c. .  K^/K^:  and  upon  the  loop  gain, 
Kc.  Thus,  this  really  is  a  coupling  through  the  autopilot. 

A  servo  positioning  loop  may  be  stiff  enough  to  minimize  these  additional  feedbacks  in  some  cases.  They 
are,  in  fact,  zero  if  a  fixed  linkage  is  used  to  position  the  rocket  chamber. 


*  Note  that  if  the  servo  actuator  elastic  compliance  had  not  been  incorporated  info  the  bending  modes,  that  part  of 
the  open- loop  coupling  between  modes  due  to  elastic  compliance  (sec  Subsection  4.3.2. 1)  would  appear  here  in¬ 
stead,  since  crXf,  -  #rx>p  would  be  zero.  The  extra  coupling  would  manifest  itself,  in  that  Equation  4-10  could  not 
be  used  for  the  engine  servo  but,  instead,  oner  including  elastic  compliance  (Equation  4-23)  would  be  used. 
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2,  Closed  Loop  Coupling.  In  the  following  discussion,  the  above  open- loop  feedback  around  an  Individual 
mode  (due  to  the  additional  servo  compliance)  will  be  assumed  accounted  for.  The  lnter-modo  coupling 
due  to  this  effect  will  bo  disregarded.  The  latter  simplification  la  generally  well  justified,  the  arguments 
being  a  direct  parallel  with  those  upplied  in  Subseotion  4.3.  2.2  for  neglecting  an  "auxiliary  path  for  the 
engine  forcing  function".  Here,  too,  the  analyst  may  check  for  the  accuracy  of  such  an  approximation, 
using  techniques  equivalent  to  those  of  Subsection  4 . 3 . 2 . 1 . 

If  theso  additional  feedback  loops  are  to  bo  Included  In  tho  analysis,  they  are  readily  Incorporated  by 
substituting  Equation  4-10  Into  Equation  4-9.  If  this  Is  done,  tho  qj/fic  transfer  function  may  be  written: 
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Hero  the  denominator  is  the  factored  form  which  displays  the  roots  of  the  following  cubic: 
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Approximate  roots  of  this  cubic  are  given  by: 
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With  these  engine  servo  feedback  loops  incorporated  as  in  Equation  4-12  the  system  may  be  reduced  to 
that  pictured  in  Figure  4-11 .  Here  the  body  bending  modes  are  coupled  only  through  the  control  system. 

To  evaluate  the  effect  of  modal  coupling  of  mode  (2)  on  mode  (1)  the  percentage  error  in  the  closed-loop 
roots  is  computed  as  .uilows: 


k; 
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Figure  4-11.  Simplified  Modal  Autopilot  Coupling  Diagram 

As  for  the  open  loop  roots  (Subsection  4.3. 2. 1),  this  function  can  be  interpreted  to  give  both  the  percent¬ 
age  error  in:  1)  gain,  or  in  2)  the  damping  of  the  closed  loop  root  for  mode  (1),  if  the  coupling  of  mode 
(2)  is  omitted.  The  evaluation  of  this  function  would  be  carried  out  for  s  ja>V,  this  being  a  good  enough 
estimate  of  the  locution  of  the  mode  (1)  closed-loop  root. 

It  is  difficult  to  go  beyond  making  generalizations  with  regard  to  the  closed-loop  coupling  error  equation, 
4-15.  This  difficulty  arises  because  of  the  specialized  nature  of  the  equation,  involving  as  it  does  the 
transmiUances,  u  jJ^H^and  II  ,  peculiar  to  a  particular  vehicle.  The  following  generalizations  are 
offered,  however: 


First,  it  is  clear  that  the  closed-loop  cross-coupling  error  is  gain-dependent.  It  follows  that  the  error 
Is  smaller  for  modes  whose  frequencies  are  beyond  the  bandwidth  of  G  ^ . 


Second,  the  error  is  directly  proportional  to  the  mode  (2)  transmittance,  o 


q  /<5  .  From  this 
2  c 


fact  it  follows  that  the  error  is  small  if  pickup  of  this  mode  by  the  sensors  is  small.  It  also  follows  that 
this  error  is  low  it  the  natural  frequency  of  mode  (2)  is  well  below  since  this  will  put  the  ''test  fre¬ 
quency”  well  beyond  the  roll-off  point.  (From  this  point  it  follows  easily  that  rigid  body  modes  will  have 
very  little  coupling  effect  on  a  body  bending  mode.) 


Third,  the  error  is  low  if  the  mode  (l)  res  jjonse  is  high  relative  to  mode  (2).  Thus,  if  mode  (1)  ia  lightly 
damped,  its  response  at  uq  will  be  very  great,  if  the  mode  (2)  natural  frequency  is  reasonably  far  re¬ 
moved,  or  if  mode  (2)  is  nearby  but  is  highly  damped,  its  response  will  be  relatively  low,  leading  to  low 
error. 
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Fourth,  if  again  one  of  these  two  modes  is  on  engine-body  mode,  strong  coupling  may  exist  because  of 
very  little  frequency  separation.  It  is  also  true  that  this  engine-body  mode  has  greater  effective  damp¬ 
ing  than  a  "regular"  body  bonding  mode,  bocause  of  the  glmbal  bearing  friction.  This  damping  tends  to 
spread  the  bandwidth  of  this  mode  further,  propagating  its  coupling  effects. 

B.  Coupled  Bonding-Sloshing  Excitations.  Two  points  of  view  may  be  adopted  here,  each  of  which  is  discussed 
herein  briefly  in  general  terms. 

1.  If  the  sprlng-eenierod  sloshing  masues  have  been  Included  with  the  vehicle  elastic  and  inertial  character¬ 
istics  when  tho  body  bending  modes  wore  computed,  then  the  sloshing  and  bending  are  orthogonal  normal 
modes.  These  can  be  coupled  only  through  the  flight  control  system  in  a  manner  exactly  analogous  to 
that  just  discussed  in  Subsection  4. 3. 2. . >.  A,  above.  The  same  general  conclusions  apply. 

It  should  be  noted,  however,  that  tho  sloshing  mode  frequency  is  usually  well  removed  from  the  other 
elastic  mode  frequencies  and,  bunco,  coupling  is  very  low.  Moreover,  from  the  point  of  view  of  the 
bending  modes,  since  their  frequencies  are  usually  well  beyond  those  of  the  sloshing  modes,  it  is  quite 
reasonable  to  noglect  the  sloshing  modes. 

2.  If  the  sloshing  nudes  have  been  treated  as  artificially  uncoupled  modes,  their  open- loop  coupling  is  dis¬ 
played  as  shown  in  Subsection  4.3.2. 3.  As  for  closed  loop  coupling,  it  is  noted  that  the  propellant  modes 
are  not  acted  upon  directly  by  the  autopilot  control  forces;  hence,  coupling  through  tho  flight  control  sys¬ 
tem  is  indirect. 

If  the  flight  control  system  directly  senses  propellant  motions  (by  means  of  liquid  sensors  placed  in  the 
tanks  for  that  purpose),  then  It  responds  to  those  signals  and  reacts  upon  the  body  modes;  these,  in  turn, 
affect  the  propellant  modes.  If  the  fiigiit  control  system  does  not  sense  propellant  motions  directly  (the 
more  common  situation) ,  then  it  sees  those  motions  only  as  they  affect  the  body  modes  (which  is  the  case 
with  the  conventional  sensors).  In  either  case,  propellant  sloshing  modes,  if  they  arc  to  bo  sustained 
regeneratively,  must  have  their  loops  "filtered"  by  the  body  modes.  It  follows  then  that  these  propellant 
modes  will  only  couple  significantly  with  modes  in  their  immediate  frequency  range  or  with  modes  having 
a  large  enough  pass  band  to  encompass  the  slosh  frequencies.  Of  the  various  body  modes,  the  rigid-body 
pitching  is  the  only  one  which  generally  has  such  a  bandwidth. 

4.3.3.  Engine  Equations.  Subsection  3.4  gives  the  equation  for  the  angular  motion  of  the  k1'1  engine,  6  g  ,  with 

respect  to  the  elastic  axis  of  the  missile  in  terms  of  the  modal  motion,  qj  ,  and  actuator  load  torque,  Tj 

All  parameters  are  assumed  to  bo  for  the  k1*1  engine:  se>  vo 


-vo . 

(4-16) 

The  servo  torque  is  a  function  of  the  servo  actuation  system  used  to  position  the  engine  or  control  system.  For 
this  discussion,  a  hydraulic  actuator  employing  a  flow  control  valve  and  a  leakage  orifice  across  the  piston  will 
be  used.  The  servo  torque  for  such  a  system  (sec  Figure  4-12)  is: 
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where  the  load  pressure,  P  ,  is  given  by  (ef.  Subsection  114.2,  Equation  B-(>,  11-7,  mid  13-1  1. 
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where  6  is  the  servo  loop  actuating  error  (see  below). 
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Figure  4-12.  Schematic  of  Position  Servo  Model  Showing  Division 
of  Compliances  and  Actuation 

When  the  flexibility  associated  with  the  actuator  linkage  and  hydraulic  fluid  compressibility  is  included  in  the  modal 
calculations,  the  left  hand  side  of  Equation  4-18  is  set  equal  to  zero  (K^, — —  co): 

C 

6'  +  -rrr  i\  +  K  6  .  (4-19) 

AH  i,  c  < 

The  engine  control  system  as  shewn  in  Figure  4-12  will  be  used  for  the  following  discussion.  This  control  system 
consists  of  a  hydraulic  actuator  with  no  control  or  leakage  orifice  but  having  a  spring,  Kg.  This  equivalent  spring 
Kg  represents  the  actuator  structural  spring,  Km,  and  hydraulic  spring,  Kp,  in  series.  The  motion  of  the  hy¬ 
draulic  actuator  due  to  flow  from  the  control  valve  and  the  leakage  orifice  is  represented  by  a  hydraulic  piston  in 
scries  with  the  spring.  Kg.  The  hydraulic  fluid  in  the  actuator  piston  is  then  treated  as  incompressible.  This 
piston  has  the  leakage  orifice  for  damping  and  a  servo  valve  for  control. 


Now  the  error  signal,  A  ,  is  given  by:* 
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By  combining  Equations  4-16,  4-17,  4-19  and  4-20  one  obtains  the  engine  transfer  function  as: 
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*  The  feedback  transducer  sees  the  total  relative  motion  between  piston  and  cylinder,  which  includes  the  effects 
of  hydraulic  fluid  compliance. 
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A  very  satisfactory  simplification  for  hydraulic  actuators  is  made  by  dropping  the  K^/Kp  term,  representing 
pickup  of  the  hydraulic  compliance  by  the  feedback  transducer. 


An  alternate  form  of  the  preceding  equation  also  oxiats.  This  may  be  calculated  by  lotting  the  load  pressure  be 
expressed  in  terms  of  the  modal  deflections  only,  i'or  a  given  load  pressure  (Pp),  the  hydraulic  spring  (Kjj)  and 
the  actuator  structural  spring  (Km)  deflect  a  total  distance,  X! .  givon  by: 
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This  deflection  (Xj)  may  also  he  expressed  as  the  summation  of  the  differences  in  the  modal  slopes  on  each  side 
of  the  gimbal  block  times  the  radius  arm  (It)  (cf.  figure  4- la): 
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Solving  for  P  one  obtains : 
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Substituting  this  in  Kquation  4- ID  and  using  4-20,  the  engine  equation  becomes: 
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Equation  (4-22)  will  yield  correct  results  if  the  data  used  is  accurate.  One  area  which  must  be  checked  for  accur¬ 
acy  is  the  difference  of  modal  slopes  -  <;  An  inaccuracy  here  will  introduce  an  error  in  the  a'/qj 

portion  of  the  transfer  function;  however,  this  portion  is  usually  small  with  respect  to  6  '/6C  and,  therefore,  will 
not  appreciably  affect  the  accuracy  of  the  determination  of  closed-loop  roots.  In  a  similar  manner,  the  transfer 
function  for  the  case  where  the  actuator  compliance  Is  not  included  in  the  modal  calculations  may  also  be  obtained. 
With  finite  stiffness  K^,,  the  resultant  engine  transfer  function  is  (sec  Appendix  1)4.2): 
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It  may  be  noted  that  the  gimbal  friction  term 


,  C„/I  (  -  <t  I  )  q, ,  is  omitted  from  the 

i  K  \  xe  XT  /  J 


(4-23) 


equation.  This  is  done 


because  (by  hypothesis)  there  is  no  relative  motion  of  the  engine  with  respect  to  the  back  end  of  the  missiie  due  to 


modal  deflections,  i.c.,(r/^  -it  0. 

\  xe  xl  / 


4.3.4  Elastic  booster  Coupling  Classification  Summary.  As  an  aid  in  achieving  perspective  from  which  to  review 
the  foregoing  subsections,  the  following  tabulation  and  remarks  concerning  couplings  are  given. 
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Major 


a.  Open  Loop  Coupling  -  Orthogonal  Modes 
1)  (Coupling  Mode  to  mode  q^) 

Only  through  nonconservatlve  forces: 

Aerodynamic  -  minor  for  nonwinged  booster 
Propulsive  (Engine  Thrust) 

Dissipative  (Bearing  Friction) 

b.  Open  Loop  Coupling  -  Nunorthogonal  Modos* 

1)  (Coupling  Mode  qj  to  mode  6'  or  6)** 

Forces: 

Inertial  <M,J  ~  I  a  W  ) 

K  H  xT  a  xc 

Propulsive 
Dissipative 

2)  (Coupling  Mode  qj  to  mode  y^  ) 

Forces: 

Inertial 
Elastic 

c.  Closed  Loop  Coupling 
1)  (Coupling  Mode  to  q.) 

Forces: 

Inertial 


Propulsive 

This  coupling  depends  upon  transmittance  from  mode  to  control  system,  i.e. ,  the  way  mode  is  sensed 
by  the  control. 

4.4  SUMMARY  OF  APPROXIMATE  FLEXIBLE  VEHICLE  TRANSFER  FUNCTIONS 

In  this  subsection  are  summarized  certain  approximate  flexible-booster  vehicle  transfer  functions  useful  for  con¬ 
ducting  rapid  manual  calculations  of  the  stability  of  the  various  vehicle  modes.  For  such  computation  it  is  desir¬ 
able  that  the  transfer  functions  be  reduced  to  simple  single-mode  equations  with  all  elements  appearing  in  factored 
form  (or  at  least  in  a  form  easily  factored  by  hand  calculation).  These  properties  have  been  attained  here  with, 
it  is  believed,  a  minimum  penalty  in  accuracy  for  most  applications.  The  transfer  functions  are  grouped  accord¬ 
ing  to  which  dominant  vehicle  mode  is  of  concern:  flexible  vehicle  transfer  functions,  rigid  vehicle  with  sloshing 
propellants  and  finally  rigid  vehicle  with  rigid  contents.  The  assumptions  made  in  obtaining  each  transfer  func¬ 
tion,  along  with  an  indication  of  its  area  of  applicability,  are  given. 


*  This  coupling  actually  effects  a  coupling  between  orthogonal  body  modes  as  seen  in  Subsection  4.3. 2.5. 

**  The  difference  is  that  coupling  with  6'  is  through  the  agency  of  the  servo  control  compliance  alone.  Coupling 
with  6  is  through  both  servo  elastic  and  control  compliances. 
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*1.4. 1  Flexible  Vehicle  Transfer  Functions.  Given  herein  are  some  approximate  transfer  functions  useful  for  a 
stability  chock  of  one  elastic  mode  coupling  with  the  flight  control  system. 


a.  Assumptions: 

1)  Modal  coupling  with  other  body  modes  (rigid,  sloshing,  or  clastic)  through  aerodynamics,  the  control 
system  or  conservative  forcos  (for  nonorthogonal  modes)  Is  neglected. 

2)  Only  one  (or  a  group  of  identical)  gimbnlod  onglnos  is  commanded. 

3)  Noncommandcd  ongino  coupling  offocts  arc  neglected  (see  Section  5  and  Appendix  C5). 

4)  Aerodynamic  effects  and  engine  inertial  feedback  for  the  mode  considered  may  bo  included  if  desired. 

5)  It  is  assumed  that  the  engino-posltioning  servo  compliance  is  accounted  for  in  the  engine  servo  transfer 
function  itself.  *  Thus,  the  vehicle  body  bending  modes  to  be  used  are  those  computed  with  no  servo 
elastic  compliance  allowed  for  in  those  modes. 


The  general  form  of  tho  simplified  q./6'  transfer  function  is  as  follows: 
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(4-24) 


The  actuator  transfer  function  is  (from  Equation  U-25,  Appendix  B4.2,  and  Equation  4-23): 


(4-25) 


*  incorporation  of  this  servo  compliance  into  the  body  mode  calculations  yields  better  results  for  a  detailed  stabil 
ity  study  in  Which  coupled  modes  arc  employed.  For  a  simple,  uncoupled,  single  mode  stability  check,  however, 
the  method  given  here  is  adequate.  A  comparison  between  the  coupled  mode  approach  and  that  indicated  in  5)  is 
given  in  Section  5. 
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This  third  order  denominator  Is  readily  handled  manually,  since  It  always  factors  Into  at  least  one  real  root. 
This  root  is  found  by  trial  by  dividing  out  several  trial  values  until  a  second  order  function  with  no  remainder  Is 
left  as  the  quotient.  A  value  of  s  -  Kc  1b  always  a  good  first  trial. 


The  autopilot  pictured  in  Figure  4-13  has  the  following  transfer  function: 
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Here  a  simple  lag  represents  the  attitude  reference  dynamics:  tnoso  may  be  far  mure  cumplex  (of.  Appendix  B2.3). 


FLEXIBLE  MODE  FEEDBACK  TO  ACTUATOR 


Figure  4-13.  Block  Diagram  of  Closed  Loop  Elastic  Mode  System  (Servo 
Mount  Flexibility  Incorporated  in  Servo  Actuator) 

In  general,  for  elastic  mode  coupling  studies  the  contribution  of  the  attitude-position  signal  is  negligible  (unless 
the  attitude  position  sensor  is  located  at  a  point  of  great  modal  flexure,  such  as  the  nose,  while  the  rate  gyro  is 
located  near  an  antinode)  and  the  above  simplifies  to: 


<  2  (1) 
R  "KG  a RG 


2  £  u>  s  +  u)  ) 
RG  KG  KG* 


(4-27) 


97 


WADD  TK-61-93 
April  1981 


The  feedback  path  labeled  "flexible  mode  feedback  to  actuator"  in  Figure  -1-13  may  be  omitted  for  stability  cheeks 
of  most  modes.  The  exceptions  would  be  modes  at  or  near  engine-aervo-mount  resonant  frequency  (approximately 

/K  R^/I  ),  for  which  the  path  becomes  significant.  If  this  path  la  omitted  the  open  loop  transfer  function  may  be 
v  E  R 

read  directly  from  Figure  4- 13 . 

The  additional  feedback  path  may  be  eliminated  algebraically  from  the  equations  by  substituting  Equation  4-24  into 
4-25  to  obtain  a  higher  order  transfer  function.  The  result  is: 


2  2  2 
<*>c  (s  +  2 1  j  8  +  wj  ) 


6  ,  3  2  2  __  J 

c  (s  +  2  £  w  s  4  u?  8+Kw 
cn  cn  cn  c  i 


O  o  .  rp  » 

*  )  (s“  +  2  £  '  w' s  +  w'A  +  1  3  „„  2  .  /  2  c  \ 

11  1 


/  C  K  . 

2J  <e  K  (  —  +  — —  1 
ic  c  E  \  2  K 

\  A  m  /  . 


The  flexible  mode  feedback  is  displayed  here  as  the  added  higher-order  terms  of  the  denominator.  Clearly,  if 
these  are  dropped  the  transfer  function  reverts  to  a  simple  third  order  equation: 


2  2 
OJ  s  +  to 
cn  cn 


s  +  K  ca 
c  c 


It  Is  not  recommended  that  Equation  4-28  bo  used  to  account  for  servo-mount  compliance  in  checking  body  bending 
modes  whoso  frequency  is  at  or  noar  the  uncoupled  servo-mount  frequency.  To  uso  Equation  4-28  one  would  em¬ 
ploy  a  machine  routine  to  factor  the  fifth-order  denominator.  It  Is  felt  thai  better  use  may  be  made  of  this  ma¬ 
chine  time  to  obtain  roots  of  the  coupled  body  bending  and  engino-body  modes  (where  the  servo-mount  compliance 
is  incorporated  in  the  body- mode  calculations).  Equation  4-28  is  given  only  as  an  alternate  means  of  rational¬ 
izing  the  omission  of  the  "flexible- mode- feedback-to-tho-actuator"  path  (leading  thereby  to  Equation  4-28a). 

Occasionally,  It  is  desired  to  display  the  body-bending  mode  coupled  through  the  autopilot  to  the  rigid-body  mode. 
This  presumably  would  bo  tho  case  for  a  very  low  frequency  bonding  mode.  The  transfer  function  giving  the  atti¬ 
tude  perturbations,  as  soer,  by  the  gyro  package  1b: 

9g  <xcg-  V  Ki  (1-Ai^  K1  A  l-Ai  1-Ai/ 

jt  2  2  2 

I  8  (8  +  2  8  +  ) 


i  Tft,  (X  -  X„) 
f  1  CG  II 


K.  “  1  „  '*,<T  '  T„  ) 

i  R  K  x  i  R  xe 

Here  aerodynamics  have  been  neglected.  This  equation  is  an  extraction  of  Equation  2-15  of  Section  2.  Figure 
4-14  shows  a  typical  control  loop. 
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(EQ.  4.27) 

Figure  4- 14 .  Rigid  Body  Pitching  and  Body  Bending  Coupling  Control  Loop 


4.4.2  Rigid  Vehicle  With  Sloshing  Propellant  Modes.  Given  herein  are  some  approximate  transfer  functions  use¬ 
ful  for  sloshing  propellant  mode  stability  checks. 

a.  Assumptions : 

1)  The  sloshing  propellants'  fundamental  modes  only  are  considered  (see  Appendix  A3). 

2)  The  pendulum  mechanical  analogy  Is  employed.  Corresponding  interpretations  may  be  made  for  the 
spring-centered  sloshing  mass. 

3)  Propellant  damping  is  omitted  in  writing  the  equations. 

4)  Aerodynamic  effects  are  omitted  (soe  comment  in  Subsection  2.2.5). 

5)  Artificially  uncoupled  sloshing  modes  are  assumed. 

6)  Control  engine  inertial  effects  are  neglected  (see  Subsection  4.4.4,  below) . 

4. 4. 2.1  Single  Sloshing  Tank . 
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The  remaining  parameters  aro  dofinod  in  Figure  4**  15,  and  the  equation  is  derived  in  Section  2  (Equation  2-9). 


Figure  4-15.  Single  Tank  Propellant  Sloshing  Model 

Equation  4-30  may  be  used  for  sloshing  stability  studies  in  a  control  loop  such  as  that  of  Figure  4-16.  For  this 
study  a  simple  6/6c  transfer  function  such  as  Equation  4-2Ha  or  even  a  first  order  transfer  function  (see 
Appendix  B4.2,  Equation  B-28)  may  be  used.  The  choice  of  6/6c  function  is  dependent  upon  the  expected  fre¬ 
quency  of  slosh  roots  relative  to  the  servo  actuator  bandwidth. 


ENGINE 

SERVO 


Figure  4-16.  Rigid  Body  and  Sloshing  Stability  Control  Loop 


4. 4. 2. 2  Multiple  Sloshing  Tanks.  For  an  n-tank  vehicle  with  aerodynamics  omitted,  one  may  write: 
(sec  Reference  15) 
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4.4.3  Rigid  Vehicle  With  Rigid  Contents.  The  rigid-body  (rigid- vehicle)  transfer  function  (8/6)  will  be  presented 
first  in  its  simplest  form,  based  upon  several  restrictive  assumptions.  These  restrictions  will  be  removod  one 
by  one,  showing  the  change  to  the  transfer  function.  The  rigid  vehicle  that  is  discussed  in  this  study  is  assumed  to 
have  a  reasonable  slenderness  ratio,  and  6  is  restricted  to  small  angular  motions.  Figure  4-17  is  the  mathemat¬ 
ical  model. 


x 


Assuming  zero  dynamic  pleasure  (q)  and  no  inertial  moment  coupling  of  the  rigid-body  mode  with  the  engine,  the 
8/6  transfer  function  is: 

-jj-  =  ,  where  n&  T^/I  .  (4-32) 

0  8  I 

Next,  the  effect  of  aerodynamics  on  pitching  is  added,  but  the  rigid  body  plunging  mode  and  engine  inertial  coup¬ 
ling  are  omitted.  One  obtains: 


8  - 


,  where  g 


F«‘a/I- 


Equation  4-33  is  rationalized  differently  in  Section  2,  Subsection  2.2.1. 

If  the  plunging  mode  is  coupled  to  the  pitching  mode  by  the  aerodynamic  forces,  one  has: 


+  M1  +  tt) 


s  + 


_ MV _ 

2  T  +  F~ 
s  +  - - 9L  s  - 

MV 


Other  useful  rigld-b**dy  transfer  functions  of  the  same,,ciass"  as  4-34  arc: 


(4-33) 
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From  geometry: 


•and 
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(4-36) 


(4-37) 


(4-3S) 


(4-39) 


For  gust  response  studies  ouu  may  use: 


6 


6 


(4-40) 


From  Equation  4-36  one  may  show  that  a  —B  is  a  good  approximation  for  this  class  of  vehicle.  Figure  4-18  is 
a  Bode  plot  of  Equation  4-36  with  break  frequencies  at  typical  values  during  flight. 


Figure  4-18.  Log  -  Amplitude  vs.  Frequency  Plot  of  u/6  Transfer  Function 
for  a  Large  Booster  in  Flight 
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If  one  wishes  to  study  the  effects  of  auxiliary  feedbacks  on  loop  stability,  two  other  useful  transfer  functions  are 
available : 


a 

sensor 


(1 


a 


vehicle 


(4-41) 


where  £8  is  the  distance  an  angle-of-attack  sensor  is  mounted  ahead  of  the  vehicle  center  of  gravity. 
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Here  f  s  is  the  distance  an  accelerometer  is  located  ahead  of  the  vehicle  center  of  gravity. 


(4-42) 


4.4.4  Concluding  Remarks  on  Engine  Inertial  Effects.  Engine  inertial  effects  arise  In  two  ways:  1)  the  inertial 
loads  of  the  glmbaUng  engine  mass  react  on  the  body  modes  and  2)  the  accelerations  of  the  body  modes  load  the 
engine-positioning  servo. 

The  first  of  these  effects  if  displayed  by  Inclusion  of  the  inertial  gain,  K  =  M  fa  ^2,  -  I,,  a  ^  ,  and  the 

i  II  R  v  xT  R  xe 

tail- wags -dog  zeros,  zj  TWD  ;uu'  it  TWD  (see  Subsection  4.3.2.4J.  This  effect  is  seldom  important  for  rigid 
body  and  most  sloshing  modos  for  contemporary  classes  of  rocket  engines.  However,  it  is  likely  to  be  significant 
for  some  future  gimbaled  power-plants  of  great  mass,  even  for  rigid  body  modes.  This  effect  is  best  accounted 
for  in  approximate  modal  analyses  by  returning  to  the  general  equations  of  motion,  Section  3,  from  which  simpli¬ 
fied  equations  for  a  modo  or  modes  are  quickly  extracted. 


The  importance  of  the  second  inertial  effect  in  moving  the  engine  depends  upon  two  factors:  1)  proximity  of  the 
signal  frequency  (modal  frequency)  to  the  engine  servo  mount  frequency  and  2)  softness  of  the  positioning  servo 
(servo  loop  gain  and  dead  zone  size) .  For  the  lower  frequency  modes  it  is  unlikely  that  frequencies  will  approach 
the  servo  resonant  frequencies.  However,  the  effect  of  servo-loop  softness  is  sometimes  significant  in  determin¬ 
ing  limit-cycle  behavior,  particularly  when  a  sizeable  servo  "dead-zone"  is  present.  This  effect  is  readily  incor¬ 
porated  in  the  rigid  body  and  sloshing  mode  analyses  as  follows: 

If  Equation  4-25  is  simplified  by  letting  wc2  — —  <*  (a  good  approximation  for  modes  well  below  the  servo  resonant 
frequency)  one  has : 


For  use  with  rigid  body  and  artificially  uncoupled  sloshing  modes. 
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-  1  and  thus: 
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Then  one  has : 


(4-43) 


Equation  4-43  may  be  used  in  place  at  Equation  B-26  for  an  actuator  transfer  function  in  rigid-vehicle  studies  to 
display  the  effects  of  tnortlal  loads  un  the  positioning  servo. 
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SECTION  5 


SOME  COMPARISONS  OF  MODAL  COUPLING  EFFECTS 
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6.1  GENERAL 

In  previous  chapters  detailed  system  equations  of  motion  have  been  written  from  which  various  simplified  trans  ¬ 
fer  functions  wore  derived.  By  far  the  greatest  simplification  is  made  when  the  coupling  between  modes  is  omit¬ 
ted  and  the  stability  of  a  single  mode  is  analyzed  with  a  minimum  of  secondary  feedback  paths .  This  simplifica¬ 
tion  is  employed  swoepingly  in  compiling  the  approximate  transfer  functions  of  Subsection  4.4. 

For  the  lower  frequency  modes  (rigid  body  and  propellant  sloshing),  experience  has  shown  this  simplification  to 
be  well  justified  in  general.  In  cases  where  it  is  not  (e.g. ,  rigid-body  coupling  with  a  low  frequency,  artificially 
uncoupled  sloshing  mode),  a  single  simple  transfer  function  can  be  obtained  for  the  coupled  system.  Hence,  the 
transfer  functions  gl von  for  these  modes  are  readily  applied  with  little  qualification . 

For  the  higher  froquoncy  modes  (body  bending)  the  situation  is  not  so  simple,  in  that  various  coupling  effects  and/ 
or  auxiliary  feedback  paths  can  occasionally  be  very  significant.  Their  omission  in  applying  a  simple  transfer 
function  for  rapid  manual  analysis  will  sometimes  lead  to  results  which  can  only  be  considered  crude  and  barely 
adequate  for  a  rough  check .  In  this  section  certain  of  these  effects  are  discussed  and  example  problems  are 
shown  to  display  the  nature  of  the  coupling  phenomena. 

The  major  secondary  effects  in  dealing  with  the  higher  frequency  modes  are  as  follows: 

a.  open-loop  coupling  botwoon  normal  modes  duo  to  nonccnsorvatlve  forces  (propulsive,  dissipative,  aero¬ 
dynamic), 

b.  open-loop  coupling  through  rocket  engine  servo  compliance  (inertial,  propulsive  and  dissipative  forces),  and 

c.  closed-loop  coupling  through  the  control  system. 

Open- loop  coupling  due  to  aerodynamics  is  generally  negligible.  The  exception  could  be  for  tho  vehicle  carrying 
lifting  surfaces  near  the  times  of  maximum  dynamic  pressure  (see  Subsection  4. 3. 2.1).  Because  of  its  special¬ 
ized  nature  no  further  treatment  of  this  type  of  open-loop  coupling  Is  given  herein. 

6.2  OPEN  LOOP  COUPLING  COMPARISONS 

Tho  first  type  of  open-loop  coupling  due  to  tho  noneonsorvattve  forces  (propulsive  and  bearing  friction)  arises  due 
to  tho  elastic  compliances  within  the  engine-positioning  servo.  These  elastic  compliances  permit  a  relative  an¬ 
gular  motion  in  each  body  mode  between  the  engine  chamber  centerline  and  the  elastic  axis  at  the  gimbal, 

a  xe  ”  «xT  •  (Note  that  restriction  of  the  open-loop  coupling  from  those  forces  to  this  sole  source  is  actually  a 

consequence  of  the  omission  of  certain  other  propulsive  force  work  terms  which  are  very  nearly  self-cancelling, 
as  explained  in  Appendix  C4.) 

A  second  type  of  open-loop  coupling  arises  through  the  Internal  compliance  of  the  servo  actuation  system.  This 
coupling  involves  the  nonorthogonal  engine  deflection  mode,  6'  ,  and  hence,  inertial  as  well  as  propulsive  and 
dissipative  forces  are  concerned. 

These  couplings  manifest  themselves  as  shifts  in  the  open-loop  poles  of  the  body  modes  being  studied.  Because 
of  the  rather  specialized  nature  of  these  two  types  of  open  loop  couplings  (due  to  their  great  dependence  upon 
characteristics  of  a  given  servo  installation),  no  attempt  is  made  in  the  following  discussion  to  distinguish  be¬ 
tween  them  or  to  generalize  on  their  relative  contributions  to  an  open-loop  polo  shift. 

Figure  5-1  shows  some  root  comparisons  computed  for  a  large  ballistic  booster  vehicle  employing  gimbaled 
nozzle  liquid  rocket  engines.  The  figure  shows  a  body  bending  mode's  open  loop  poles,  first  when  it  is  un¬ 
coupled  a  id  second  when  it  is  coupled  with  an  engine-body  mode.  Set  one  shows  a  body  mode  at  a  frequency  of 
52  radians  per  second  coupling  with  an  engine-body  mode  whose  natural  frequency  is  46  radians  per  second.  Set 
two  shows  a  body  mode  at  67  radians  per  second  coupling  with  an  engine  body  mode  whose  natural  frequency  is  77 
radians  per  second.  In  set  throe  one  sees  the  much  smaller  effect  of  coupling  with  an  engine  body  mode  at  77 
radians  per  second  when  the  body  modal  frequency  is  far  removed  (101  radians  per  second)  from  that  range.  A 
typical  eleetrohydraulic  servo-actuator  with  leakage  orifice  damping  was  assumed  for  these  calculations. 
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Figure  5-1.  Effects  of  Open  Loop  Coupling  Between  a  Body  Bending  Mode  Frequency  (wB) 

and  an  Engine -Body  Mode  (  w  ) 
fc.13 

The  figure  also  illustrates  the  rule-of-thumb,  given  in  Appendix  C5,  that  the  open- loop  coupling  effect  from 
"wagging"  an  engine  is  generally  stabilizing  (i.o. ,  tends  to  move  the  open  loop  poles  to  tho  left)  for  modes  whose 
frequencies  are  above  the  engine's  TWD  frequency.  The  TWD  frequency  for  Set  one  was  at  32  radians  per  second, 
and  for  Sets  two  and  three  it  was  at  42  radians  per  second.  The  higher  frequency  mode  (Set  three)  shows,  how¬ 
ever,  the  reverse  trend;  thus,  the  rule-of-thumb  does  not  always  apply  for  very  high  frequency  modes.  The 
reason  is  that  the  phase  relationship  between  modal  deflection  (<f>)  and  slope  (a)  at  the  aft  end  sometimes  changes 
radically  for  high  frequency  modes,  thereby  changing  the  sense  of  this  coupling  correction.  Fortunately,  this 
coupling  correction  is  small  for  these  same  high  frequency  modes;  hence,  the  rule-of-thumb  as  given  is  still 
generally  useful. 

It  should  be  obvious  that  open-loop  coupling  alone  will  have  no  other  efforts  on  closed-loop  roots  than  those  ac¬ 
companying  the  shift  in  the  open  -  loop  pole.  For  the  body- bending  modes  the  separation  between  modes  is  gener¬ 
ally  such  that  a  relatively  small  shift  in  the  open-loop  pole  is  reflected  as  a  simple  translation  of  the  root  locus 
in  the  pole's  vicinity.  This  property  is  illustrated  in  Figure  5-2,  which  shows  the  effect  of  open-loop  coupling  of 
a  noncommanded  engine  upon  a  closed-loop  root  locus  for  a  body  mode.  (Since  the  coupling  is  from  a  non- 
commanded  engine  it  obviously  cannot  include  any  closed  loop  coupling.) 

The  open- loop  coupling  through  propulsive  and  dissipative  forces  due  to  servo-elastic  compliance  also  occurs 
between  two  body  bending  modes  when  neither  one  is  an  engine-body  mode  (provided,  of  course, 

“  ^xT  ^  0;  l.e. ,  the  servo-elastic  compliance  was  included  in  the  modal  calculations).  This  coupling  is 

so  small,  however,  that  it  is  hardly  practicable  to  display  it  graphically.  Several  of  these  modes  were  selected 
from  those  of  a  typical  large  booster  (these  being  the  closest  in  frequency  which  could  be  found),  yet  the  open- 
loop  coupling  was  found  to  be  negligible.  The  slight  extent  of  this  coupling  in  a  typical  case  may  be  seen  in 
Figures  5-9  and  5-10,  which  were  drawn  to  shown  closed-loop  coupling,  also. 
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Figure  5-2.  Effect  of  Open  Loop  Coupling  on  a  Closed-Loop  Root  Locus 
5.3  SOME  CLOSED  LOOP  COUPLING  COMPARISONS 

As  with  the  open- loop  coupling  shown  above,  the  strongest  high-frequoncy  closed-loop  couplings  occur  between  a 
body-bending  and  an  engine-body  mode.  Here,  however,  effects  are  often  more  striking  than  the  open-loop  coup¬ 
ling  effects . 

Figure  5-3  shows  a  comparison  of  closed-loop  roots  ior  a  body-ponding  mode  and  an  engine-body  mode,  reason¬ 
ably  well  separated  in  frequency.  The  difference  between  coupled  and  uncoupled  closed-loop  roots  is  consider¬ 
able  for  the  engine-body  mode.  This  difference,  however,  is  not  so  groat  for  the  body-bending  mode  (the  more 
critical  one),  although  it  could  be  Important  In  a  more  marginal  system  than  the  ono  shown. 

Figure  5-4  Is  another  such  comparison,  this  time  for  a  body-bending  mode  and  an  engine-bedy  mode  quite  close 
in  frequency.  Here,  the  coupling  effect  is  proportionately  greater,  being  critical  to  the  system  stability. 

Since  the  effect  of  engine-body  mode  coupling  may  be  considerable,  It  Is  not  generally  advisable  to  omit  this 
mode  in  performing  a  stability  chock  of  a  body  mode.  However,  incorporation  of  this  added  mode,  with  its 
various  couplings,  greatly  increases  the  labor  In  a  manual  computation.  Hence,  for  a  simple  manual  check  it  is 
recommended  that  the  various  couplings  of  the  engine  control  mode  be  accounted  for  by  incorporation  of  all  the 
engine-servo  compliances  into  the  servo-actuator  equations  (boo  Appendix  B4).  In  this  way  the  various  servo¬ 
mode  couplings  are  represented  In  the  resulting  third-  or  fifth-order  actuator  function  (cf.  Equation  4-28,  4-28a) 
with  a  resulting  control  loop  which  can  be  treated  manually  (see  Subsection  4.4). 

While  recommending  this  approach  for  simplified  manual  stability  checks,  the  writers  must  add  a  word  of 
caution  as  to  the  general  accuracy  of  these  results.  Experience  has  shown  that  root  calculations  of  high- 
frequency  modes  are  subject  to  large  errors  from  a  variety  of  sources,  a  clean  evaluation  (or  weighing)  of  which 
is  difficult  tc  impossible.  It  is  equally  difficult  to  say  which  method  of  solution  (coupled  body  modes  or  one- 
mode-plus-higher-order  actuator)  gives  the  more  accurate  results.  In  numerous  test  problems,  however,  the 
preponde ranee  of  results  indicated  that  the  coupled  body  mode  solution  yielded  the  more  conservative  results.  A 
sampling  of  these  results  is  now  given. 
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Figure  5-3.  A  Comparison  of  Closed  Loop  Roots  for  Two  Modes  (One  an  Engine-Body  Mode) 
with  and  without  Coupling  Through  the  Autopilot 
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Figure  5-4.  Coupled  and  Uncoupled  Body  and  Engine-Body  Modes  with  Small  Frequency  Separation 
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In  Figure  6-6  roots  are  shown  for  a  body  mode  whose  frequenoy  is  well  above  (60  percent)  that  of  the  actuator 
mount  resonance  (about  73  radians  per  seoond) .  Roots  wore  computed  using  this  mode  coupled  to  an  engine-body 
mode;  they  also  were  computed  for  this  mode  plus  higher-order  (third)  actuator.  As  may  be  seen,  the  results 
differ  somewhat  in  gain  and  phase,  the  effective  gain  in  the  coupled  mode  system  being  greater.  It  is  not  possi¬ 
ble  to  assert  which  result  is  actually  the  more  accurate.  The  differences  which  appear  are  directly  the  result  of 
elastic  modal  data  differences  ($*,  and^),  an  absolute  measure  of  which  was  not  available  in  this  frequency 
range. 


Figure  5-5.  Comparison  of  a  Body-Rending  Mode's  Closed-Loop  Roots 

by  Two  Solutions  (w.  ~  1 . 5  ui  ,  ,  ) 

i  actuator 

In  Figure  5-6  a  similar  comparison  is  given  of  rosultB  for  a  body  mode  whose  frequency  is  relatively  close  to 
that  of  the  engine  servo-actuator  resonance.  Here,  the  difference  in  results  is  very  dramatic.  However,  this  is 
a  case  wheic  the  higher  order  actuator  should  probably  not  be  expected  to  yield  good  results;  hence,  the  coupled¬ 
mode  approach  Is  recommended.* 

In  Figure  5-7  another  body  mode,  well  below  (40  percent)  the  engine  servo  actuator  resonance,  is  shown,  as  com¬ 
puted  by  each  method.  Here,  the  results  showan  apparently  poorer  agreement  than  might  be  expected.  How¬ 
ever,  Figure  5-8  shows  the  reason.  The  proximity  of  this  mode  to  the  engine's  TWD  zero  makes  its  gain  very 
sensitive  to  movements  of  this  zero. 


*  Note  that  for  this  problem  the  inertial  feedback  of  the  mode  into  the  third  order  actuator  (Equation  4-25  or  4-28) 
was  employed  to  get  the  best  results  obtainable. 
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Figure  5-6.  Comparison  of  a  Body-Bending  Mode's  Closed- Loop  Roots 


by  Two  Solutions  (u> 


“actuator  ^ 


Figure  5-7.  Comparison  of  a  Body-Bending  Mode’s  Closed- Loop  Roots 


by  Two  Solutions  (w.  —  0.6  u 


actuator 
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Figui'O  6-8.  Solutions  of  Figure  5-7  on  a  Smaller  Scale 

In  that  the  location  of  this  zero  is  a  function  of  the  modal  parameters  (ifi  ,  a  ,  and  o  )  and  the  bearing  fric- 

XI  X 1  XC 

tion  coefficient  (Cf),  these  variations  between  the  two  solutions  for  the  vehicle’s  modes*  will  result  in  different 
zero  positions.  Hence,  a  mode  in  this  immediate  vicinity  will  display  a  strong  response  to  these  changes.  For¬ 
tunately,  however,  this  same  proximity  to  the  TWD  zero  means  that  this  mode  is  highly  attenuated  (note  the 
very  close  proximity  of  the  closed** loop  root  to  the  open-loop  pole  in  Figure  5-7).  Hence,  the  trouble  here  is 
more  academic  than  actual. 

Finally,  wc  compare  closed- loop  roots  for  coupled  versus  uncoupled  body-bending  modes.  These  are  displayed 
in  Figures  5-9,  5-10,  5-11,  and  5-12  lor  two  vehicle  body  modes  selected  because  of  their  relative  frequency 
proximity.  As  may  be  seen,  the  effects  of  coupling  between  body-bending  modes  (engine-body  modes  excluded) 
art?  negligible. 


*  Remember  that  the  coupled-body  and  engine-body  solution  uses  modes  in  which  the  servo-elastic  compliance 
was  incur ik' rated;  the  other  solution  uses  modes  computed  for  zero  elastic  compliance. 
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Figure  5-9.  First  Body-Bending  Mode  Closed  Loop  Roots,  Coupled  and  Uncoupled 
to  Second  Body-Bending  Mode  (At  Lilt-Off) 


-12.0  -11.8  -11.6  -11.4 


Figure  5-10.  Second  Body-Bending  Mode  Closed- Loop  Roots,  Coupled  and  Uncoupled 
to  First  Body- Bending  Mode  (At  Lift-Off) 
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Figure  6-11.  First  Body-Bending  Mode  Closed- Loop  Hoots.  Coupled  and  Uncoupled 

to  the  Second  Body-Bending  Mode  (t  ••  O.GT  ) 

staging 


jw 


Figure  5-12.  Second  Body-Bending  Mode  Closed  Loop  Hoots,  Coupled  and  Uncoupled 
to  the  First  Body- Bending  Mode  (t  O.GT  ) 
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SECTION  6 

COMPARISON  OF  ANALYTIC  MODELS  WITH  TESI  DAIA 
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Symbol 


SYMBOLS  USED  IN  SECTION  6 
Definition 


M 


M  . 


Ax 

a 

6 


6 


F 

1-5 


experimental  normalized  mass 

analytic  normalized  mass 

Laplace  operator  (s  =  a  +  jw) 

servo  feedback  transducer  deflection 

rocket  engine  gimbal  angle 

rockot  engine  gimbal  angle  commanded 

rocket  engine  gimbal  angle  feedback 

normalized  deflection  for  the  1-5  mode 
natural  frequency  of  1st  mode 
normalized  natural  frequency 
analytic  natural  frequency 
experimental  natural  frequency 
undamped  natural  frequency 
natural  frequency  of  ongino  oscillation 


Un<t.g 

slugs 

slugs 

l/sec 

ft 

rad 

rad 

rad 

ft/ft 

l/sec 

l/sec 

l/sec 

l/sec 

l/sec 

l/sec 
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6.1  GENERAL 

Regardless  of  the  complexity,  detail,  and  correctness  of  the  analytic  model  chosen  for  the  theoretical  studies  of 
a  flexible  booster,  it  remains  an  analytic  model.  Its  similarity  to  the  actual  hardware  components  cannot  be  in¬ 
ferred  simply  because  of  the  correctness  of  the  mathematics  used,  but  will  depend  upon  the  assumptions  made 
and  the  accuracy  with  which  the  basic  characteristics  of  the  components  and  structure  are  known .  Also,  the 
validity  of  the  autopilot  and  control  system  mialyses  will  be  directly  related  to  how  closely  the  model  resembles 
the  real  quantities.  Tests,  and  the  subsequent  use  of  test  data,  are  the  means  by  which  analytical  data  and 
methods  of  approximation  and  simplification  can  be  improved  upon. 

This  section  is  divided  into  two  subsections.  The  first  subsection  will  contain  discussions  of  particular  testing 
done  on  autopilot  components  and  missile  airframes  and  of  ground  testing  which  complements  the  analytical 
studies.  The  second  subsection  will  bo  limited  to  a  qualitative  discussion  of  information  gained  during  flight 
tests.  Most  of  the  data  presented  1b  qualitative  only;  it  is  felt  that  the  accuracies  of  the  synthesis-analysis 
methods  can  be  discussed  adequately  without  the  necessity  of  referring  to  quantitative  data  which  is  of  value  only 
in  discussing  a  specific  vehiclo. 


Two  aspects  of  testing  will  be  intermingled  throughout  the  two  sections;  the  first  is  a  general  discussion  of  the 
benefits  of  a  test  program  and  the  second  is  a  discussion  of  particular  tests  performed  on  control- system  and 
bonding-mode  calculations  on  Atlas  and  Atlas  space  booster  configurations.  This  discussion  will  be  limited  to 
possible  benofits  rather  than  the  actual  mechanics  of  testing  and  data  reduction.  The  second  topic  is  presented 
to  back  up  the  methods  presented  for  the  calculation  of  engine  servo  characteristics  in  Appendix  B  and  modal 
properties  in  Appendix  A . 

6.2  GROUND  TESTING 

Ground  testing  will  refer  to  all  testing  that  is  done  under  conditions  that  are  not  design  flight  conditions.  Ground 
testing  is  of  value,  as  it  provides  the  oarliest  opportunity  to  check  on  the  validity  of  certain  simplifications  and 
approximations  used  in  the  preliminary  analysis;  this  testing  may  be  carried  out  on  components,  subsystems, 
complete  systems,  and  even  a  complete  vehicle  assembly. 

Subsystem  testing  will  be  used  to  define  two  major  areas  of  uncertainty  concerning  the  preliminary  analyses  per¬ 
formed;  one  Is  the  nature  of  various  higher  order  effects  and  nonlinearities  which  were  not  included  in  the  orig¬ 
inal  analysis;  the  second  is  the  check  on  specifications  such  as  gain,  phase,  frequency,  etc.  of  components  and 
systems  which  were  called  out  in  the  design  studies.  The  system  parameters  may  be  sufficiently  influenced  by 
nonlinear  behavior  and  by  second  order  effects  to  alter  the  effective  gains,  thus  altering  the  system  stability 
margins.  The  testing  then  examines  certain  of  the  characteristics  related  to  the  simplifications  and  approxima¬ 
tion  discussed  in  Appendix  B  (Subsystem  Transfer  Functions).  Effects  which  are  discarded  in  applying  certain 
simplifications  may  come  back  to  haunt  the  analyst  at  this  stage. 

System  testing,  or  testing  of  a  major  vehicle  assembly,  is  usually  accomplished  to  evaluate  problems  concerning 
the  gross  behavior  of  the  vehicle.  With  respect  to  flight  control  problem  areas,  these  tests  concern  overall 
vehicle  modes  and  control  system  compatibility  with  other  systems.  Operation  is  observed  using  airborne  power 
supplies  (electric,  hydraulic,  etc.)  under  conditions  of  temperature ,  vibration,  acoustic  impingement  and  loads 
which  most  nearly  duplicate  actual  flight  environment. 

Most  system  testing  of  a  flexible  booster  is  accomplished  under  conditions  not  completely  compatible  with  those 
existing  during  flight.  Certain  constraints  are  placed  upon  the  flexible  booster  by  its  support.  This  condition 
makes  the  accurate  evaluation  of  extra  degrees  of  freedom  not  included  in  the  analytical  model  very  difficult. 
Under  such  conditions  it  may  be  necessary  to  calculate  the  basic  missile  properties  (elastic  modes,  propellant 
sloshing  forces,  and  control  system  transfer  functions)  twice:  first  in  order  to  analyze  the  in-flight  conditions 
so  that  the  autopilot  and  control  system  characteristics  and  gains  may  be  determined  and  second,  to  determine 
the  modes  and  control  system  transfer  functions  under  captive  conditions.  These  latter  results  may  be  compared 
directly  with  data  taken  on  the  test  stands.  A  typical  schematic  comparison  of  two  sets  of  modes  obtained  is 
illustrated  in  Figures  6-1,  6-2. 

Figure  6-1  illustrates  the  general  mode  shapes  for  a  vehicle  in  flight.  These  modes  correspond  to  the  classical 
"free-free"  modes  for  a  beam.  In  Figure  6-2  the  modes  with  a  tost  restraint  are  illustrated.  These  modes 
correspond  to  simple  beam  cantilever  modes  for  the  constraint  shown.  The  frequency  separation  of  the  two 
modes  is  quite  appreciable, with  the  second  cantilever  mode  having  about  the  same  frequency  as  the  first  "free- 
free"  mode. 


121 


WADD  TR-61-93 
April  1961 


FIRST  MODE  SECOND  140 DE 
Figure  6-1.  In-Flight  Bending  Modes 


Figure  6-2.  Bending  Mode  for  Booster  Restrained  in  Launcher 

This  double  calculation  of  elastic  properties  may  be  necessary  to  verify  the  adequacy  of  the  analytic  model  used. 
To  insure  direct  comparison,  the  same  booster  and  control  system  mass  inertial  and  elastic  data  must  be  used 
in  both  cases.  This  then  provides  a  check  of  the  flexible  booster  modol  when  subjected  to  test  restraints  which 
can  be  extrapolated  to  the  in-flight  simulation. 

In  addition  to  obtaining  a  check  on  major  vehicle  modes,  the  system  testing  also  permits  evaluation  of  such  addi¬ 
tional  effects  as: 

a.  Evaluation  of  signal-noise  pickup  due  to  local  mounting  resonances  and  mechanical  transmission  of  engine 
noise  through  the  structure.  Some  of  this  signal  noise  may  arise  through  cross-axis  pickup  in  the  sensor, 
such  as  pickup  of  accelerations  about  the  output  axis  of  a  rate  gyro. 

b.  Evaluation  of  other  effects  associated  with  the  firing  of  the  rocket  engines  such  as  gimbal  bearing  friction 
measurements  and  engine  alignment  shifts  due  to  strain  deformation  of  the  structure  (from  thrust,  pressure, 
temperature). 

Some  of  the  subsystem  and  system  tests  of  most  direct  concern  with  the  evaluation  of  approximate  transfer  func¬ 
tions  are  discussed  now  in  more  detail. 
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6.2.1  Control  Element  Positioning  Servo.  The  foroes  produced  on  the  flexible  booster  by  the  control  element 
and  its  positioning  servos  constitute  tho  major  generalized  forces  over  which  direct  control  can  be  maintained. 
These  are  In  contrast  to  aerodynamic  forces  which  are  altered  by  disturbances  (gusts  and  shears) ,  over  which  no 
direct  control  Is  exercised,  and  the  propellant  sloshing  foroes,  which  are  affected  only  slightly  by  the  autopilot. 

A  method  of  linearization  has  been  presented  In  Appendix  B4.2  for  the  class  of  electro-hydraulic  control  systems 
now  in  general  use  on  large  flexible  boosters.  This  method  makes  use  of  describing  functions  to  linearize  the 
elements  in  the  control  system.  Checking  of  the  accuracy  of  this  system's  transfer  functions  Is  a  prime  objec¬ 
tive  of  ground  testing. 

The  analysis  of  the  results  of  ground  testing  Is  complicated  by  tho  additional  degrees  of  freedom  which  are  In¬ 
herent  to  the  test  setup.  Thoso  Include  vehicle  structural  resonances  which  will  be  present  in  flight  plus  addi¬ 
tional  structural  rosonanccs  due  to  test  constraints.  These  resonances  will  quite  often  couple,  making  it  diffi¬ 
cult  to  separate  the  two  and  evaluate  their  Individual  effects.  In  addition.  In  both  test  and  flight  evaluation  the 
instruments  which  are  available  may  give  an  Indirect  measurement  of  the  desired  data. 

As  an  illustration  of  the  preceding  let  us  examine  tho  schematic  of  u  rocket  engine  control  servo  (Figure  6-3). 


Figure  6-3.  Schematic  of  Electro-Hydraulic  Engine  Position  Servo 

In  Figure  6-3  tho  desired  measurement  is  the  inertial  angle,  <5  ,  since  the  control  forces  produced  are  a  direct 
function  of  this  angle.  This  angle  is  not,  however,  exactly  equal  to  the  output  of  the  gimbal  angle  transducer. 
The  output  will  contain  the  effects  of  rotation  of  gimbal  block,  engine  mount  elasticity,  booster  elasticity,  and 
rigid  motion  of  the  booster  due  to  tho  test  stand  response.  In  addition,  the  gimbal,  which  may  contain  two  de¬ 
grees  of  rotational  freedom,  is  a  difficult  place  to  install  an  accurate  transducer.  In  effect,  the  output  of  the 
gimbal  angle  transducer  is  sufficiently  accurate  only  at  frequencies  below  the  main  support  structure's  resonant 
frequency . 
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The  output  of  the  servo  feedback  transducer  Is  altogether  different.  It  is  rigidly  mounted  to  the  actuator  and  its 
output  will  be  AX,  as  Indicated  in  Figure  6-3.  As  the  servo  feedback  transducer  is  an  integral  part  of  the  con¬ 
trol  systom,  it  will  usually  be  a  more  precise  unit  than  the  gimbal  angle  transducer  which  is  used  only  for  test 
monitoring.  The  relationship  between  this  transducer's  output  (Ax)  and  the  thrust  chamber  swing  (d)  is  also 
affected  by  structural  complianco:  In  this  case,  the  actuator  attachment  rigging  flexibility.  Thus,  the  feedback 
transducer  is  not  an  accurate  measuro  of  the  engine  angle,  6  ,  unless  the  compliance  is  accounted  for. 

Figure  6-4  shows  a  comparison  between  Ax  and  6  tost  data.  This  configuration  had  a  massive  thrum  structure 
on  which  the  gimbal  block  was  mounted!  hence ,  the  measured  6  data  was  not  affected  by  resonances  at  the  gimbal 
within  the  frequency  band  shown.  As  may  be  seen,  however,  the  actuator  mount  stiffness  resonance  had  pro¬ 
nounced  effects  upon  the  Ax  data. 


Figure  G-4.  Test  Data  Comparison  of  Ax  and  6  vs.  6  c 

To  get  a  useful  verification  of  the  6 /f>Q  transfer  function,  comparisons  between  test  data  and  the  mathematical 
model  must  be  made  for  both  Ax/6C  and  6/<5^,  with  the  Ax/6C  tost  data  generally  being  the  more  reliable.  The 
two  responses  shown  in  Figure  6-5  indicate  the  agreement  that  can  be  expected  between  a  detailed  nonlinear  ana¬ 
log  simulation  and  test  data. 


After  the  accuracy  of  the  nonlinear  mathematical  model  haa  been  verified,  the  analyst  may  seek  a  simpler  linear 
model  which  will  mutch  the  system's  behavior  adequately  and  yet  will  facilitate  more  stability  analysis.  A  plot 
of  the  linearized  simulation  of  the  third  order  actuator  of  Appendix  B4.2  is  compared  with  an  analog  simulation's 
amplitudes  in  Figure  6-6. 


The  preceding  discussions  indicate  the  adequacy  of  both  the  analog  and  the  linearized  simulation  in  representing 
the  control  element  and  servo  for  analysis  of  a  flexible  booster  and  control  system.  They  also  indicate 

how  analytical  tools  can  be  used  to  verify  data  relationships  obtained  on  test  stands. 
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- —  STATIC  TEST  (HOT  FIRING) 

THEORETICAL  FREQUENCY  RESPONSE 
(ANA1.QG  COMPUTER) 

Figure  6-5.  Comparison  o£  Analog  Versus  Static  Test  (Hot  Firing); 
Vehicle  Restrained  by  Launcher 


G . 2 . 2  Bending  Mode  Tests. 

8-2.2. 1  Mode  Frequency  and  Deflection.  Studies  of  an  autopilot  and  control  system,  in  connection  with  the  flex¬ 
ible  booster  bending  dynamics,  have  shown  the  importance  of  accurate  mode  shape,  frequency,  and  damping  data. 
If  structural  properties  are  not  sufficiently  defined,  unstable  booster  conditions  may  result,  or,  (more  rarely) 
an  unnecessarily  complex  autopilot  design  may  result.  Much  previous  work  on  both  missile  and  airplanes  has 
been  directed  toward  ground  testing  for  determination  of  in-flight  bending  mode  shapes  and  frequencies.  The 
results,  in  general,  have  not  been  too  promising,  resulting  In  appreciable  differences  between  calculated  and 
observed  bending  modes  for  some  configurations.  The  agreement,  in  general,  worsens  on  tho  higher  modes. 

This  lack  of  agreement  is  normally  attributed  to  the  influence  of  constraints  on  the  elastic  motion  of  the  missile. 

To  attempt  to  verify  the  adequacy  of  the  methods  used  to  calculate  mode  shapes,  a  series  of  tests  were  per¬ 
formed  on  a  full  aize  Atlas  tank.  Two  particular  Atlas  configurations  were  chosen  as  test  specimens,  since 
there  existed  a  large  amount  of  theoretical  calculations  with  which  the  test  data  could  be  compared.  The  missile 
used  in  these  tests  was  as  close  to  a  flight  configuration  as  reasonable,  except  that  the  engines  were  removed; 
therefore,  the  elastic  modes  were  calculated  with  the  engine  masses  removed. 

The  nature  of  this  type  of  testing  led  to  the  consideration  of  a  soft  suspension  having  an  absolute  minimum  of 
damping.  The  suspension  system  used  for  these  tests  consisted  of  a  set  of  thin  vertical  columns  placed  under 
the  engine  gimbal  blocks  and  a  separate  stabilizer  to  hold  the  missile  erect.  This  method  was  considered  best 
suited  to  simulate  actual  flight  conditions  accurately.  A  schematic  representation  of  this  suspension  system  is 
given  in  Figures  G-7  and  6-8.  The  suspension  system  provided  relatively  great  lateral  and  rotational  flexibility 
in  one  plane,  and  the  support  structure  also  prevented  rotation  in  the  other  plane.  The  system  was  designed  to 
operate  with  stresses  well  bciuw  the  proportional  limit.  The  use  of  bearings  was  avoided  to  eliminate  parasitic 
damping  due  to  friction  (Reference  8). 

This  test  setup  uses  the  acceleration  of  gravity  to  represent  the  engine  thrust  forces.  The  upright  position  of 
the  missile  aligns  these  forces  in  the  same  direction  as  the  thrust  forces  would  be  during  flight.  The  limitation 
of  acceleration  forces  to  one  g  was  not  expected  to  have  an  appreciable  effect  on  the  motion  of  the  bending  modes. 
Since  the  Allas  is  a  fairly  rigid  missile,  longitudinal  forces  can  be  largely  ignored  in  the  computation  of  lateral 
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Figure  G-6.  Comparison  of  Analog  Simulation  Versus  Third  Order  Linearized  Equations 

bending  modes.  Vibration  tests  were  performed  at  various  propellant  tanking  levels,  and  the  tanks  were  instru¬ 
mented  to  obtain  mode  shapes  and  damping  factors.  During  testing  missile  fuel  and  oxidizer  were  both  repre¬ 
sented  by  water.  The  amounts  of  water  used  wore  varied  to  correspond  to  different  instants  of  flight-  Thus  the 
mode  data  was  checked  for  various  times  during  flight. 

Two  configurations  were  evaluated;  one  was  an  ICBM  configuration,  the  other  was  a  space  booster  configuration 
where  the  payload  was  a  smaller  diameter  upper  stage.  For  the  tests  this  upper  stage  was  represented  by  a 
dummy  stage,  as  shown  in  Figure  6-8, 

The  missile  was  disturbed  for  testing  by  a  hydraulic  shaker  attached  to  the  engine  gimbal  blocks.  The  other  end 
of  the  shaker  was  attached  to  a  large  reaction  mass.  Since  the  damping  of  a  normal  mode  was  to  be  obtained  by 
a  free  decay,  provisions  were  made  to  disconnect  the  shaker  from  the  missile  on  command. 

The  missile  motion  was  instrumented  by  accelerometers  only.  Thus  the  slopes  of  the  missile,  sections  were  not 
measured  directly  but  had  to  be  inferred  from  plotted  displacement  data.  The  accelerometers  used  were  of  a 
variety  which  could  be  attached  directly  to  the  missile  skin  without  cutting  or  stiffening  the  skin.  In  addition, 
several  position  transducers  were  placed  between  the  missile  and  a  service  tower. 
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Test  data  will  be  presented  for  a  typical  time  of  flight.  The  variation  of  frequency  with  flight  time  is  given  in 
Figure  6-9.  This  figure  shows  the  Increase  in  the  modal  frequencies  as  the  missile  becomes  lighter  during 
flight,  through  expenditure  of  propellants. 

A  frequency  response  of  the  full  condition  is  given  in  Figure  6-10.  This  figure  is  a  plot  of  nose  acceleration  for 
a  constant  force  input.  The  effect  of  the  first  five  natural  bending  modes  can  be  clearly  seen. 

The  theoretical  and  test  results  for  tho  first  five  bending  modes  are  shown  in  Figures  6-11,  6-12,  6-13,  6-14 
and  6-15. 


The  results  (Figures  6-11  through  6-15)  illustrate  that  the  shapes  of  the  experimental  and  analytic  modes  do  not 
always  agree.  Tho  frequencies  are  predicted  most  accurately,  with  the  mode  shape  itself  being  less  accurate. 

A  significant  "figure  of  merit"  is  the  gain  with  which  the  engine  forces  excite  bending  modes;  it  is  inversely  pro¬ 
portional  to  the  generalized  mass.  For  the  preceding  modes  the  ratios  of  analytic  to  experimental  generalized 
masses  are  as  follows; 

Mode  Gain  Constant 

1  0.96 

2  1.39 


3  0.36 

4  1.25 


12  V 
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Figure  6-8.  Missile  Support  System  Showing  MisBile  with  Dummy  Upper  Stage  Attached 


PERCENT 


Figure  6-9.  Frequency  VersuB  Nominal  Percent  of  Tank  Volumes  Filled  with  Liquid 


Figure  6-10.  Frequency  Respunse  Curve 


Firnt  Mode  Comparison  of  Experimental  vs.  Analytic  Modes 
for  a  Space  Booster  Configuration 
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Figure  6-12.  second  Mode  Comparison  of  Experimental  vs.  Analytic  Modes 
for  a  Space  Booster  Configuration 
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Figure  6-13,  Third  Mode  Comparison  of  Experimental  vs.  Analytic  Modes 
for  a  Space  Booster  Configuration 
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Figure  6-14.  Fourth  Mode  Comparison  of  Experimental  vs.  Analytic  Modes 
for  a  Space  Rooster  Configuration 
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Figure  6-15.  Fifth  Mode  Comparison  of  Experimental  vs.  Analytic  Modes 
for  a  Space  Booster  Configuration 
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The  modes  illustrated  are  representative  of  the  accuracy  that  would  normally  be  obtained  from  the  calculation  of 
modes  by  the  methods  outlined  in  Appendix  A3.  As  can  be  observed,  the  agreement  In  the  frequencies  is  best, 
with  the  mode  shape  and  its  attendant  gain  becoming  less  accurate  for  the  higher  modes. 

In  addition  to  determination  of  mode  shapos  and  frequencies,  bending  mode  testing  such  as  this  can  be  used  to 
provide  vibration  environment  information  on  components  attached  to  the  skin  of  the  missile.  Such  information 
is  useful,  as  the  local  motion  of  the  akin  may  be  altered  by  large  masses  (autopilot  components,  antennaB, 
batteries,  etc.)  attached  to  it.  The  motion  of  those  masses  attached  to  the  skin  can  best  be  determined  through 
testing.  These  motions  may  bo  useful  in  formulating  the  vibration  specifications  which  the  components  must  be 
designed  to  withstand.  The  relationship  between  the  mass  motion  and  the  mode  motion  can  be  obtained  very 
accurately  at  this  timo. 

6. 2.9.2  Mode  Damping.  Theoretical  studies  of  control  system  stability  as  well  as  other  studies  involving  dy¬ 
namic  response  ui  missiles  require  accurate  knowledge  of  damping  factors.  These  damping  forces  can  be  con¬ 
sidered  to  ho  the  overall  effect  of  innumerable  small  frictional  forces  that  tend  to  resist  deformation  of  the 
missile.  These  small  forces  Include  all  the  different  kinds  of  friction  (coulomb,  viscous,  mechanical  hyster¬ 
esis,  etc.)  that  occur  in  and  between  the  various  parts  of  the  missile.  The  importance  of  each  of  these  frictional 
forces  in  a  glvon  mode  depends  upon  the  relative  amount  of  deformation  in  or  between  the  various  parts,  which, 
in  turn,  is  a  function  of  the  modo  shape.  If  follows,  then,  that  different  modes  may  have  different,  damping  fac¬ 
tors.  Also,  if  a  mode  shape  is  altered  by  a  change  in  mass  or  by  an  external  constraint,  the  corresponding 
damping  factor  may  be  changed. 

In  the  touts  two  configurations  were  analyzed  -  one  a  regular  Atlas  configuration  and  the  other  a  space  booster 
configuration  with  a  long  slender  payload  (Figure  6-8) .  This  payload  was  simulated  by  a  weighted 
beam.  The  tests  of  the  space  booster  configuration  indicated  a  damping  factor  that  was  quite  low  when  compared 
to  those  of  the  conventional  Atlas.  It  was  felt,  then,  that  the  uso  of  the  "clean"  beam  for  a  composite  structure 
had  the  effect  of  lowering  the  damping  for  the  composite  vehicle  below  what  would  be  expected  if  the  actual  pay- 
load  were  installed.  The  data  from  the  Atlas  corresponded  closely  with  that  expected  from  previous  studies. 

The  results  of  the  damping  studies  on  the.  two  configurations  nre  presented  in  Figures  6-16  and  6-17.  In  some 
eases  damping  was  observed  to  vary  with  amplitude,  increasing  with  increasing  amplitude.  In  Figure  6-16,  for 
the  second  mode,  two  values  are  shown.  The  damping  appeared  to  be  double- valued  -  higher  at  high  amplitudes 
and  lower  at  low  amplitudes .  witli  a  sharp  transition  betweon  the  two  points .  The  results  of  the  Atlas  configura¬ 
tion  are  shown  in  Figure  6-17. 


Figure  6-16.  Mode  Damping  vs.  Nominal  Percent  of  Tank  Volumes  Filled 
with  Liquid,  Space  Booster  Configuration 
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Figure  6-17.  Mode  Damping  vs.  Nominal  Percent  of  Tank  Volumes  Filled 
with  Liquid,  Atlas  ICBM 

In  general  the  damping  tends  to  increase  as  one  goes  on  to  the  higher  modes,  but  specific  exceptions  were  found; 
an  occasional  higher  mode  occurs  with  low  damping. 

6.3  FLIGHT  TESTS 

Flight  testing  constitutes  the  final  "proof-of-the- pudding”,  so  to  speak.  On  some  of  the  small  missiles  it  has 
been  possible  to  do  a  large  amount  of  propulsion,  structural,  aerodynamic,  and  control  system  testing  as  flight 
testing.  With  the  larger,  more  expensive  boosters  it  is  prohibitive  to  attempt  extensive  design  testing  as  flight 
testing.  Therefore,  except  for  specific  blunders  leading  to  dramatic  instabilities,  little  quantitative  information 
relative  to  stability  margins  will  be  obtained  through  flight  testing.  Some  information  can  be  obtained  on  a 
chance  basis,  and  through  careful  evaluation  of  this  data  a  great  deal  can  be  learned  from  this  information. 


The  data  that  can  be  acquired  is  limited  by  the  instrumentation  available  and  by  the  fact  that  the  various  modes 
on  which  one  wishes  information  may  not  bo  excited.  The  stable  modes  (propellant  sloshing  and  elastic)  will 
have  to  be  excited  by  launch  transients,  random  system  transients,  or  "built-in"  transients;  otherwise  they  will 
not  be  observed  during  the  flight.  Those  that  are  observed  give  data  which  can  be  used  to  check  frequency  and 
damping  ratio  of  the  predicted  modes.  The  frequency  cum  be  used  as  a  check  on  the  modal  data,  and  the  damping 
ratio  can  be  compared  with  that  predicted  from  the  root  studies  as  an  autopilot  anc!  control  system  cheek. 

Propellant  sloshing  modes  arc  usually  excited  at  various  instants  during  flight.  These  motions  give  excellent 
chances  to  observe  the  frequencies  of  oscillation  under  accelerations  !n  excess  of  that  of  gravity.  The  agreement 
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in  frequency  with  that  predicted  In  Appendix  A  has  been  excellent.  The  test  data  on  propellant  sloshing  Is  pre¬ 
sented  with  the  methods  for  calculation  of  the  analogy  in  Appendix  A . 

Bending  mode  frequencies,  as  seen  from  flight  transients,  are  those  of  the  closed-loop  roots  and  as  such  differ 
very  slightly  from  the  predicted  modal  frequencies.  The  difference  is  usually  less  than  the  error  in  computing 
the  open-loop  modal  frequencies,  themselves.  Hence,  these  in-flight  frequencies  are  usually  compared  directly 
with  computed  normal  mode  frequencies;  the  agreement  is  generally  very  satisfactory. 

Damping  ratios  of  in-flight  oscillations,  as  compared  with  predicted  values  from  root  studies,  have  minor  value 
except  to  point  out  gross  errors  In  the  analysis  (such  as  the  wrong  sign  of  the  real  part  of  a  root'.).  The  diffi¬ 
culty  can  be  illustrated  by  observing  an  actual  locus  presented  in  Figure  6-18.  This  figure  shows  the  uncertain¬ 
ties  in  the  location  of  the  operating  point.  From  a  glance  at  this  locus  it  is  apparent  that  even  extreme  motions 
of  the  angle  of  departure  and  gain  would  be  hard  to  spot  merely  by  observing  the  damping  in  the  closed- loop 
mode's  root. 
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Figure  6-18.  Variations  Possible  in  Location  of  Closed  Loop  Operating  Gain 
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Flight  tests  sometimes  reveal  major  omissions  in  the  analysis  when  these  omissions  result  in  a  system  which, 
although  predicted  to  be  stable,  becomes  unstable.  Although  extensive  analysis  had  been  performed  prior  to  the 
first  Atlas  flights,  a  l?-cps  limit  cycle  oscillation  (third  body  bending  mode)  appeared  which  was  of  considerable 
magnitude.  An  evaluation  of  the  simulations  used  for  preflight  analysis  indicated  several  deficiencies  in  the 
assumptions  used.  These  deficiencies  were  primarily  connected  with  the  method  used  to  simulate  the  rocket 
engine  hydraulic  servo  forces,  moments,  and  deflections.  By  using  a  more  complete  analysis,  made  possible  by 
a  large  amount  of  laboratory  and  captive  missile  testing,  It  was  possible  to  simulate  more  correctly  the  condi¬ 
tions  occurring  in  flight.  The  revised  simulation  indicated  that  the  third  mode  could  be  stabilized  by  the  addition 
of  a  lag  filter  in  the  control  loop.  The  results  from  flight  test  were  gratifying  In  that  stable  operation  was 
achieved. 

l.ater  in  the  Atlas  flight  tost  program  a  modified  configuration  exhibited  a  high-frequency  limit  cycle  oscillation 
(4th  and  5th  body  bending  mode).  The  methods  of  analysis  were  rechecked  without  result,  so  it  was  determined 
that  the  mode  shapes  employed  must  be  in  error.  Up  to  this  time  the  vehicle  elastic  modes  had  been  calculated 
with  the  rocket  engines  removed.  Tho  engine  forces  and  moments  were  then  added  as  generalized  forces  onto  the 
mode.  The  Inaccuracies  resulting  from  this  mothod  can  be  explained  best  by  observing  the  schematic  missile 
and  mode  of  Figure  6-19.  The  aft  end  of  the  missile  with  the  engines  removed  has  little  mass;  hence,  the  aft 
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Figure  6-19.  Schematic  Bending  Mode  with  Engine  Masses  Excluded 
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Figure  6-20.  Schematic  Bending  Mode  with  Engine  Masses  Included 
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portion  of  tha  modes  is  relatively  straight  (no  shear  or  couples  at  the  free  end).  Therefore,  if  forces  and  mo¬ 
ments  representing  the  engines  are  to  be  added  at  this  point,  a  largo  number  of  modes  must  be  used  to  represent 
the  actual  missile  deflection  by  means  of  body  bending  modes.  As  the  analysis  is  usually  carried  on  with  few 
modes  only,  errors  can  result.  These  errors  are  not  usually  significant  at  frequencies  below  the  aft  structure 
engine  mount  natural  frequency,  However,  at  frequencies  near  or  above  this  natural  frequency  the  effect  can  be 
quite  significant,  ovon  causing  a  180-degree  phase  reversal  In  the  Inertial  coupling  between  engine  chamber  and 
mode.  This  reversal  can  be  seen  by  the  schematic  representation  of  Figure  6-20.  Figure  6-20  shows  more 
curvature  at  the  aft  end  and  also  illustrates  that  the  engine  and  mount  may  be  out  of  phase  with  the  hending  mode 
shape  at  this  point.  This  phenomenon  can  effectively  reverse  the  angle  of  departure  of  the  locus  of  roots  from 
the  pole  representing  the  elastic  motion. 

The  methods  of  simulation  using  modes  calculated  with  the  engines  included  furnish  good  agreement  between 
theoretical  and  flight  test  data,  to  the  degree  that  flight  instabilities  in  these  higher  modes  have  boon  analysed 
satisfactorily.  The  major  caution  is  that  for  the  frequencies  of  tho  higher  modes  the  representation  of  the  prop¬ 
erties  becomes  more  involved  and  the  accuracies  moro  dubious.  Thus,  attempts  to  phase-stabllize  the  higher 
modes  may  meet  with  failure  due  to  improper  agreement  of  analytic  models  with  the  actual  booster. 
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SECTION  7 
CONCLUSIONS 
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7.1  GENERAL 

Utilizing  the  material  presented  in  this  report  the  following  concluding  remarks  can  be  made: 

a.  The  basio  equations  and  transfer  functions  that  may  be  used  for  first  approximation  (quick-look)  analyses 
are  presented  in  Section  4.  Typical  applications  are  shown  in  Section  2.  The  simplified  transfer  functions 
of  Section  4  are  valid  for  preliminary  evaluation  of  most  classes  of  ballistic  booster  vehicles.* 

b.  The  more  complete  set  of  system  equations  of  motion,  as  may  be  used  for  comprehensive  analyses,  are 
given  in  Section  3 . 

c.  The  equations  of  Section  3  arc  ::ubj’*'*f  ed  to  various  simplifying  assumptions  in  Section  4. 

These  simplifications  fall  into  two  general  categories,  viz. ,  those  which  simplify  coefficients  of  an 
equation  without  changing  its  order  and  those  which  reduce  the  order  of  the  equations. 

Those  simplifications  which  fall  into  the  first  group  cause  no  great  problem,  as  they  can  always  be  checked 
and  re-lncorporatod  for  any  configuration  about  which  doubt  exists .  Those  simplifications  which  reduce  the 
order  of  the  equation  are  more  troublesome  to  Justify. 

The  majority  of  difficulties  arise  when  the  engine  servo  elastic  mode  must  bo  considered  coupled  to  the 
vehicle  normal  elastic  modes.  A  qualitative  discussion  of  these  couplings  Is  presented  in  Section  4,  Sub¬ 
sections  4.3.2,  4.3.4,  and  4.3.5. 

The  open  loop  coupling  due  to  aerodynamics  is  generally  negligible  in  the  class  of  vehicles  considered. 

d.  Tho  results  obtained  utilizing  the  simplifications  of  Section  4  are  compared  with  results  from  the  solution 
of  more  complete  equations  in  Section  5.  The  effects  of  two  general  classes  of  coupling  are  displayed:  1) 
open- loop  coupling  betwoen  modes  due  to  non-conservative  forceB  coupling  through  rockot  engine  servo 
compliance  and  2)  closed-loop  couplings  through  the  control  system.  Quantitative  results  are  presented 
for  specific  cases  (typical  ICUM  configuration). 

The  simplifications  involving  elimination  of  secondary  feedback  terms  have  little  effect  for  the  low  fre¬ 
quency  modes  (rigid-body  and  propellant  sloshing) .  However ,  for  the  higher  modes  the  various  coupling 
effects  and/or  auxiliary  feedback  paths  can  occasionally  be  very  significant.  Results  also  indicate  that  the 
simplified  approach  using  a  single  elastic  mode  equation  with  tho  third  order  actuator  of  Equation  4-23  can 
be  used  for  modes  whose  frequencies  are  well  romoved  from  that  of  the  actuator  servo  resonant  frequency. 
For  frequencies  close  to  those  of  the  actuator,  an  engine-body  mode  must  be  coupled  to  the  body  bending 
mode  being  analyzed. 

e.  The  accuracy  of  the  results  Is  dependent  upon  the  adequacy  of  the  basic  data  used.  Some  comparisons  of 
calculated  data  versus  test  results  are  given  In  Section  6. 

f.  Information  on  methods  used  to  compute  basic  data  for  the  calculation  of  the  transfer  functions  is  presented 
in  Appendix  A . 

g  A  discussion  of  some  types  of  subsystem  transfer  functions,  sensors,  servos,  and  force  producers  neces¬ 
sary  to  complete  the  booster  vehicle-autopilot  and  eontrol  system  analyses  are  presented  in  Appendix  B, 


‘Some  extreme  future  configuration  may  not  be  adequately  represented,  Such  cases,  however,  will  receive 
special  treatment  by  the  :malysts,  using  the  same  principles. 
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A1  INTRODUCTION 

In  order  to  determine  the  numerical  value  of  an  approximate  transfer  function  that  can  be  used  to  analyze  the 
stability  of  any  given  configuration,  it  is  necessary  to  evaluate  the  equations'  coefficients.  To  compute  these 
system  equation  coefficients.  In  turn,  requires  that  certain  data  relative  to  the  vehicle's  flight  path  and  body 
parameters  be  available.  This  data,  referred  to  as  "basic  data",  is  an  accumulation  of:  1)  trajectory  data, 

2)  aerodynamio  data,  3)  propellant  load  data  {if  required),  4)  elastic  (modal)  data,  and  5)  mass,  center-of- 
gravity,  and  other  inertial  data,  all  compiled  at  many  discrete  time  instants  during  the  vehicle's  powered  flight. 
Other  values  may  then  be  interpolated  from  these  points,  giving  the  data  at  any  instant  of  the  vehicle's  powered 
flight. 

Some  general  remarks  on  the  methods  used  for  obtaining  these  basic  data  are  given  first  in  the  four  classifica¬ 
tions:  trajectory,  aerodynamic,  propellant,  and  mass,  center  of  gravity,  and  inertial  data.  Subsequently,  more 
detailed  discussions  are  given  of  the  derivation  of  certain  of  these  data,  a  knowledge  of  whose  origins  Is  impor¬ 
tant  to  any  appreciation  of  the  degree  of  approximation  involved  in  autopilot  studies.  Also  given  Is  a  detailed 
discussion  of  elastlo  (modal)  calculation  methods . 

Al.  1  Trajectory  Data.  Some  of  the  trajectory  parameters  required  for  an  analysis  of  the  autopilot  stability  and 
control  problem  are  thrust  (both  fixed  and  gimbaled),  weight,  acceleration  along  the  vehicle's  flight  path,  and  its 
time  Integrals,  velocity,  and  altitude.  All  are  required  as  functions  of  powered  flight  time.  From  this  infor¬ 
mation,  additional  data  such  as  dynamic  pressure  and  Mach  number  may  bo  computed. 

As  a  first  approximation,  a  trajectory  computed  for  a  point-mass  (two  degrees  of  freedom)  launched  in  a  stand¬ 
ard  atmosphere  from  a  nonrotating  spherical  earth,  will  yield  usable  parameters.  A  drag  term  for  this  compu¬ 
tation  will  have  to  be  approximated  for  the  vehicle  under  study. 

A  more  advanced  trajectory  can  be  computed  using  an  elongated  body  representing  the  vehicle,  with  three  degrees 
of  freedom.  This  trajectory  will  Include  the  effects  of  aerodynamic  lift  (hence,  a  more  accurate  drag  term)  and 
a  balancing  component  of  the  thrust  vector,  which  is  required  to  overcome  the  moment  produced  by  the  aerody¬ 
namic  forces. 

These  nominal  trajectory  characteristics  servo  to  fix  quite  closely  the  basic  flight  parameters  of  the  vehicle. 
Subsequent  refinements  to  these  trajeotory  studies,  including  flight  control  and  guidance  effects,  off-nominal 
performance  and  other  assorted  dispersions,  will  seldom  result  In  significant  changes  to  these  basic  flight  para¬ 
meters. 

Al.  2  Aerodynamic  Data.  Any  vehicle  that  travels  through  the  atmosphere  Is  subjected  to  aerodynamic  forces 
and  moments  which  will  affect  the  vehicle's  performance  and  stability.  In  order  to  Insure  that  the  vehicle  Is 
capable  of  withstanding  the  environmental  conditions  imposed  upon  It  during  the  regime  of  flight  and  to  evaluate 
the  effect  of  these  conditions  on  Its  performance,  the  vehicle's  aerodynamic  characteristics  must  be  lenown.  The 
location  and  magnitude  of  the  resultant  aerodynamic  forces  normal  to  the  vehicle's  longitudinal  axis  are  required 
to  determine  the  degree  of  control  forces  required  to  balance  out  these  forces  and  moments .  The  distributions  of 
lateral  force  coefficients  along  the  length  of  the  vehicle  at  the  angle  of  attack  are  required  for  the  analysis  of  the 
aero-elasttc  deflections  of  the  vehicle  structure  and  for  calculation  of  body  bending  moments  under  critical 
flight  conditions . 

The  aerodynamic  force  acting  on  the  vehicle  is  determined  from  theoretical  considerations  or  wind  tunnel  tests  on 
the  vehicle  model,  or  It  is  extrapolated  from  existing  data  on  similar  configurations.  Tho  force  acting  on  the 
vehicle  ie  resolved  into  orthogonal  components  along  the  body  axes.  This  data  Is  usually  presented  in  the  form 
of  normal  force  coefficients  and  centers  of  pressure  as  functions  of  Mach  number  and  angle  of  attack. 

The  force  coefficient  can  be  separated  Into  two  parts:  the  potential  and  viscous  components.  The  potential  force 
is  that  force  which  would  be  experienced  by  the  body  if  It  were  inclined  in  an  inviscld  fluid.  This  component  in- 
creases  linearly  with  angle  of  attack.  In  a  real  fluid,  this  is  the  only  force  of  measurable  magnitude  for  the  first 
few  degrees  of  angle  of  attack.  Upon  further  increase  of  angle  of  attack,  however,  viscous  effects  cause  the 
cross -flow  to  begin  to  separate  from  the  Ice  side  of  the  body.  The  separation  induces  a  pressure  field  which 
causes  the  force  curve  to  depart  from  linearity.  This  departure  is  defined  as  the  viscous  component  of  the  force 
and  is  dependent  upon  the  state  of  the  boundary  layer;  it  is  larger  for  laminar  than  for  turbulent  flow. 
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A  more  complete  discussion  of  the  aerodynamic  data ,  along  with  approximate  caleulatory  techniques ,  appears  In 
Seotlon  A-5. 

A1.3  Propellant  Data  (Liquid) .  For  those  vehicles  which  use  llquld-futled  engines  the  mass  of  the  liquid,  of 
necessity,  constitutes  a  large  portion  of  the  total  mass.  This  large  mass,  oscillating  in  a  tank,  may  have  ad¬ 
verse  effects  on  the  vehicle  control  system,  especially  if  the  frequency  of  oscillation  of  the  liquid  is  near  that  of 
the  control  system. 

In  early  liquid-fueled  vehicles  (o.g. ,  German  V-2.  American  Redstone,  WAG  Corporal,  etc. )  propellant  sloshing 
was  found  not  to  be  a  problem,  and  no  explicit  means  of  siosh  compensation  was  employed.  With  the  advent  of 
larger  vehicles  having  "cleaner"  Internal  construction,  the  sloshing  phenomena  became  increasingly  important. 
Methods  for  determining  the  forces  and  moments  due  to  propellant  oscillation  In  "clean"  tanks  and  the  effects  of 
internal  oscillation  suppressing  devices  (baffles)  are  ^  ..cussed  in  Section  A-3.  This  section  presents  the  forces 
and  moments  due  to  tho  oscillating  liquid  and  presents  methods  of  handling  this  phenomena  by  the  use  of  equiva¬ 
lent  mechanical  analogies. 

A1.4  Propellant  Data  (Solid).  For  thoso  vehicles  which  use  solid-propellant  engines,  Appendix  C 2  shows  that 
the  propellant  grain  may  be  treated  as  a  unitary  mass  and  that  it  does  not  contribute  any  appreciable  stiffness  to 
the  missile  structure.  Therefore,  all  that  la  usually  considered  is  the  mass  distribution  along  the  axis  of  the 
missile. 

A1.5  Mass,  Center  of  Gravity,  and  Inertial  Data.  The  mass,  center  of  gravity,  and  inertial  data,  hereafter  re¬ 
ferred  to  as  Inertial  data  in  this  section,  are  obviously  required  for  a  complete  analysis  of  any  control  system. 

For  rigid-body  control  analysis,  whore  the  sloshing  is  treated  as  a  separate,  artificially  uncoupled  degree  of 
freedom,  the  Inertial  data  used  is  that  for  a  "reduced"  vehicle.  The  "reduced"  vehicle  Is  the  entire  vehicle  mass 
minus  that  mass  of  liquid  propellant  considered  to  be  sloshing.  Therefore,  at  any  time  instant,  the  inertia!  data 
will  consist  of  tho  sum  of  the  Inertial  data  of  the  structural  vehicle  plus  its  residuals  (liquids  trapped  in  small 
linos  andtanks)and  the  inertial  data  for  that  portion  of  the  liquid  propellants  that  are  assumed  to  be  rigid  (see 
Appendix  A3). 

The  method  for  combining  these  inertial  data  is  given  In  Section  A2,  and  the  Inertial  data  for  the  "rigid"  liquid 
propellant  can  be  found  from  an  equivalent  mechanical  analogy  as  presented  In  Section  A3. 

A2  MASS  AND  RELATED  INERTIAL  DATA 

A2. 1  Calculation  of  Center  of  Gravity  and  Moment  of  Inertia.  The  property  of  a  body  by  which  it  offers  resistance 
to  any  change  In  Its  motion  is  defined  as  Inertia,  and  its  quantitative  measure  Is  called  mass. 

Tho  mass-center  or  center  of  mass  Is  defined  as  tint  point  of  a  physical  body  whore  the  mass  could  be  concen¬ 
trated  so  that  the  moment  of  the  concentrated  mass*  about  any  axis  or  piano  would  be  equal  to  the  moment  of  the 
distributed  mass  of  the  body  about  the  same  axis  or  plane.  If  the  words  area,  volume,  or  lino  were  substituted 
for  the  word  mass,  and  the  reference  to  a  physical  body  were  deleted,  the  above  definition  would  be  that  for  tfce 
centroid  of  an  area,  volume,  or  line.  Therefore,  with  respect  lo  homogenous  physical  bodies,  the  terms  cen¬ 
troid  and  mass-center  may  be  regarded  as  synonymous. 

The  total  force  acting  on  a  body  undergoing  rectilinear  accelerated  motion  is  defined  as  the  resultant  of  the 
parallel  forces  acting  on  each  particle  in  the  body.  The  magnitude  of  the  resultant  of  such  parallel  forces  Is 
equal  to  the  algebraic  sum  of  the  forces  on  each  particle,  and  the  position  of  the  resultant  is  such  that  the  mo¬ 
ment  of  the  resultant  force  about  any  axis  or  plane  is  equal  to  the  sum  of  the  moments  of  the  component  forces. 

This  position  defines  the  line  of  action  of  the  resultant  force  in  the  given  acceleration  direction.  The  resultant 
force  is  defined  as  the  body's  weight,  and  its  position  locates  the  center  of  gravity.  Thus,  the  magnitude  is: 


W  =  E 


i 


*  A  mass  moment  is  defined  as  the  product  of  the  quantity  of  mass  by  its  distance  io  a  reference. 
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and  its  line  of  action  is  located  by: 

S  W[X[ 

x=i^r 

2W, 

ZWiZ. 

z=Tw7-  • 

where  the  symbology  used  is  depicted  in  Figure  A-l. 


Z 


Figure  A-l.  Coordinate  System  and  Mathematical  Mode! 

If  we  assume  a  uniform  acceleration  field,  then  the  weight  of  each  mass  particle  Is  proportional  to  its  mass  and 
the  center  of  gravity  of  a  body  coincides  with  the  mass-center.  For  a  rigid  body  the  terms  are  identical  re¬ 
gardless  of  its  position  or  orientation  in  the  acceleration  field.  The  difference  between  the  two  terms  is  that  in 
finding  the  center  of  gravity  the  moment  of  a  force  system  Is  involved,  and  in  finding  the  mass-center  the  mo¬ 
ment  of  a  mass  system  is  involved.  In  practice,  the  earth'B  acceleration  field  at  a  weighing  station  is  uniform 
enough  so  that  the  above  distinctions  are  not  evident. 

Common  experience  teaches  that  if  a  body  Is  free  to  rotate  about  an  axis,  the  farther  from  the  axis  the  material 
(or  mass-center)  1b  placed,  regardless  of  direction  (sign  sense),  the  greater  is  the  moment  of  force  required  to 
produce  a  given  angular  acceleration  of  the  body;  that  is,  the  greater  the  moment  of  inertia  of  the  body  becomes. 
Therefore,  the  moment  of  Inertia  or  second  moment  of  the  mass  of  a  system  of  particles  may  be  defined,  for  a 

continuous  body,  as  the  integral:  1  =  j"  r2  dm;  that  is,  as  the  summation  of  the  products  of  the  mass  of  each 

M 

particle  by  he  square  of  Its  distance  from  a  line  or  axis. 

If  the  moment  of  inertia  of  a  body  thus  found  is  about  an  axis  passing  through  the  mass -center  (centroid)  of  the 
body,  the  moment  of  inertia  of  the  body  may  be  found  about  any  other  parallel  axis,  by  the  use  of  the  transfer 
formula: 


1  =  I  +  Md2, 
I,  Lg 
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where  I  =  the  moment  of  Inertia  about  the  oentroldal  axis  (Lg) 
I.  =  the  moment  of  Inertia  about  a  parallel  axis  (L) 

I-i 

M  =  the  mass  of  the  body,  and 


d  =  the  perpendicular  distance  between  axes  Lg  and  L, 

During  the  derivation  of  the  equations  of  motion  for  a  body ,  terms  containing  functions  of  the  form: 

Jxydm,  J  zxdm,  and  Jyzdm 

appear.  These  terms  are  defined  as  the  products  of  inertia  and  represent  the  coupling  effect  of  the  inertia  (mass) 
about  two  axes.  The  transfer  formula  for  products  of  Inertia  is  similar  to  that  for  moments  of  inertia.  That  la: 


Ir  ....  =  Ix  ,,  +  Mde, 
L'M'  LgMg 


where  I.  ,,  ~  the  product  of  inertia  about  the  Lg  and  Mg  axes  passing  through  the  centroid, 
LgMg  ' 

M  =  the  mass  of  the  body ,  and 


d  &  e  =  the  perpendicular  distances  between  the  L1  and  Lg  axes  and  the  M'  and  Mg  axes  respectively. 

In  the  preceding  discussion  it  was  assumed  that  the  moments  and  products  of  inertia  for  each  component  were 
known  about  the  component's  own  centroid.  For  the  vehicles  under  study  it  is  necessary  to  determine  the  iner¬ 
tial  data  for  the  entire  vehicle  by  the  summation  of  the  inertial  data  of  each  component  about  Its  own  center  of 
gravity  and  the  transfor  of  this  data  to  the  center  of  gravity  of  the  vehicle. 

The  wolght  and  center  of  gravity  of  each  component  may  be  calculated  or  found  quite  readily  by  simple  mechani¬ 
cal  means,  ouch  as  scales  and  weighing  fixtures.  The  momonts  and  products  of  inertia  of  each  component  pose 
a  different  problem.  An  approximate  method  (which  la  quite  accurate)  has  been  determined  to  find  the  moments 
and  products  of  Inertia  for  tho  vehicle  components.  Each  component  has  a  characteristic  shape  (or  sum  of 
shapes):  spherical,  conical,  cylindrical,  hemisphere-cylindrical,  hemisphere-conical,  etc.  Knowing  the  weight 
and  dimensions  of  the  component  (coupled  with  tho  characteristic  shape),  the  moment  and  product  of  Inertia  may 
be  computed,  for  a  constant  density,  using  standard  moment-  and  product-of -Inertia  equations  found  In  any  hand¬ 
book.  This  reduces  the  total  Inertial  data  problem  to  one  of  transferring  the  data  for  each  component  to  the  com¬ 
bined  center  of  gravity.  In  simplified  form,  the  center-of -gravity  equations  and  transfer  equations  become: 


W  =  iw1 

-  ZW1X1 
*CG  IW, 

swtyi 

yCG  ~  2W, 

XCG  !W, 


T  .  r,  ,2 . ,  21  „ 

!xxCg  =  2 

IXXi+  L^CG  -yi>  +(ZCG-.Zi>  JMi 

‘yycg  =  2 

‘YYi+  [<XCG  '  V2  +  (ZCG  “  V2]  Mi 

'zzee"  2 

IZZi+  [(XCG-Xi)2  +  (yCG-yi)2]Mi 
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Figure  A-2.  Coordinate  System  and  Mathematical  Model 

Since  the  trajectory,  aerodynamic,  and  sloshing  data  are  presented  in  relation  to  the  longitudinal  axis  (axis  of 
symmetry),  It  is  convenient  to  reference  the  inertial  data  to  a  point  on  the  longitudinal  (x)  axis.  The  moment 
and  product  of  inertia  equations  then  become: 


xxT  -  2  [  Ixxi  +  [(°  -  yt)2  +  (°  -  *,)21  M( 
iyyi+[(xcg-xi)2  +  (0-zi)2. 

hz,*  [(xco  MO-y,)2 
IXY,+  <XCG-Xi>  (°->V  M1  ) 


*YY' 


*ZZT  =  2 


!XYt  =  2 


-  2 

—  L 

*yzt  =  2 


M. 


M. 


Wv .  +  (x _ -  X.)  (0  -  z.)  M. 

'‘“1  l/U  1  l  i 


!yzj  +  (°  -  yt)  (0  -  »j)  M. 


where 


f=(xCG.  ».»>■ 
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An  equivalent  method  well  adapted  for  hand  computions  is  the  use  of  a  table  with  the  following  headings: 

2  2  2 

Component  Identification;  M  ,  x,  y,  a,  Mx,  My,  Mz,  Mx  ,  My  ,  Mz  ,  Mxy,  Mxz,  Myz,  1^,  lyy,  Igg,  *xY’ 

Scz’  &  Srz- 


The  mass,  center  of  gravity,  moments  of  Inertia,  and  products  of  inertia  about  the  center  of  gravity  are  com¬ 
puted  successively  across  the  tabular  format  as: 

ZMjXj 

XCG  SM[ 

£ 

yCG  =  Tm^ 

ZCG 

'XXCG  “  2  Myi  '  2  MZi  '  (2  Ml>  CVCG  +  ZCG>  +  XIXX1 
‘yycg  =  2  Mx2i  +  2  M/1  ’  (2  Mt}  (XCG  +  W  1  2  'YYl 

!ZZcg  =  Z  Myi  +  1  Mx!  ■  Mi*  ^XCG  +  yCG*  +  2Izzi 
!XYCG  =  2  MXyi  "  (2  Ml*  (XCG  VCG)  '  2IXY) 

‘xZcg  -  Z  Mxxi  -  <Z  M|>  <XCG  ZCG)  +  21xZi 
IYZCG  =  Z  *  <Z  Mt)<yCG  ZCG)+2IYzr 


where 


M  -  the  mass  of  each  component, 


x,  y,  z  =  defines  the  position  of  the  mass -center  of  each  component  in  the  missile  coordinate 
system, 


IXX’IYY'IZZ 

IXY’IXZ,IY/. 


=  moments  of  Inertia  of  each  component  about  an  axis  system  passing  through  its  own 
mass-center, 

-  products  of  inertia  of  each  component  about  an  axis  system  passing  through  its  own 
mass-center. 


The  equivalence  of  the  above  equations  with  the  preceding  equations  is  readily  made. 

A2. 2  Approximation  of  Moment  of  Inertia,  it  is  often  sufficiently  accurate  to  ignore  the  moment  of  inertia  and 
product  of  inertia  of  a  component  about  axes  passing  through  its  own  centroid  when  using  tire  moment  of  inertia 
transfer  formula.  This  is  shown  in  the  following  example.  A  homogeneous  right  circular  cylinder  of  height,  h, 
and  diameter,  a,  is  oriented  on  the  vehicle  with  its  major  axis  parallel  to  the  longitudinal  axis  of  the  missile. 
We  can  find  the  effectiveness  of  the  component's  own  moment  of  Inertia  as  ItB  height -to-diameter  ratio  varies 
and  as  the  transfer  distance  varies. 
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Figure  A -3.  Approximation  of  Moment  of  Inertia 


:YYC 

In  this  example  let  A  =  ; - — — w 

IYYC+  M  x<i 

Its  centroldal  axes,  in  pitch  and  yaw 


.  For  a  homogeneous  right  circular  cylinder  the  moment  of  Inertia  about 
is: 


1YYC 


I  2  3  2 

S  12  Md  <T+C  > 


where  c  = 


h 

d' 


Therefore: 


1  2, 

*12  Md  <T  0  > 


1  + 1 . 33  c 


1  2  3  2  2  2 

Md  (T+c  j+Md  k 
4 


1  +  1.33  c2  4  16  k2 


12 


where  k  ~  —  . 

d 

Plotting  A  versus  k  for  various  values  of  (Figure  A-4),  we  find  that  for  values  of  c  =  h/d  of  less  than  three, 
the  moment  of  inertia  In  pitch  and  yaw  of  the  component  about  its  centroid  may  be  ignored  for  transfer  distances 
(x)  greater  than  4  d,  and  an  accuracy  of  95  percent  may  be  retained. 


A  similar  study  in  the  roll  plane  (Figure  A-5)  shows  that  the  roll  moment  of  Inertia  of  a  component  may  be  ig¬ 
nored  for  transfer  distances  where  x  is  greater  than  1.5  d,  and  an  accuracy  of  95  percent  may  be  retained. 

In  general,  for  vehicles  whose  length-over-diameter  ratios  are  greater  than  eight,  the  pitch  and  yaw  moment 
of  inertia  of  the  components  about  their  centroids  may  be  Ignored  90  percent  of  the  time  and  the  roll  moments  of 
Inertia  of  the  components  may  be  ignored  40  percent  of  the  time. 
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Figure  A-4.  Effective  Pitch  and  Yaw  Moment  of  Inertia  Versus  Length-Over-Diameter  Ratio 
for  a  Homogeneous  Cylinder 
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APPENDIX  A3 

PROPELLANT  SLOSHING  DATA 


A-ll 


WADD  TR-61-93 
April  1961 


SYMBOLS  USED  IN  APPENDIX  A3 


Symbol  Definition 


a  tank  radius 


B, 

i 

C. 


d 

r 

F 


h 


hUhl 


h 

o 

K 


K' 


K 

n 

M 

M 

*“o 


't 


dimensionless  parameters  defined  in  Tables  A-l  through  A-6. 


tank  diameter 

diameter  ratio  for  model  laws  as  used  in  Equation  A-12 
force  in  X  direction 
depth  of  fluid 

h^  height  of  sloshing  element  attach-polnt  above  tank  bottom  in  the  various 
mechanical  analogies 

height  of  rigid  mass  above  tank  bottom 

constant  used  in  Equation  A -10 

constant  used  in  Equation  A-ll 

tank  parameter  "  £^h/a 

moment  on  tank 

applied  moment  about  tank  bottom 
total  fluid  mass 
fixed  or  rigid  mass 

total  mass  of  fluid  which  a  full  ellipsoidal  tank  can  hold 
sloshing  or  spring  mass 
ordered  number  of  fluid  mode 


Units 

ft 


ft 

N.D.* 

lbs 

ft 

ft 

ft 

N.D. 

N.D. 

N.D. 

lb  ft 

lb  ft 

slugs 

slugs 

slugs 

slugs 

N.D. 


*  Non-dimensional 
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Symbols 

SYMBOLS  USED  IN  APPENDIX  A3  (Continued) 

Definition 

Units 

P 

fluid  pressure  on  a  baffle  In  equivalent  feet  of  head 

ft 

s 

Laplace  variable 

sec’1 

x.y.z 

tank  coordinates  (see  Figure  A-8) 

ft 

Y 

spring  mass  displacement  in  x  direction 

ft 

Y_ 

* 

analogous  fluid  "displacement"  defined  in  Equation  A-5 

ft 

0f_ 

T 

longitudinal  acceleration 

,  2 
ft/sec 

a 

r 

acceleration  field  ratio  (ground  to  flight)  for  model  laws  as  used  In  Equation  A-12 

N.D. 

rF 

analogous  fluid  "angle"  defined  in  Equation  A-l 

rad 

r 

p 

angle  of  pendulum  with  tank  axis 

rad 

All 

depth  of  a  baffle  below  liquid  free  surface 

ft 

£ 

total  damping  ratio 

N.D. 

bottom  scrubbing  damping  ratio 

N.D. 

Sd 

ring  baffle  damping  ratio 

N.D. 

SI 

Inherent  damping  ratio 

N.D. 

fs 

side  wall  wiping  damping  ratio 

N.D. 

free  surface  damping  ratio 

N.D. 

"l 

wave  height  for  first  sloshing  mode  «  0.84a  l'p 

ft 

P 

viscosity 

lb  seo/ft‘ 

viscosity  ratio  for  model  laws  as  used  In  Equation  A-12 

N.D. 

kinematic  viscosity 

ft2/sec 

<n 

nth  root  of  (0) 

N.D. 

P 

liquid  density 

3 

slugs/ft 

Pr 

liquid  density  ratio  for  model  laws  as  used  in  Equation  A-12 

N.D. 

r 

r 

time  constant  ratio 

N.D. 

u> 

n 

th 

nin  fluid  mode  frequency  =-r —  K  tanh  K 
h  n  n 

sec“* 
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A3. 1  Introduction.  The  motions  of  a  liquid  in  an  open  vessel  have  been  the  subject  of  study  for  many  years. 
During  the  past  several  decades  significant  progress  has  been  made  in  this  field  beyond  the  classic  investigations 
made  by  Sir  Horace  Lamb  (circa  1879),  with  interest  centered  in  the  forced  motion  of  aircraft  fuels. 

Numerous  methods  have  been  used  to  describe  and  solve  for  the  propellant  modes,  frequencies,  and  pressure 
distributions.  In  general,  all  Investigators  have  sought  solutions  to  the  equation  of  wave  motion  of  a  perfect 
fluid  satisfying  the  boundary  conditions  of  proscribed  motions  of  the  vessel's  walls.  These  solutions  then  may 
be  further  defined  to  yield  the  relationships  between  forces  and  moments  on  the  vessel’s  (tank’s)  walls  and  the 
tank's  motion.  These  relationships  are  given  in  the  following  sections  for  rigid  and  flexible  wall  vessels.  For 
the  rigid  wail  vessels  two  mechanical  analogies  are  presented;  either  one  can  be  used  with  rigid  vehicle  studies. 
One  mechanical  analogy  Is  presented  for  use  with  flexible  vehicle  studies. 

A3. 2  Higld  Wall  Vessels.  Some  of  tho  original  work  on  the  sloshing  phenomena  in  rigid  tanks  was  done  by 
E.  W.  Graham  (A-l)  and  J.  Lorell  (A-2).*  An  extension  is  made  from  Lamb's  work  on  free  oscillations  for  the 
case  of  a  rectangular  tank,  and  a  mechanical  penduhn.  analogy  Is  derived.  The  fundamental  frequencies  and 
forces  involved  in  liquid  free  oscillation  are  glvei  fc-  several  tank  shapes  In  addition  to  the  rectangular  case. 


Schmitt  (A -3)  has  determined  tho  hydrodynamic  forces  and  moments  about  the  base  of  a  circular  cylindrical  tank 
undergoing  translation  along  its  longitudinal  axis  and  rotation  about  one  of  the  perpendicular  axes,  produced  by 
the  oscillation  of  an  incompressiblo,  irrotatlonal  liquid  in  the  tank.  These  are  given  by; 


F  =  -  s2  x  £  M  (1  -  A  )  -  a“8  £  Mb  (^  +  -^r 
n  n  n  2  4h2 


-  B  )  +  £  MA  a  IV 
n  n  n  T  1  n 


=  -  s2  x  £  Mh  (-  +  -2^-  -  B  )  -  sZ8  £  Mh2  +  D  -  B  )  t  £  MhB  a  IV 
n  2  4h2  n  n  " 


d  n  n  n 


n  T  -n 


(A-l) 


2  2  un  f  2  2  an 

(s  *  “n)rFn  “  ‘  I  8  x  +  s  8h 

T  L  n 


where, 


2  cosh  Kn  -  1 

n  h  cosh  K 

n 


and  the  remaining  parameters  are  defined  in  Table  A-l, 


For  ease  of  handling,  a  mechanical  analogy  In  the  form  of  a  pendulum  or  spring-masB  solution  is  sought.  Such 
an  analogy  not  only  gives  the  engineer  insight  to  the  problem,  but  lends  itself  to  a  description  of  the  liquid  motion 
which  is  readily  adapted  for  digital  or  analog  computer  simulations.  The  forces  and  momonts  produced  by  an 
analogous  pendulum  and  rigid  mass  system,  as  shown  in  Figure  A -6  for  tho  first  three  modes,  are  equivalent  in 
form  to  those  of  the  hydrodynamic  equations .  These  may  be  written  as: 


F  =  -  s2x  M  -  s20h  M 
o  oo 


£  M  a  rD 

n  n  T  Pn 


=  -  s2xM  h  -  s28  (M  h  2  +  I  )  +  £  M  h  «  I' 

'  oo  oo  o  n  nnTPn 

(sZ+oj2irp  =-.—  [s2x+s20(h  ~Lp)1 
n  Pn  tp  [  n  Pn'  J 


(A-2) 


*  Numbers  in  parenthesis  refer  to  references  at  the  end  of  Appendix  A . 
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Thus,  through  a  term  by  term  comparison*  between  Equations  A-l  anil  A-2,  the  analogous  parameters  are 
tabled.  They  are  presented  In  Table  A-l  for  the  first  mode  only;  the  reasons  for  this  will  be  shown  later. 


z 


Figure  A-6.  Tank  Model  and  Coordinates  for  Pendulum  Analog)' 


*  In  making  such  a  comparison  the  identity 


JPn 


is  useful. 
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Table  A-l.  First  Mode  Sloshing  Parameters  for  Pendulum  Analogy  (n  =  1) 
Circular  Cylindi  leal  Flat-Bottom  Tank 


MECHANICAL 

HYDRODYNAMIC 

M  +  M 

0  1 

M 

M 

0 

M  (1  -  Ax) 

Mi 

MA, 

h 

0 

(rw  -B0 

h  (l-Aj) 

M  h  “  + 1 

00  0 

MH"  (l+Dl-Bl) 

hi 

A1 

L 

P 

coth  K 1 
h  *1 

2 

W1 

-r1-  K  tanh  K, 
hi  1 

Whci'e 

2  tiinh  K  ] 

A1  K,  i) 

f>  2  *  Kj  sinh  -  cosh 

®1  z  2 

Kj  1)  cosh 

-I  cosh  K  -  1 

C  * — - * 

1  2  2 

K  j  ftj  -  1)  cosh 


4  2  sinh  K  -  K 

Di  “  —3 — 2 - — - 

Ki  ^i  ■ x)  cosh  Ki 

-  1.84 


This  mechanical  analogy  exactly  duplicates  the  forces  and  moments  determined  from  the  hydrodynamic  solution 
and  accurately  reproduces  the  fluid  oscillations,  insofar  as  the  assumptions  made  for  the  hydrodynamic  solution 
are  accurate,  viz. ,  an  incompressible,  ir rotational  fluid  with  only  small  disturbances  being  admitted. 


Usually,  only  the  fundamental  mode  of  oscillation  is  considered,  since  the  sloshing  masses  for  the  succeedingly 
higher  modes  have  less  and  less  influence.  This  property  can  be  seen  from  examination  of  the  force  equation 
in  the  following  form: 

A  s  x 

F  -  **  s  x  M  +  2  M  ~ - ; 

n  .2  2 


-  s  x  M 


h  l 

1  tanh  (4  — )  s  x 
n  a 


<C  -  11  (t„  "n  (1 


_s!_ 

c 0  2 


(A-3) 
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If  now  the  damplng-llmlted  peaking  for  the  higher  modes  Is  no  greater  than  with  the  fundamental,*  then  the  forces 
at  resonance  for  these  modes  (s2:  =  -  u2)  are  proportional  to: 


(tanh 


«nh  ,2 


One  can  see  that  for  higher  modes  (4^  =  1. 84,  5.335,  8.535,  11.705.  +  rr )  the  hyperbolic  tangent  in  the 

numerator  approaches  unity  and  therefore,  the  force  will  vary  as  1/(4^  -  1). 

Another  argument  in  support  of  disregarding  the  higher  modes  rests  upon  the  fact  that  test  experience  Indicates 
a  great  deal  of  turbulent  mixing  accompanies  high  frequency  tank  oscillations.  This  can  be  illustrated  by  ob¬ 
serving  the  motion  for  steady  state  and  the  first  two  propellant  modes  sketched  in  Figure  A-7.  The  increased 
fluid  mixing  makes  it  difficult  to  display  iho  higher  modes  except  under  careful  "laboratory"  conditions.  It  also 
indicates  that  dissipation  (damping)  effects  for  the  higher  modes  are  greater,  further  reducing  their  significance 
in  control  analysis . 


<L 


STEADY  STATE 


n  -  1 


n  =  2 


Figure  A -7.  Sketches  of  the  First  Few  Mode  Shapes  (Cylindrical  Tank) 

Of  great  practical  significance  is  the  fact  that  the  maximum  amplitudes  and,  hence,  velocities  of  the  fundamental 
mode  occur  adjacent  to  the  tank  walls. 


Curves  representing  the  parameters  ir.  nondimeneional  form  versus  the  aspect  ratio,  h/a,  are  given  in  Figures 
A-8  and  A-9.  Values  of  the  constants  given  in  Table  A-l  versus  the  ratio,  h/a,  are  given  in  Tables  A -2,  A -3, 
and  A-4  for  the  first  three  sloshing  modes. 


♦Experiments  bear  out  this  assumption,  there  being  greater  turbulent  mixing  for  the  higher  modes. 
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Figure  A-8.  Nondimensional  Sloshing  Parameters  for  Pendulum  Analogy 
for  a  Circular,  Cylindrical  Flat-Bottom  Tank  (n  =  1)  (a) 


Figure  A-9.  Nondimensional  Sloshing  Parameters  for  Pendulum  Analogy 
for  a  Circular,  Cylindrical  Flat-Bottom  Tank  (n  =  1)  (b) 


'Circularly  Cylindrical  Flat-Bottom  Tank 


Table  A-3.  Nondimensional  Constants  Used  in  Mechanical  Analogies*(Seeond  Mode)  (n  =  2) 
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The  forces  and  moments  produced  by  an  analogous  spring-mass  and  rigid-mass  system,  as  shown  in  Figure 
A-10,  are  also  equivalent  In  form  to  those  of  the  hydrodynamic  equations.  They  may  be  written  as: 


F  =  -s“xM  -s  8hM  +  2  k  Y 
o  o  o  n  n  n 


-  -  s2xh  M  -  s20  (M  h  2  +  I  )  •  2  k  h  Y  +  £  M  a  Y 
oo  oo  o  nnnnnnin 


(b  +  w  )  Y  =  • 
li  n 


s2x  +  s"9  h 

n. 


Again,  in  a  term-by-term  comparison  between  Equations  (A-l)  and  (A -4),  the  analogous  parameters  are  obtained. 
They  are  presented  in  nondimensional  form  in  Table  A-5,  and  curves  representing  theso  parameters  vorsus  the 
ratio,  h/a,  are  given  in  Figures  A-ll  and  A-12.  In  order  for  a  mechanical  analogy  (pendulum  or  spring-mass 
systom)  to  reproduco  the  moments  from  the  hydrodynamic  solution  at  low  fluid  levels  (h  <  2a),  the  mechanical 
elements  must  be  placed  above  the  fluid  free  surface.  This  peculiar  effoet  does  not  affect  accuracy  in  rigid  body 
studies;  it  does,  however,  Introduce  errors  when  making  flexible  missile  studies. 
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Tablo  A -5.  First  Mode  Sloshing  Parameters  for  Spring  Mass  Analogy 
Circularly  Cylindrical  Flat-Bottom  Tank 


MECHANICAL 

HYDRODYNAMIC 

M  +  M, 
o  1 

M 

Mf 

MA 

M 

o 

M  (1  -  A.) 

S 

"(I1  -  T1 ) 

h 

o 

(1  -  Ax) 

M  h  2  1 1 

0  0  o 

Mh2(|  +Dx  -Bj) 

k 

“lMl 

2 

wi 

tanh  K 
a  1 

whore  the  constants  are  given  in  Table  A-l. 


A3. 3  Flexible  Wall  Vessels.  For  flexible  missile  studies  it  is  desired  that  the  forces  and  moments  derived 
from  the  mechanical  analogy  act  at  points  on  tho  missile,  corresponding  to  those  of  tho  forcoB  and  moments  as 
derived  from  a  hydrodynamic  solution. 

Certain  exact  solutions  to  the  flexible-wall  problem  exist  in  the  literature  (A -4),  (A-5),  (A— 6) .  However,  their 
application  in  general  control  system  studies  is  by  no  means  direct.  Hence,  it  appears  desirable  to  be  able  to 
employ  the  relatively  simple  rigid-walled  tank  solution  to  the  flexible-walled  tank  problem.  Actually,  such  an 
application  is  very  easy  and  direct;  and,  intuitively,  it  appears  to  be  reasonably  sound  for  deep  tank  liquid  levels. 
However,  at  low  liquid  levels  the  median ical  elements  appear  above  tho  liquid  surface  when  using  the  rigid  tank 
pendulum  (or  spring-mass)  analogies  as  above.  Therefore,  a  third  analogy  is  now  presented  (A-7).  This  ana¬ 
logy  is  similar  to  the  above  spring-mass  analogy  except  that  a  pure  couple  is  applied  at  tho  tank  bottom.  This 
moment  is  justifiable  because  the  pressure  distribution  along  the  bottom  in  the  hydrodynamic  solution  produces 
a  couple  only.  The  effect  of  introducing  this  moment  is  to  lower  the  spring-mass  and  rigid  mass  elements  so 
that  they  aci  at  wetted  tank  wall  stations  for  all  liquid  levels.  In  order  to  determine  iho  forces  and  moments  for 
such  a  mechanical  analogy,  the  forces  and  moments  obtained  from  the  rigid  tank  hydrodynamic  solution  are  re¬ 
written  here  in  a  slightly  different  form.  The  moment  '""ins  are  grouped  according  to  whether  they  arise  from 
side  wail  pressures  or  from  pressures  on  the  tank  bottom,  the  latter  producing  a  pure  couple. 

F  =  -  s2  xM  -  s2fl  Mh  (-)  -  s2  2  MA  YF 
2  n  n  rn 

*■*.>*, 
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0  0.5  1.0  1.6  h  2.0  2.5  3.0  3.5 


a 


Figure  A-12.  Nondlmonslonal  Sloshing  Parameters  for  Spring  Mass  Analogy 
for  a  Circular,  Cylindrical  Flat-Bottom  Tank  (n  =  1)  (b) 


where 


W  =  moment  from  side  wall  ,  \ 

w  ,  ,/  si2  \ 

-S2x  Mh  (i)  -  SZ  9  £  Mh2  -it  C'  +  D'  -B  -  s2  £  Mh  B  Y,.. 

'2  n  V  3  n  n  n  ^2  J  n  n  ‘  n 


^  ^  “  moment  from  tank  bottom  (pure  couple) 


=-s2  x  Mh 


(£) 


/  Q*  ^  \  Q1 

s20  2  Mh2  ID'  +  —  —  )  +  s2  Z  Mh  -7- 
11  \  r.  2  2  /  n  2 


(A-5) 


(s2  +  w2)  YF  ■»  - 
n  *n 


/  52  x_l 

S2X  +  h28  h 

\  *«  /  -a 


The  mechanical  analogy  is  identical  in  arrangement  with  that  of  Figure  A -10,  but  with  the  addition  of  a  pure 
couple  term,  ^orces  moments  for  the  mechanical  analogy  are  written  as:* 


*  Prime  values  have  been  used  for  the  positioning  of  mechanical  elements  to  distinguish  them  from  the  rigid 
wall  tank  analogy . 
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F  =  -  a“x  (M  +  £  M  )  -  s  6  (M  W  11M  h'  )-b  2YM 
on  n  oonnn  nnn 


s2x  (M  h '  +  £  M  h'  )  -  s"’e  (M  li'  2  H'  +  £  M  h'  2  )  -  i 
oonnn  o  0  o  nnn 


2YM  h’  + 
n  n  n  n 


s2flhn] 


Tho  rotational  acceleration  term  in  the  hydrodynamic  solutions  D  cither  may  be  ignored,  since  it  is  very 
small,  or  it  may  bo  combined  with  the  rotational  acceleration  term  for  the  moment  from  the  tank  wall.  If  this 
latter  course  is  chosen,  the  analogous  mechanical  system's  first  mass  moment  or  inertia  becomes  the  same  as 
that  used  in  the  spring  mass  analogy  of  Section  A3. 2  (but  does  not  affect  the  positioning  of  the  mechanical  ele¬ 
ments).  The  analogous  moment  applied  to  the  tank  bottom,  rearranged,  becomes  for  the  first  mode: 


Y  +  Mil  -- 


=  M  O'  Y  '  M  s"  Y  , 
11  c 


where  , 

L  1  l»2  2 

M  5  Mh  — —  and  M  a  M  -  os . 

o  2  I  T  ‘ia  i 

This  is  tile  result  employed  in  the  main  body  of  the  re|x>rt  for  tile  flexible  vehicle  equations. 

Again,  through  a  term-by-term  comparison  between  liquations  A -5  and  A-C,  the  analogous  parameters  arc  ob¬ 
tained.  They  are  presented  in  Table  A -6,  for  the  first  mode  only.  Curves  representing  these  nondimcnsionaliand 
parameters  versus  h/a  are  given  in  Figures  A-13  and  A-14. 

Plots  of  the  noudtmcnslonalized  force  and  moment  as  functions  of  h/a,  derived  from  flic  spring-mass  analogy  in 
a  flexible-walled,  circular,  cylindrical  tank  bending  in  a  parabolic  mode  shape,  are  given  in  Figures  A-15  and 
A-lfi.  The  dotted  curves  represent  the  forces  and  moments  of  the  liquid  in  a  circular,  cylindrical  tank  due  to  an 
exact  solution  for  this  problem,  according  to  Baud'  (A -4),  while  the  solid  curves  represent  the  forces  and  mo¬ 
ments  derived  from  the  mechanical  spring-mass  analogy.  As  can  I  sc  soon,  the  mechanical  spring-mass  analogy 
closely  approximates  the  exact  forces  and  moments  on  the  tank. 

A3. 4  Noncylindricai  Tanks.  Up  to  this  point  we  have  considered  only  cylindrical  tanks  with  flat  bottoms  and  cir¬ 
cular  cross  sectional  areas.  For  this  type  of  tank,  we  have  presented  parameters  for  two  mechanical  analogies 
that  can  be  used  to  reproduce  tile  forces  and  moments  due  to  liquid  oscillations  in  rigid-wall  tanks.  We  have  also 
discussed  the  applicability  of  the  analogy  to  flexible-wall  tanks.  The  question  now  arises  as  to  how  to  reproduce 
the  forces  and  moments  produced  by  liquid  oscillations  in  tanks  of  other  sluqws. 

Considering  noncylindricai  missile  tanks  with  circular  transverse  cross  sectional  areas,  the  leading  shapes  are 
oblate  spheroids,  with  the  sphere  as  a  special  case.  Also  included  in  tins  category  are  those  cases  of  low  liquid 
levels  in  tanks  with  nonfiat  bottoms.  These  include  conical,  spheroidal,  inverted  spheroidal  and  other  shapes. 

A  solution  to  the  hydrodynamic  equations  of  motion  is  found,  and  the  parameters  for  an  equivalent  pendulum  anal¬ 
ogy  are  determined,  by  A.  H.  Hausrath  (A-ti)  for  oblate  spheroids  He  determines  a  series  solution  consisting 
of  Legendre  polynomials,  by  means  of  the  Haylcigh-Uitx  approach.  Free  vibration  and  lateral  translational  vi¬ 
bration  only  ale  treated.  Curves  of  these  parameters  for  tanks  of  various  eccentricity  are  presented  in  Figures 
A-17,  -18  and  -19. 
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Table  A-6,  First  Mode  Sloshing  PararaetorB  For  Spring  Mass  Plus  a  Couple  Analogy 
Circularly  Cylindrical  Flat-Bottom  Tank 


where  A^  C^  are  defined  in  Table  A-l,  and 

1  +  K  sinh  K  -  cosh  K 

g  =  _£ _  •  _ 1 _ *  _ _* 

‘  ({j2  -  1)  cosh  Kj 


Kt2  (5X2  -  1)  cosh  Kj 
4  «lnh 

Kj3  (|j2  -  1)  cosh 


Bottom  Couple: 

First  form  (rotational  acceleration  terms  included) 


b  xMh 


/  2  \ 

(n?) 


-  s  9  Mh 


c;ci 

D'  +•— — - 

1  2  Aj 


..  C' 
s“  Mh  Y 


Second  form  (for  which  IQ  from  Figure  A-12  and  Table  A-5  is  used) 


M  «  Y  +  M  s  Y;  M  =  Mh  C  ’/2 
I  T  c  e  1 
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_  NONDIMENSIONAL  FORCE  DERIVED  FROM  SPRING-MASS 

MECHANICAL  ANALOGY. 

NONDIMENSIONAL  FORCE  DERIVED  FROM  EXACT 
SOLUTION  ACCORDING  TO  BAUER  (A-4) . 

Figure  A-15.  Comparison  of  Exact  and  Approximate  Hydrodynamic  Force 
on  Tank  Walls  Duo  to  Bending 


NONDIMENSIONAL  MOMENT  DERIVED  FROM  SPRING-MASS 
MECHANICAL  ANALOGY. 

NONDIMENSIONAL  MOMENT  DERIVED  FROM  EXACT 
SOLUTION  ACCORDING  TO  BAUER  (A-4) . 

Figure  A-10.  Comparison  of  Exact  and  Approximate  Hydrodynamic  Moment 
on  Tank  Wall  Due  to  Bending 
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Figure  A-17,  Sloshing  Parameters  for  the  Pendulum  Analogy  in  an  Elliptical 
Tank  (c  0.111),  First  Mode  (n  -  1) 

An  Integral -cquuti on  approach  has  been  used  by  Hudiansky  (A -9)  to  determine  the  natural  modes  and  frequencies 
of  small -amplitude  sloshing  of  liquids  in  partially  filled  circular  canals  and  spherical  tanks.  The  circular  canal 
is  analyzed  for  arbitrary  depths  of  liquid,  while  the  sphere  is  solved  only  for  the  nearly  full  and  half-full  cases. 
The  results  for  the  sphere,  together  with  the  known  behavior  for  the  nearly-cmpty  case,  are  used  In  conjunction 
with  the  trends  established  for  the  circular  canal  as  a  basis  for  estimating  frequencies  for  arbitrary  depths  of 
liquid  in  the  spherical  canal.  The  frequencies  thus  determined  agree  with  those  determined  by  Hausrath  for  the 
spherical  tank.  Bud i an skv  discusses  the  dynamic  analysis  of  the  container-fluid  system  by  means  of  the  inode- 
superposltion  approach,  and  modal  parameters  required  in  such  analyses  are  presented. 

For  the  case  of  a  conical  tank,  J.  W.  Green  (A -10)  and  J .  Harper  (A  -11)  both  present  solutions  to  a  tank  of  cir¬ 
cular  transverse  cross  section.  Harper  solves  the  hydrodynamic  equations  of  motion  for  a  liquid  in  a  cone  with 
a  45-degree  semi -vertex  angle.  He  derives  an  equivalent  pendulum  analogy  that  duplicates  the  hydrodynamic 
forces  and  moments.  The  parameters  for  such  an  analogy  are  presented  in  Table  A -7. 

Trembath  (A -12)  presents  a  mathematical  model  for  the  response  to  liquid  oscillations  in  tanks  of  arbitrary 
shape.  An  incompressible,  irrotational  fluid  is  assumed,  and  only  linear  effects  are  considered.  Rotation 
about  the  longitudinal  axis  is  not  permitted.  The  response  is  given  in  the  form  of  integral  equations  for  forces, 
moments,  and  wave  heights.  The  equations  must  be  evaluated  numerically  for  specific  tank  shapes. 
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7a"2  -  b2  6  =  0.866 

- - -  a  =  SEMI-MAJOR  AXIS 

b  =  SEMI-MINOR  AXIS 


2b 

Figure  A -19.  Sloshing  Parameters  for  the  Pendulum  Analogy  in  an  Elliptical 
Tank  (o  0.866),  First  Mode  {n  =>  1) 


Figure  A-20.  Geometry,  First  Mode  Sloshing  Parameters  for  a 
45- Degree,  Half-Angle  Cone 
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A3.S  Approximate  Solutions  for  Vessels  that  are  Bodies  of  Revolution.  The  case  often  arises  where  the  exact 
solution  for  the  hydrodynamic  equations  of  motion  does  not  exist  or  is  not  readily  available.  If  a  solution  does 
■exist,  It  may  not  be  In  a  form  that  is  readily  adapted  for  computation.  Therefore,  It  Is  desirable  to  have  some 
method  of  computing  the  approximate  parameters  for  a  mechanical  analogy  directly  from  a  given  tank  shape. 

A  method  for  approximating  the  parameters  for  a  mechanical  analogy  that  reproduces  the  forces  and  moments  due 
to  liquid  oscillations  Is  available  hi  the  "equlvalent-cyllndrlcal-tank-wlth-an-equlvalent-bottom"  analogy,  The 
"sloshing"  parameters  for  spring-1*1488  or  pendulum  analogies  may  be  found  as  a  function  of  liquid  depth  from  an 
"equivalent  flat  bottom  cylinder".  This  mathematically  equivalent  tank  (shown  In  Figure  A -21  for  a  spheroid)  is 
a  cylinder  generated  at  Incremental  liquid  depths  of  the  original  tank  by  conserving  the  free  surface  area  and  vol¬ 
ume  of  the  two  tanks  (original  and  equivalent),  The  "sloshing"  parameters  are  then  generated  for  the  equivalent 
cylindrical  tank,  at  various  liquid  levels,  from  ono  of  tho  rigid>wall  tank  mechanical  analogies  presented.  (The 
special  rigid-wall,  spring-mass  analogy ,  as  modified  for  flexible-wall  problems,  should  not  be  used,  however). 
Tanks  of  other  shapes  are  handled  In  a  like  manner. 


Figure  A-21.  Equivalent  Cylindrical  Analogy  for  an  Oblate  Spheroid 

A3. 6  Rotation  Produced  by  Translation  (Swirl).  For  stability  analysis  It  has  been  customary  to  ignore  the  non¬ 
linear  terms  in  the  Kavler-Stokes  equation,  on  the  supposition  that  the  motions  to  be  studied  were  infinitesimally 
small.  It  has  also  been  assumed  that  tire  viscous  terms  could  be  dropped  inasmuch  as  the  viscous  effects  for 
slightly  viscous  liquids  are  confined  to  a  narrow  region  in  the  vicinity  of  the  fluid  boundary.  It  was  observed  dur¬ 
ing  the  course  of  experiments  designed  to  check  the  linear  non-viscous  theory  that  when  the  forcing  frequency  was 
In  the  neighborhood  of  the  natural  frequency,  the  liquid  departed  from  a  planar  motion,  and  a  rotational  wave  was 
observed  to  wash  around  the  boundaries.  R.  li.  Berlot  (A-13)  concluded,  after  a  study  of  this  phenomenon,  that 
any  slight  departure  of  the  center  of  gravity  of  tho  fluid  from  the  plane  containing  the  axis  of  the  tank  (a  cylinder 
In  his  studies)  and  the  driving  vector  will,  by  the  action  of  centrifugal  force,  be  amplified  until  an  equilibrium  is 
reached  between  the  action  of  centrifugal  force  and  that  of  gravity.  Tho  center  of  gravity  of  the  liquid  will  move 
in  an  orbit  about  the  axis  of  the  tank,  and  the  angular  momentum  will  be  carried  by  a  vortex.  Berlot  also  dis¬ 
cusses  the  results  of  digital  and  analog  computer  studies  made  to  determine  the  response  of  a  conical  pendulum 
to  a  driving  force.  These  studies  revealed  the  presence  of  boundaries  between  the  regions  where  the  oscillations 
of  the  pendulum  are  confined  to  the  plane  of  the  external  driving  force  and  the  regions  where  rotary  motion  re¬ 
sults  from  the  planar  driving  force.  These  boundaries  appear  at  or  near  the  point  where  the  driving  frequency  is 
the  same  as  the  natural  frequency  of  oscillation. 

This  effect  may  be  reproduced  quite  accurately,  using  the  mechanical  analogies  already  presented.  For  small 
amplitudes  the  motion  of  a  conical  pendulum  may  be  duplicated  by  superposition  of  the  response  of  two  simple 
pendulums  or  spring-mass  systems  mounted  perpendicularly  to  each  other.  The  slosh  planes  of  these  two  pendu¬ 
lums  are  usually  considered  fixed  in  inerttal  space,  unable  to  rotate  with  the  bank  about  its  longitudinal  axis. 
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Thls  model  is  restricted  to  tanks  of  revolution  whose  center  lineB  coincide  with  the  vehicle's  longitudinal  axis. 

Of  course,  if  section  baffles  or  similar  pieces  of  construction  are  present  in  the  tank  or  if  clustered  tanks  are 
used,  rotation  of  the  liquid  about  the  vehicle's  longitudinal  axis  is  Impaired. 

A3. 7  Empirical  Verifications  and  Other  Data.  It  is  often  quite  reasonable  and  accurate  to  determine  the  forces 
and  moments  produced  by  liquid  oscillations  in  a  contained  vossel  by  tests  with  the  actual  tank  or  a  scale  model. 

H,  W,  Abramson  and  G.  Ransleben  (A-14)  present  a  method  for  determining  the  parameters  for  a  scale  model 
tank  that  can  be  used  to  study  the  liquid  oscillations  in  a  prototype  tank.  The  method  presented  uses  dimensional 
analysis  to  determine  the  ratio  of  the  model  physical  parameters  to  those  of  the  prototype. 

As  can  be  expected,  the  ratios  of  the  liquid  depth,  excitation  amplitude,  and  diameters  are  all  equal.  If  viscosity 
is  neglected,  the  ratio  of  the  diameters  divided  by  the  ratio  of  the  longitudinal  accelerations  equals  the  ratio  of 
the  time  constant  squared.  The  reciprocal  of  the  time-constant  ratio  equals  the  frequency  ratio. 

In  any  test  dosigned  to  determine  the  response  of  a  liquid  in  a  tank  to  external  forces,  care  must  be  taken  to  mini¬ 
mize  coupling  effects  between  the  sloshing  liquid  and  the  tank  support  structure.  Various  methods  have  been  de¬ 
vised  that  show  an  acceptable  solution  to  this  problem  (A-15,  A-16  and  A-17). 

A3. 7.1  Verification  of  Analytical  Studies.  Tests  have  been  conducted  to  determine  and  verify  the  forces,  mo¬ 
ments,  and  frequencies  of  oscillation  of  a  liquid  in  a  contained  vessel.  Some  of  the  notable  tests  have  been  con¬ 
ducted  hy  ,1.  L.  McCarty  and  D.  G.  Stephens  (A-18,  -19)  under  the  auspices  of  the  National  Aeronautics  and 
Space  Administration.  In  these  tests  excellent  agreement  is  shown  between  the  experimental  data  and  the  results 
of  available  theory.  Useful  plots  of  a  nondlmenslonal  frequency  parameter  versus  aspect  ratio  are  given  for  the 
first  three  modes  of  slosh  In  spheres,  horizontal  circular  cylinders  (transverse  and  longitudinal  modes),  upright 
circular  cylinders,  and  toroidal  tanks  in  three  different  orientations.  No  data  is  given  to  compare  the  forces  and 
moments. 

For  a  spheroid  the  results  in  general  show  that,  above  the  half-full  condition,  the  natural  frequencies  of  the  first 
two  modes  of  a  liquid  in  a  spheroid  of  semi-major  axis,  a,  are  approximately  equal  to  those  in  a  sphere  of  radius, 
a.  However,  at  lower  depths  the  frequency  is  reduced  appreciably.  For  the  first  mode,  whon  the  tank  is  near 
empty,  the  frequency  approaches  the  frequency  of  a  simple  pendulum  of  longth  equal  to  the  radius  of  curvature  of 
the  tank  wall. 

A3. 7. 2  Inherent  Damping.  K.  M.  Case  and  W.  C.  Parkinson  (A-20)  conducted  an  investigation  of  the  damping  of 
surface  waves  in  right  circular  cylinders  with  smooth  walls.  The  question  of  interest  was  the  dependence  of  the 
damping  on  cylinder  height  and  radius,  and  the  viscosity  of  the  contained  fluid.  Their  results  indicate  that  the 
inherent  damping  Is  the  sum  of  the  free  surface  damping,  side  wall  wiping  damping,  and  the  bottom  scrubbing 
damping.  These  damping  terms  are  givon  by: 

(Free-surface  damping) 
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From  tttelr  studies,  two  remarks  axe  la  order: 

a.  The  damping  is  raifcir  independent  of  the  shape  of  the  cylinder  cross  section.  Thus,  cne  difference  between 
the  result  for  a  circular  oylinder  and  for  a  square  cylLnder  of  the  same  cross-sectional  area  is  less  than  20 
percent. 

b.  The  free-surface  damping  is  smr.ll  compared  to  the  wall -wiping  damping  -  particularly  for  large  cylinders. 

A3. 7. 3  Mechanical  Baffle  Damping.  Several  approaches  exist  which  could  preclude  excessive  in-flight  sloshing 
of  liquids  in  smooth-walled  tanks  of  missiles.  The  control  system  designer  could  resort  to  complex  filtering 
methods  or  to  the  use  of  additional  feedback  loops  using  sensors  that  detect  propellant  motion.  The  objective 
would  be  to  adjust  the  control  system  phase  in  tho  neighborhood  of  the  sloshing  frequency  (see  Section  2) .  How¬ 
ever,  such  an  approach  is  not  practicable  because:  1)  the  reliability  of  such  complex  filtering  or  auxiliary  sens¬ 
ing  would  be  questionable,  2)  the  vehicle  and  tank  properties  change  radically  over  the  course  of  the  flight;  thus  a 
complicated  programming  system  would  be  required  to  provide  an  effective  control  system  at  all  flight  instants . 

The  solution  employed  In  practice  to  stabilize  vehicles  having  a  divergent  mode  of  oscillation  is  to  install  baffles. 
Installation  of  suitable  mechanical  baffles  can  introduce  the  desired  amount  of  damping,  but  only  If  a  certain 
limit-cycle  oscillation  amplitude  can  be  tolerated.  That  this  limit-cycle  amplitude  Is  necessary  Is  seen  from  the 
fact  that  baffle  damping  Is  amplltudo-dependent  (see  following  discussion).  Hence,  to  obtain  damping  sufficient 
to  provent  excessive  slosh  buildup,  some  slosh  amplitude  must  bo  accepted.  The  other  chief  disadvantage  of 
mechanical  baffles  Is  the  weight  penalty  Involved.  It  can  be  shown,  however,  that  the  weight  of  fixed-ring  baffles 
is  by  no  means  excessive. 

The  amount  of  internal  (passive)  damping  of  '(quid  oscillations  provided  by  fixed-ring  baffles  has  been  approxi¬ 
mated  as  a  function  of  tho  sloshing  amplitude  for  given  baffles  In  a  given  tank  by  J .  W.  Miles  (A -21).  Ills  formula 
is: 


(A-10) 


Tho  areas  indicated  are  plan  areas  of  tho  tank  cross  section  and  annular  ring.  Another  formula  presented  by 
J.  W.  Miles,  based  upon  an  alternate  set  oi  assumptions,  is: 
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Each  of  the  above  equations  has  been  supported  to  some  degree  by  test  data  (after  proper  empirical  choice  of  the 
constant,  K,  or  K1).  The  constant,  K  in  Equation  A-10  as  given  by  E.  D.  Geissler  (A -22),  has  a  value  between 
2.25  and  4.5.  J.  W.  Miles  suggests  a  value  of  three.  H.  F.  Baer  (A-23)  predicts  that  the  constant  K*  has  a 
value  of  six  -  a  value  which  agrees  very  closely  with  experimental  findings  at  Convatr- Astronautics,  at  least  for 
relatively  small  baffle  areas  and  damping  values. 

While  the  damping  of  fixed-ring  bafflesjian  be  estimated  by  Miles'  formulae,  a  more  exact  procedure,  especially 
for  baffles  other  than  flat  annular  rings,  is  the  investigation  of  sloshing  motions  in  model  tests.  For  these  tests 
model  laws  require,  according  to  H.  W.  Abramson  (A -14),  that  the  following  relationship  between  diameter, 
acceleration  field,  viscosity  and  density  ratios  be  fulfilled: 


This  relationship  is  valid  if  surface  tension  is  neglected.  Acceleration  on  the  ground,  being  lower  than  that  ex¬ 
perienced  in  flight,  requires  larger  model*.  Use  of  heavy  liquids,  however,  permits  simulation  of  high  acceler¬ 
ations  with  reasonably  small  models. 
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The  pressure  In  equivalent  feet  of  liquid  head 
to  be 
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applied  to  the  fixed-ring  baffle,  according  to  J.  W.  Miles  Is  found 
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APPENDIX  Ai 

ELASTIC  PROPERTIES  OF  VEHICLES 
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SYMBOLS  USED  IN  APPENDIX  A4 

Symbol  Definition  Unite 

CaU!(x,4)  Influence  function;  angular  rotation  at  station  x  due  to  a  unit  moment  at  station  r,  1/ft  lb 

(x  6 

C  (x,£)  Influence  function;  angular  rotation  at  station  x  duo  to  a  unit  lateral  force 

at  station  £  1/lb 

d  (a 

C  (xf  4)  influence  function;  lateral  deflection  at  station  x  due  to  a  unit  moment  at 

station  £  ft/ft  lb 

C66  (x,$)  influence  function,  lateral  deflection  at  station  x  due  to  a  unit  lateral  force 

at  station  £  ft/lb 

m  (x)  distributed  mass  per  unit  length  slugs/ft 

p  (x,t)  distributed  external  lateral  force  per  unit  length  lb/ft 

r(x,t)  distributed  external  moment  per  unit  length  ft  lb/ft 

u(x,t)  displacement  function  ft 

p(x)  distributed  rotary  inertia  per  unit  length  lb  sec*’ 

rjj  mode  shape  (eigenfunction)  for  i^1  mode  N.D. 


Matrix  Symbology 


ctet  I 

“  C..  I  where  Is  an  influence  coefficient  which  represents  the 

angular  rotation  at  the  itl1  mass  station  due  to  a  unit  moment  applied 
at  the  mass  station 

|V*6  where  is  an  influence  coefficient  which  represents  the 

angular  rotation  at  the  i*^  mass  station  due  to  a  unit  lateral  force 
applied  at  the  mass  station 

f  firv  I  ,  Hot 

J  who  re  is  an  influence  coefficient  which  represents  the 

lateral  deflection  at  the  i^1  mass  station  due  to  a  unit  moment  applied 
at  the  j1*1  mass  station 


=  Cf.  where  C?.^  is  an  influence  coefficient  which  represents  the 

L  ij  J  ij 

lateral  deflection  at  the  i111  mass  station  due  to  a  unit  lateral  force 
applied  at  the  jth  mass  station 


“  m  .  m  . . . . . . .  ;  dia 

12  i  n  J 

-  a, ,  a  . ...  ,/i. ....  |  ;  diagon; 

\  2  i  n  i 


diagonal  matrix  of  n  discrete  masses 


;onal  matrix  of  n  discrete  rotary  inertias 


,  p  I  ;  column  vector  representing  external  lateral 


forces  ut  n  discrete  stations 


1/ft  lb 

1/lb 

ft/ft  lb 

ft/lb 

slugs 
slug  ft2 
lb 
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SYMBOLS  USED  IN  APPENDIX  A4  (Continued) 


Symbol 

Definition 

Units 

R(n,  1) 

=  |ri'r2 . V- 

n  discrete  stations 

. ,  r^  j  ;  column  vector  representing  external  moments  at 

ft  lb 

V 1) 

=  ivu2 . V” 

discrete  stations 

.  .u^  j  ;  column  vector  representing  displacements  at  n 

ft 

X(n,l) 

=  h,x2 . v- 

» »x  ;  column  vector  defining  locations  of  discrete 
n  * 

ft 

mass  stations 

V.l) 

=  Jl.1,1 . 1,... 

,  1 1  ;  unit  vector 

N.D. 

Special  Notations 


"prime"  denotes  differentiation  with  respect  to  x 

"dot"  denotes  differentiation  with  respect  to  t 

"asterisk"  denotes  the  transpose  of  a  matrix 

denotes  any  null  matrix.  The  order  Is  dependent  on  the  particular 
senso  in  which  it  is  used,  i.e. ,  the  order  must  ho  consistent  with 
Its  usage . 
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A4. 1  General.  It  was  shown  in  paragraph  3. 3  of  Seotion  3  that  the  normal  bending  modes  (and  their  associated 
frequencies)  for  the  unrestrained  vehicle  are  obtained  by  solving  the  set  of  homogenous  algebraic  equations: 


ui|  =  "2  [‘ 


l  f  M4  l 

l». 

J  L  |1 

J 

(A-14) 


Here  the  matrix,  C(j,  is  the  matrix  of  flexibility  influence  coefficients  for  the  free-free  (floating)  beam;  deflec¬ 
tions  are  measured  relative  to  the  centroidal  principal  axis .  It  may  bo  shown  that  this  matrix  derives  directly 
from  the  symmetric  flexibility  Influence  coefficient  matrix,  Cjj,  where  deflections  are  measured  relative  to  an 
arbitrary  lino  within  the  structure.  In  general  this  matrix  includes  coefficients  relating  both  translation  and  ro¬ 
tation  to  linear  forces  and  couples . 


In  Section  3  it  was  noted  that  the  differential  equations  of  forced  vlbralon  for  a  continuous  system  are  replaced  by 
their  matrix  counterparts  (see  Equations  3-7  and  3-9)  which  represent  a  lumped  parameter  system.  Some  judg¬ 
ment  must  be  exercised  when  choosing  the  number  and  locations  for  these  discrete  mass  stations.  It  has  been 
found  that  the  required  number  of  mass  stations  should  be  approximately  ten  times  the  number  corresponding  to 
the  highest  elastic  bending  mode  to  be  calculated.  For  example,  if  three  elastic  bending  modes  are  to  be  calcul¬ 
ated,  then  approximately  thirty  mass  stations  are  required  to  represent  adequately  the  bending  dynamics  of  the 
third  mode.  This  criteria  has  been  established  empirically  by  calculating  mode  shape,  frequency,  and  general¬ 
ized  mass  corresponding  to  the  first  three  elastic  bending  modes  for  typical  vehicle  configurations  In  which  the 
numbers  of  mass  stations  used  were  successively  increased  from  eighteen  to  forty.  As  expected,  the  accuracy 
Increased  as  additional  stations  were  utilized,  Howover,  It  was  observed  that  no  further  significant  increase  in 
accuracy  was  achieved  by  using  more  than  thirty  mass  stations. 


A4. 2  Tabulation  of  Basle  Data  and  the  Mathematical  Model,  The  basic  data  required  for  the  calculation  of  the 
natural  bonding  modes  consists  of:  1)  the  distributed  vehicle  Inertial  properties,  l.o. ,  running  mass  and  rotary 
inertial  distribution  and  2)  the  bending  and  shear  stiffness  distribution.  Note  that  only  rigid  masses  are  to  be 
included  in  this  distribution,  iliat  is,  only  those  masses  which  can  be  considered  to  act  as  an  integral  part  of  the 
unrestrained  beam  during  Its  vibrations.  It  cannot  be  oi  oremphaslxcd  tlial  items  such  as  pumps,  equipment  pods, 
etc.  which  are  actually  mounted  elastically  to  the  main  structure  may  significantly  alter  the  bending  character¬ 
istics  of  the  higher  frequency  modes.  Whether  or  not  such  masses  are  to  be  treated  as  Integral  to  the  beam  or 
as  separate,  elastically  attached  masses,  dopends  upon  1)  whether  or  not  the  frequencies  of  the  body  modes  to  be 
computed  are  less  than  or  greater  than  the  mount  frequencies  of  the  discrete  masses,  and  2)  whether  or  not  these 
masses  are  great  enough  to  allect  the  resuit,  (in  this  connection  see  aiso  Subsection  A4.6,  below.) 

Figures  A-22  and  A-23  below  Illustrate  a  typical  set  of  curves  presenting  bending  stiffness,  El,  and  mass  distri¬ 
bution,  m(x),  as  a  function  of  vehicle  station  number.  Similarly,  curves  presenting  transverse  shear  stiffness, 
KG,  and  rotary  Inertia,  p(x),  as  functions  of  vehicle  station  number  arc  required.  From  these  data  a  table  such 
as  Table  A-8,  can  be  constructed.  The  significance  of  the  subscripts,  r,  and,  I,  will  be  clarified  in  the  following 
section.  However,  the  following  notes  aro  presented  at  this  point. 


a.  n  and  s  are  Independent,  with  n  <  s  +  1 

b.  For  each  x(  there  exists  nn  x^  which  is  numerically  identical. 

c.  There  is n one- to -olio correspondence tie  tween  ,  in. .  andp 

d.  There  is  one-to-one  correspondence  between  x  ,  El  ,  and  KG  . 

r  r  r 

The  matrix  of  structural  influence  coefficients,  C,  can  be  calculated  from  the  data  presented  in  the  first  four 
columns  of  Table  A-8.  The  matrix  C  is  called  a  flexibility  matrix,  and  the  paragraph  which  follows  presents  a 
method  for  its  calculation  by  a  process  of  triple  matrix  nniiLiplicaiiou. 


WADD  TR-61-93 
April  1961 


H 

>A 


VEHICLE  STATION  (FT) 

Figure  A-22.  Typical  Vehicle  Bending  Stiffness 


Figure  A -23.  Typical  Vehicle  Mass  Distribution 

A4.3  Flexibility  Matrix  for  a  Cantilever  Beam:  Statically  Determinate  Case.  A  cantilever  beam  subjected  to 
concentrated  forces  and  moments  at  discrete  stations  along  its  elastic  axis  is  shown  in  its  deformed  state  of 
equilibrium  in  Figures  A -24  and  A -25.  The  beam  is  considered  to  consist  of  "s"  elements  which  are  cascaded 
end  to  end.  The  bending  stiffness,  El,  and  shear  stiffness,  KG,  may  in  general  vary  in  an  arbitrary  manner 
throughout  the  length  of  the  beam.  However,  for  practical  purposes  it  is  usually  sufficient  to  assume  a  linear 
variation  between  the  boundaries  of  any  one  element. 

The  internal  elastic  restoring  forces  acting  on  the  r^1  element  (bending  moments  and  shears)  are  shown  in 
Figure  A -26. 

It  is  assumed  that  the  rl  element  is  chosen  so  that  no  external  forces  are  introduced  throughout  its  length;  that 
is,  the  external  forces  act  at  the  points  xP„i  and  xr.  We  define  a  load  vector  for  each  of  the  "s"  elements  by; 


r-1 


r-1 


(A-15) 


NOTE:  Within  Subsection  A4.3  a  different  notation  is  employed  for  applied  torque,  t,  and  for 
transverse  clastic  deflections,  y,  than  is  used  elsewhere  in  Appendix  A4.  It  appears  only  in 
this  specialized,  selfcontained  section  and  hence  should  cause  no  confusion. 


A- I  I 


Figure  A-25.  Displacement  Forces 
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Figure  A-2C.  Internal  Elastic  Restoring  Forces 

where  and  are  the  internal  clastic  bending  moment  and  shear  externally  applied  to  the  boundaries  ol' 

the  rth  element  acting  on  the  r-1  end  of  the  r1*1  element.  We  now  define  an  externally  applied  load  vector  for  the 
entire  beam  as: 


F  = 


=  [  Pl’  P2‘  •-•Vtl,V"-'tn  J  ' 


(A -16) 


Now,  since  tile  internal  elastic  restoring  forces  are  linear  combinations  of  the  externally  applied  forces,  we 
write: 


S  =  b  F  , 
r  r 

where  b  is  a  load  transformation  matrix.  The  matrix  b  takes  the  form: 


P  .  t  ,  t 

r  r,  r 

n  1  n 


(A-17) 


(A-18) 


The  matrix  br  Is  of  the  order  2  x  2n  and  has  been  partitioned  into  2n  vectors  of  order  2.  The  elements  of  the 
vectors  bj^  and  b*.  represent  the  internal  beam  shear  and  bending  moment  acting  on  the  r-1  end  of  the  r**1  ele¬ 
ment  due  to  a  unit  force  and  unit  couple  respectively  applied  externally  at  the  1th  station. 

We  next  define  a  displacement  vector,  v  ,  for  the  rth  element.  This  vector  defines  the  deflection  and  rotation  ol 
th  ^ 

r-1  end  of  the  r“  element  relative  to  tho  r  end  when  this  element  is  subjected  to  the  forces,  Sr.  These  displace¬ 
ments  are,  in  turn,  a  linear  combination  of  the  forces  producing  them,  specifically  ^  and  11^  .  We  express 

this  fact  as: 


where 


v  =  f  S  , 
r  r  i" 


r-1 


(A— 19) 


r-1  J 


The  displacements  <5r_i  and  9r_j  are  Illustrated  In  Figure  A-25.  The  matrix  fr  is  a  flexibility  matrix  for  an 
elemental  cantilever  beam.  As  shown  above,  fr  Is  of  order  2x2  and  is  defined  below.  We  have: 


66 


ct6 


(A -20) 


where 


66 


3  El 


r-1 


<>  "  4  V 


KG 


r-1 
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[  I  -  A  (A*  Dj  A)  1  A*  Dj  j 


CDj  u  =  1», 


(2n,  2n) 


and 


A 

(2n,  2n) 


Dl 

(2n,  2n) 


C 

(2n,  2n) 


0  D 


c6  6  cd« 


ca6  c"“ 


(A -26) 


Having  constructed  the  flexibility  matrix,  C,  as  outlined  In  the  previous  section,  tlm  matrix  of  coefficients  in 
Equation  A-26  is  constructed  by  straight-forward  matrix  operations. 


A  matrix  iteration  method  (Hef.  A-34  and  A-35)  for  calculating  the  dominant  eigenvalue  and  its  associated  eigen¬ 
vector  is  recommended,  duo  to  its  simplicity  and  becauso  it  appears  to  yield  results  as  accurately  and  rapidly  as 
any  of  the  various  methods  currently  employed.  Having  determined  the  dominant  eigenvalue,  and  its  correspond¬ 
ing  eigenvector,  i| 3,  of  the  matrix  (I  -  A  (A*  Dj  A)  1  A*  D|  )  C  Dj,  we  now  wish  to  determine  A. 4  and  ij  4. 

The  subscript  "3",  which  normally  refers  to  "third  mode",  is  used  to  emphasi'/.e  the  fact  that  the  first  two  modes 
are  the  rigid-body  modes  of  zero  frequency.  They  are  not  obtained  from  Equation  A-26,  having  been  "swept  out" 
earlier,  see  Section  3.  One  extremely  simple  technique  for  determing  '\j  and  is  to  proceed  as  follows.  We 
construct  a  new  matrix  by  calculating: 


”3  ”3*  DI 


,  where  ^  is  the  mode's  generalized  mass. 


The  new  matrix  defined  by  Liquation  A -27  is  now  added  to  the  original  matrix,  1  I  -  A  (A* 
The  "power  method"  will  now  yield  A4  and  f)4  when  applied  to  II  -  A  (A*  Dj  A)  3  A*  Dj  ] 
This  procedure  is  then  repeated  for  calculating  A,.,  r)5,  etc. 


(A -27) 

Dj  A)'1  A*  Dj  1  C  Dj. 

CDI  -if  ’>3"3*D3- 


A4.5  Evaluation  of  Modal  Calculation  Techniques.  The  purpose  of  this  Subsection  is  to  exhibit  the  effect  of 
transverse  shear  stiffness«and  rotary  inertia  on  the  calculation  of  the  natural  bending  modes  of  a  free-free 
(floating)  beam.  The  pertinent  data  used  and  the  curves  of  results  obtained  are  presented.  Also,  percent  error 
calculations  for  frequency,  generalized  mass,  and  maximum  deviations  from  the  base  curve  (the  most  compre¬ 
hensive  calculation  made)  are  presented.  A  discussion  of  the  results  and  the  conclusions  reached  are  also  in¬ 
volved. 


Deflection,  slope,  and  bending  moment  curves  were  calculated  and  plotted  for  the  first  four  natural  modes  of 
vibration  for  one  large  booster  configuration,  using  the  following  combinations  of  transverse  shear  stiffness,  KG, 
and  rotary  moments  of  inertia,  D^: 


-V -ip 
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a.  Case  ID  =  0;  KG  =  KG 

M 

b.  Case  2D  =  D  ;  KG  =  KG  ("Base"  Case) 

P  P 

c.  Case  3  D  =D  ;KG=oo 

P 

d.  Case  4  D  =  0:  KG  =  co 

P 

The  basic  parameters,  frequency,  and  generalized  mass  for  the  four  oases  caluelated  are  shown  in  Table  A-S. 
The  errors,  maximum  percentage  difference  based  on  mode  computed  with  KG  =  KG  and  Dp  =  Dp,  are  presented 
in  Tables  A-10  through  A-15.  Table  A-10  gives  the  errors  in  frequency,  Table  A-ll  gives  the  error  in  gener¬ 
alized  mass,  and  Tables  A-12,  -13,  -14,  -15  give  the  maximum  deviations  in  the  deflections,  slopes  and  mo¬ 
ments  for  the  first  four  modes  versus  those  values  at  the  maximum  point  on  the  curve. 

The  mode  deflections,  slopes,  and  bending  moments  for  the  four  oases  considered  are  plotted  in  Figures  A -26 
thru  A-38. 


Table  A-9.  Bonding  Mode  Characteristics  for  Four  Methods  of  Computation 


MODE 

w 

f 

METHOD 

NO. 

(RAD/SEC) 

(CPS) 

(SLUGS) 

CASE  1 

i 

34.32 

5 . 465 

3, 834 

(D„  =0; 

KG  =  KG) 

2 

83.60 

13.31 

1,719 

3 

120. 2G 

19.15 

1.007 

4 

188.2 

29.97 

23,673 

CASE  2 

1 

34.20 

5.446 

3,870 

ovv 

KG  -  KG) 

2 

82.38 

13. 12 

1,710 

3 

117.3 

18.88 

1,334 

4 

187.7 

29.89 

33,337 

CASE  3 

1 

36.96 

5.885 

3,419 

^  V 

KG  =  oo) 

2 

107.16 

17.06 

1,216 

3 

183.7 

29.25 

2,798 

4 

416.0 

66.24 

15,967 

CASE  4 

1 

37.15 

5.916 

3,410 

(Dp  =0; 

KG  =  oo) 

2 

111.39 

17.74 

1,209 

3 

194.1 

30.91 

1,809 

4 

472.9 

75.30 

141,906 
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Table  A-10.  Frequency  Errors  (Base:  Case  2) 


MODE  NO. 

CASE  NO. 

FREQ.  (RAD/SEC) 

PERCENT  ERROR 

1 

1 

34.32 

0.351 

2 

34.2-0 

0.00 

3 

36.96 

r  07 

4 

37.15 

8.63 

2 

1 

83.60 

1.48 

2 

82.38 

0.00 

3 

107.18 

30.10 

4 

111.39 

35.30 

3 

1 

120.25 

2.51 

2 

117.30 

0.00 

3 

183.70 

56.50 

4 

194. 10 

65.50 

4 

1 

188.2 

0.268 

2 

187,7 

0.00 

3 

416.0 

122.00 

4 

472.9 

152.00 

Table  A-ll.  Generalized  Mass  Errors  (Base:  Case  2) 


MODE  NO. 

CASE  NO. 

MASS  (SLUGS) 

PERCENT  ERROR 

1 

1 

3834 

-0. 93 

2 

3870 

0.00 

3 

3419 

-11.76 

4 

•  34  iO 

-11.80 

2 

1 

1719 

0.526 

2 

1710 

0.00 

3 

1216 

-28.90 

4 

1209 

-29.30 

3 

1 

10C7 

-20. 00 

2 

1334 

0.00 

J 

2798 

109.80 

"  4 

1809 

•  •  *  • 

«  «  35.60 

4 

1 

23,673 

-29.00 

2 

33,337 

0.00 

3 

15,967 

-52. 10 

4 

141,906 

326. 00 

A -51 
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Table  A-12.  Percent  Error  Calculations  and  Maximum  Deviations, 
First  Mode  (Base:  Case  2) 


Deflection  Curvo 

Percent  Error  Based  on  Maximum  Deflection  Shown  by  the  Base  Curve 
/  P  -4.45  \ 

l  Station  -  430  in.  J 

As  Deflnod: 


Percent  Error  = 


Max.  Deviation  From  Base 
Max.  Point  on  Base  (4.45) 


x  100 


Case  No. 

Max.  Deviation 

Percent  Error 

1 

0.2 

4.5 

2 

Base 

Base 

3 

0.3 

6.74 

4 

0.25 

5.62 

Slope  Curvo 

Max.  Deviation  From  Base  x  100 

Percent  Error  =- - — — - — - - 

r~ - „  \ 

Max.  Point  on  Base  / 

or  =  14.9  \ 

\ 

Station  -  466  in./ 

Case  No. 

Max.  Deviation 

Percent  E  rror 

1 

0.2 

1.34 

2 

Base 

Base 

3 

3 

20. 1 

4 

1.4 

9.4 

Moment  Curve 


Percent  Error  != 


Max.  Deviation  From  Base  x  100 
Max.  Point  on  Base  /  M  =  240  in -lbs 


Station 


ft 

'  825  in. 


Case  No. 


Max.  Deviation 


Percent  Error 


1  2.5  1,04 

2  Base  Base 

3  22.5  9.38 

4  27.5  11.45 
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Table  A-13.  Percent  Error  Calculations  and  Maximum  Deviations, 
Second  Mode  (Base:  Case  2) 


Deflection  Curve 


Percent  Error  Based  on  Maximum  Doflcction  Shown  by  the  Base  Curve 

^  =  1G  ') 

\  Station  =  1310  in.  J 


As  Defined: 


Percent  Error 


Max.  Deviation  From  Base 
Max.  Point  on  Base  (1.6) 


x  100 


Caso  No. 


Max.  Deviation 


Percent  Error 


1 

2 


3 

4 


.033 

2.08 

Base 

Base 

.233 

14.56 

.200 

12.50 

Slopo  Curve 


Case  No. 


1 

2 

3 

4 


Percent  Error 


Max.  Deviation  From  Base  x  100 
Max.  Point  on  Base  /  a  -  0.4  Dcg/ft.  \ 
l  Station  =  815  in.) 


Max.  Deviation 

0.4 

Base 

4.4 

4.8 


Percent  Error 

4.26 
Base 
46.  8 
51.1 


Moment  Curve 


Case  No. 


1 

2 


4 


Percent  Krror  - 


Max.  Deviation  From  Base  x  100 
Max.  Point  on  Base  /  M  345  in  lbs/ft  \ 
V  Station  =  1065  in.  / 


Max.  Deviation 


30 

Base 

240 

175 


Percent  Error 

8,7 

Base 

69.6 

50.7 
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Table  A-M.  Percent  Error  Calculations  ana  Maximum  Deviations, 
Third  Mode  (Base:  Case  2) 


Deflection  Curve 

Percent  Error  Based  on  Maximum  Deflection  Shown  by  the  Base  Curve 
/  0  -  1.77  \ 

V  Station  =  1325  / 


As  Dcfinod: 


Percent  Error  = 


Max.  Deviation  From  Base 
Max.  Point  on  Base  (1.7?) 


x  100 


Case  No. 

Max.  Deviation 

Percent  Error 

1 

0.2 

11,3 

2 

Base 

Base 

3 

1.6 

90.5 

4 

1 . 06 

59.4 

Slope  Curve 


_  Max.  Deviation  From  Base  x  100 

Percent  hrror  ■-  — _ 

Max.  Point  on  Base  (  a  -■  11;  Station  ~  1200  in.) 


Case  No. 

Max.  Deviation 

Percent  Error 

1 

1 

9.1 

2 

Base 

Base 

3 

33 

300.0 

4 

25 

227.0 

Moment  Curve 


Percent  Error  = 


Max.  Deviation  From  Base  x  100 

Max.  Point  on  Base  (M  ~  575;  Station  :  1080  in.) 


Case  No. 

Max.  Deviation 

Percent  Error 

1 

75 

13.05 

2 

Base 

Base 

3 

1225 

213.0 

4 

925 

161.0 
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It  appears  from  the  curves  and  from  the  error  calculations  that,  assuming  the  base  curve  (Case  2)  to  be  accurate, 
the  base  curve  can  be  closely  approximated  by  a  calculation  with  transverse  shear  stiffness ,  KG ,  Included  and 
rotary  inertia,  Dp,  omitted.  The  test  results  (cf.  Section  6)  indicate  that  large  deviations  occur  in  all  cases  for 
the  higher  modes.  If  only  the  deflection, 0,  is  requirod,  then  the  1st  and  2nd  mode  can  be  calculated  with  reason¬ 
able  accuraoy,  with  transverse  shear  stiffness,  KG,  and  rotary  inertia,  Dp  omitted.  One  result  shown  by  the 
percent  error  calculations  and  curves  was  that  the  results  In  the  case  where  neither  KG  or  Dp  were  included 
were  usually  more  accurate  than  when  only  Dp  was  included.  In  the  first  three  modes  all  the  curves  seem  to 
show  the  same  general  trends,  i.e. ,  the  same  sign  appears  on  (i,  e,  and  M  for  each  case  tested,  although  the 
amplitudes  will  vary.  In  the  fourth  mode  it  caul  be  seen  that  the  various  properties  (deflections,  slopes,  and 
bending  moments)  exhibit  critical  errors;  the  sign  as  well  as  the  amplitude  is  in  error.  The  significance  of  this 
type  of  error  can  be  appreciated  by  referring  to  the  control  system  studies  outlined  in  Sections  2  and  4. 

It  should  bo  nctod  how  tho  porcont  orror  calculations  for  maximum  deviation  aro  made.  The  deficiencies  in 
herent  in  these  calculations  must  be  kept  in  mind  when  they  are  to  be  used. 
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Figure  A-28.  First  Mode  Slope  for  Four  Methods  of  Computation 
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Figure  A. -29.  First  Mode  Bending  Moments  for  Four  Methods  of  Computation 


Figure  A -30.  Second  Mode  Deflections  for  Four  Methods  of  Computation 
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Figure  A-32.  .Second  Mode  Bending  Moments  for  Four  Methods  of  Computation 
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Figure  A -34.  Third  Mode  Slope  for  Four  Methods  of  Computation 
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Figure  A-35.  Third  Mode  Bending  Moments  for  Four  Methods  of  Computation 


Figure  A -36.  Fourth  Mode  Deflections  for  Four  Methods  of  Computation 
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Figure  A -3b.  Fourth  Mode  Bending  Moments  for  Four  Methods  of  Computation 

A4.5. 1  Conclusions.  The  curves  and  tables  show  that: 

a.  Adequate  results  may  be  obtained  hv  the  elimination  of  D/i  in  the  calculation  of  natural  modes  of  vibration 
for  the  free -free  beam. 

b.  Transverse  shear  flexibility  is  very  important  in  typical  space  booster  configurations  and  should  be  included 
in  inode  calculations.  It  is  found  to  be  more  important  in  the  2nd,  3rd  and  4th  modes  than  in  the  1st  mode. 

It  is  also  more  important  for  slope  and  bending  moment  than  for  deflection  calculations. 

c.  Since  Dp  is  of  such  minor  importance  in  the  calculation  of  the  modes,  doubling  the  number  of  mass  stations 
and  discarding  the  Dp  would  result  in  a  matrix  of  the  same  order  and  would  probably  give  much  better  re- 
suits  for  tile  higher  modes. 

A4.6  Concluding  Remarks.  As  was  rnentToned  previously,  the  elastic  bending  modes,  as  calculated  by  the 

methods  presented  in  this  section,  reflect  only  the  characteristics  of  simple  beam  bending  vibration.  It  is  often 
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convenient,  if  indeed  not  necessary,  to  include  the  effects  of  additional  degrees  of  freedom  in  the  modal  calcula¬ 
tions.  The  previous  formulae  must  then  be  supplemented  by  additional  equations  and  their  associated  cross¬ 
coupling  terms. 

In  particular,  consider  the  problem  of  including  the  effect  of  propellant  sloshing  in  the  elastic  bending  mode  cal¬ 
culations.  As  shown  in  Appendix  A-2,  the  effect  of  a  sloshing  liquid  can  be  duplicated  by  a  spring-centered-maSB 
mechanical  analogy.  Furthermore,  it  was  seen  that  this  analogy  requires  the  introduction  of  a  couple  at  the  base 
of  the  propellant  tank.  The  magnitude  of  the  eouplo  acting  on  the  base  of  the  tank  is  a  linear  combination  of  both 
the  displacement  and  acceleration  of  the  spring-conterod-masa.  Thus,  in  addition  to  the  lateral  force  due  to  the 
deformation  of  tho  spring  (this  forco  is  applied  at  the  attach  point  of  the  spring-centered  mass) ,  the  action  of  the 
eounle  on  the  base  of  the  tank  must  be  Included.  This  action  may  bo  incorporated  by  modifying  the  Influence  co¬ 
efficient  matrix  and  inertia  matrix  in  a  direct  manner. 

Another  degree  of  freedom  may  be  added  by  Incorporating  the  rocket-engine  positioning  servo's  flexibility  Into 
the  vehicle  elastic  model.  For  the  hydraulic  positioning  servo  featured  throughout  this  volume,  the  servo  com¬ 
pliance  appears  in  the  actuator  linkage  and  mount  flexibility  (Km  in  Figure  4-12  of  Section  4)  and  in  the  hydraulic 
fluid  compressibility  (Kjj  of  the  same  figure).  Whether  or  not  these  compliances  are  Incorporated  in  the  modal 
calculation  makes  little  difference  for  modal  frequencies  below  tho  engine  servo  resonant  frequency.  Near,  at, 
or  above  this  frequency,  however,  significant  differences  may  appear  in  certain  of  the  modal  data.  Table  A-16 
compares  some  critical  data  for  modes  at  one  time  of  flight,  computed  with  and  without  servo  compliance.  The 
vehicle  configuration  was  one  in  which  the  rocket  engine  chambers  were  large,  "overhanging"  inertial  masses. 


Table  A-16.  Comparison  of  Body  Bending  Mode  Data  with  and  without  Servo  Compliance 


-  MOUK 

t,  (CPS) 

(SI.UGS) 

(FT/FT) 

(HAD/FT) 

(RAD/FT) 

1 

3.82 

218 

0.266 

0.0172 

0,0172 

1’ 

3.82 

220 

0.265 

0  0184 

0.0229 

2 

6.88 

203 

0. 185 

0.0177 

0.0177 

r 

6.87 

202 

0.  180 

0.0217 

0.0357 

3 

11,6 

907 

0.568 

•  •  • 

0,0555 

0.  0555 

3’ 

11.02 

1230 

0.370 

0.051 

0.43 

3'a 

12.98 

2280 

0.733 

0.037 

-0.84 

Notes: 

1.  tinprimed  modes  are  those  having  zero  servo  mount  compliance 

2.  Artificially  Uncoupled  servo  mount  frequency  is  11.6  cns.  Modes  3'  and  3'a  are  the 
orthogonal  body  and  rocket  engine  modes  on  either  side  of  the  common  artificially 
uncoupled  frequency  of  11.6  cps. 
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As  may  be  seen  In  Table  A-16,  the  third  body  bending  mode  at  11.6  cycles  per  second  Is  very  strongly  affected 
when  the  servo  mount  compliance,  resonating  the  massive  rocket  chambers  at  this  same  frequency,  is  added. 

The  effect  on  tho  lower  modes  is  smaller  however.  It  would,  in  fact,  be  minor  in  an  overall  closed  loop  stability 
analysis ,  since  tho  servo  compliance  would  be  accounted  for  in  the  servo  actuator  equations  if  it  were  omitted 
from  the  mode.  For  the  third  mode,  however,  simple  incorporation  of  the  mount  compliance  into  the  actuator 
equation  may  lead  to  significant  errors,  since  certain  of  the  body  bending  modal  data  is  strongly  affected  by  the 
changes  in  basic  shape  of  the  body  modes  (see  modos  3  &  3'  in  Table  A-16). 

It  should  be  pointed  out  that  the  last  column  of  Table  A-16  should  not  be  considered  as  a  prime  measure  of 
"error",  due  to  omission  of  servo  mount  compliance.  It  is  included  primarily  to  show,  by  change  In  Bign,  when 
a  mode  has  paissed  the  servo  mount  frequency . 


A  -70 


WADD  TR-61-93 
April  1961 


APPENDIX  AG 

METHODS  OF  ESTIMATING  AERODYNAMIC  NORMAL  LOAD 
DISTRIBUTIONS  ON  TYPICAL  FLEXIBLE  BOOSTER  CONFIGURATIONS 
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SYMBOLS  USED  IN  APPENDIX  A6 

Symbols  Definition 

C  uurmal  force  coefficient,  h/ 

N  ie£ 

d(C  /«) 

_  local  normal  foreo  coofflctont,  per  dogroo  per  diameter 
d(x/d) 

d  body  diamotor 

1  body  longth 

l  length  of  conical  section  (nose) 

n 

M  Mach  number 

N  normal  force 

a  dynamic  pressure 

S  body  cross-section  area 

a  angle  of  attack 


9  tan"1  slope  of  body  surface 

x  axial  distance  as  defined  In  figure  A-39 

Subscripts 

ref  reference 

v  vertex  of  nose 
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Units 

N.D.* 

l/deg. 

ft 

ft 

ft 

N.D. 

lbs 

lbs/ft2 

ft2 

degrees 

N.D. 

degrees 

ft 


*Non  -dimensional 
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A5. 1  Introduction.  In  this  appendix  the  analytical  methods  and  experimental  data  available  for  estimating  the 
aerodynamic  normal  load  distributions  on  typical  booster  vehicles  are  discussed.  It  is  intended  that  tho  informa¬ 
tion  presented  will  enable  the  reader  without  oxtensive  aerodynamic  background  to  estimate  (with  the  aid  of  the 
references  listed  at  the  end  of  Appendix  A)  the  approximate  magnitudes  and  distributions  of  aerodynamic  normal 
loadings  required  for  a  preliminary  evaluation  of  their  Importance  as  a  parameter  affecting  flexible-booster- 
autopilot  transfer  functions. 

The  aerodynamic  normal  forces  imposed  on  a  booster  vehiole  during  its  launch  trajectory  will  affect  the  dynamic 
response  of  the  vehicle  to  the  control-system  commands  throughout  a  wide  range  of  flight  conditions,  from  the 
time  of  lift-off  until  the  vehiole  stages  or  emerges  from  the  effective  atmosphere.  The  magnitude  of  these  forces 
will  depend  on  the  angle  of  attack,  the  Mach  number,  the  dynamio  pressure,  and  the  aerodynamic  characteristics 
of  the  vehicle.  The  angle  of  attack  will  vary  with  time  as  a  result  of  the  pitch-over  program  and  the  effects  of 
slowly  varying  or  transient  wind  conditions;  however,  the  flow  in  most  cases  can  be  considered  as  quasi-steady, 
since  the  missile  forward  velocity  is  usually  large  in  comparison  with  its  pitching  velocity.  If  elastic  modes  of 
vibration  of  the  vehiole  are  excited  by  the  interaction  of  aerodynamic  foroes  with  the  control  system,  the  angle  of 
attack  will  vary  locally  along  its  length,  and  the  distributions  of  aerodynamic  normal  loads  will  not  correspond 
exactly  to  those  of  a  rigid  body. 

In  determining  the  aerodynamic  force  distributions  on  a  flexible  vehicle,  the  assumption  is  initially  made  that  it 
is  a  rigid  body,  inclined  at  a  fixed  angle  of  attack.  The  effects  of  elastic  bending  are  then  taken  into  account  dur¬ 
ing  the  dynamic  analysis  by  assuming  that  the  foroes  al  a  particular  location  along  the  missile  axis  vary  with  the 
locai  angle  of  attack  in  the  same  manner  as  for  a  rigid  body. 

For  purposes  of  analysis  tho  aerodynamic  forces  acting  normal  to  a  body  inclined  at  an  angle  of  attack  can  bo 
separated  into  potential  and  viscous  flow  components.  Tho  potential  flow  component  corresponds  to  the  forces 
induced  in  an  ideal  frictionless  fluid,  and  the  viscous  component  of  tho  forces  resulting  from  boundary  layer  sep¬ 
aration  of  the  actual  fluid  from  the  lee  side  of  the  body.  The  potential  component  is  assumed  to  vary  linearly  with 
the  angle  of  attack,  whereas  the  viscous  component  increases  uonlluearly  but  does  not  bccomo  appreciable  in 
magnitude  until  the  angle  of  attack  exceeds  several  degrees.  For  the  type  of  vehicle  being  considered  here,  the 
angle  of  attack  range  is  usually  leas  than  that  required  for  tho  viscous  forces  to  become  important;  therefore, 
only  the  potential  flow  component  of  normal  force  will  be  considered. 

Since  the  aerodynamic  normal  force  on  a  booster  vehicle  may  be  of  importance  throughout  the  launching  trajectory, 
several  flight  regimes  must  be  considered  when  estimating  these  forces.  From  the  standpoint  of  the  nature  of  the 
flow  over  the  body,  these  regimes  can  be  separated  into  tho  subsonic,  transonic,  and  supersonic  Mach  number 
ranges.  For  the  purpose  of  illustrating  tho  application  of  methods  available  for  the  estimation  of  aerodynamic 
normal  loadings  on  a  typical  booster  vehicle,  specific  Mach  numbers  within  each  of  theBC  regimes  have  been 
selected.  Normal  load  distributions  are  presented  for  a  specific  non-finned  booster  configuration  which  may  be 
considered  as  quite  representative  in  its  over-all  shape  of  vehicles  of  the  type  considered  in  the  autopilot  transfer 
function  study.  The  configuration  chosen  for  analysis  is  sketched  in  Figure  A-39  and  consists  of  a  cone-cylinder 
with  a  nose  semi-vertex  angle  of  15  degrees  and  an  afterbody  fineness  ratio  ol  eight. 


+  N 


Figure  A-39.  Sketch  of  Example  booster  Configuration 
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The  discussion  will  bo  restricted  primarily  to  a  consideration  of  configurations  with  polntod  or  moderately  blunted 
simple  nose  shapes  and  cylindrical  afterbodies.  Effects  of  external  protuberances  will  not  be  considered,  since 
these  are  usually  relatively  small  In  size  and  would  thus  contribute  only  a  small  increment  to  the  normal  loading. 
Although  consideration  of  finned  vehicles  is  beyond  the  scope  of  this  appendix,  It  may  be  noted  that  Reference  A-36 
provldos  a  comprehensive  treatment  of  methods  of  accounting  for  fin  effects  for  subsonic,  transonic,  and  super¬ 
sonic  Mach  numbers. 


d<V«> 

The  local  aerodynamic  normal  loading  on  a  body  can  bo  expressed  in  non-dimonsional  form  as  The  load¬ 


ing  in  pounds  per  unit  length  is  thon  determined  by  multiplying  by  qo  ,  where  or  Is  the  local  angle  of  attack 


d(x/d) 


and  may  Include  the  effect  of  elastic  bending  of  the  body.  The  distributions  presented  herein  for  the  example  body 
are  In  this  non-dimensional  form.  It  Is  apparent  from  the  above  that  for  a  given  vehicle  and  Mach  number  the 
loads  are  proportional  to  the  trajectory  parameter,  nq. 


A5.2  Subsonic  Flow  llegimo.  Although  tho  dynamic  pressure  docs  not  typically  became  large  during  the  subsonic 
Initial  phase  of  booster  vehicle  flight,  tho  pitch-over  program  Is  usually  initiated  during  this  phase,  with  a  rela¬ 
tively  large  resultant  angle  of  attack  and  a  condition  of  appreciable  <*q.  The  effects  of  winds  may  also  be  Impor¬ 
tant  in  inducing  angle  of  attack  during  this  phase  of  flight.  Aerodynamic  loadings  may  therefore  be  significant  in 
their  effect  on  control  system  requirements. 


Consideration  of  the  subsonic  aerodynamic  characteristics  of  booster  vehicles  will  here  be  restricted  to  the  range 
of  speeds  for  which  the  local  flow  over  tho  body  is  everywhere  subsonic  (M  <  1).  For  typical  configurations  this 
range,  in  terms  of  free  stroam  Mitch  numbor,  is  approximately  0  to  0.7;  within  this  range  the  flow  can  be  treated 
as  incompressible  and  independent  of  Mach  number  Insofar  as  offects  on  normal  load  distributions  are  concerned. 


Slender  body  potential  theory  (A-37)  provides  tho  only  theoretical  method  available  for  predicting  distributions  of 
normal  force  on  a  (Minted  body  of  revolution  In  subsonic  flow.  This  theory  is  applicable  only  to  slender  bodies 
with  no  discontinuities  In  profile  slope  or  curvature.  The  theory  states  that  the  normal  force  distribution  Is  pro¬ 
portional  to  tho  local  variation  in  body  cross-section  area,  l.e. , 


d(CN/«) 

d(x/d) 


.03-19 


ref 


dS 

d(x/d) 


It  may  be  noted  that  slender-body  theory  Is  not  restricted  to  subsonic  flow;  for  sufficiently  slender  pointed  bodies 
it  is  also  applicable  to  transonic  and  supersonic  Mach  numbers. 

The  published  experimental  data  pertaining  to  the  subsonic  lift  characteristics  of  bodies  of  the  type  considered  here 
are  very  limited.  Roferoncc  A-38  presents  total  normal  force  and  pitching  moment  data  for  ogive-cylinders  with 
various  nose  fineness  ratios.  Reference  A-39  prosents  similar  data  for  a  cylindrical  body  with  a  conical  and 
various  two-section  nose  shapes,  all  with  fineness  ratios  of  approximately  two.  These  data  indicate  that  slender 
body  theory  predicts  the  total  lift  on  bodies  with  nose  fineness  ratios  as  low  as  two  with  reasonably  good  accuracy. 
However,  the  distributions,  as  is  to  be  expected,  are  not  predicted  correctly  for  bodies  with  sharp  corners  at  the 
juncture  of  the  nose  and  afterbody.  Experimental  data  presented  in  Reference  A— 10  for  the  normal  force  slopes 
of  cones  with  semi-vertex  angles  ranging  from  15  to  55  degrees  serve  to  Indicate  the  limitations  of  slender-body 
theory  when  applied  to  noi-so-slcnder  bodies  without  slope  discontinuities.  The  data  show  that  the  theory  over¬ 
estimates  the  lift  on  the  15-degrcc  cone  by  about  30  percent.  s 

Figure  A  - 1 0  shows  the  distribution  of  normal  loading  on  the  example  body,  as  determined  from  unpublished  exper¬ 
imental  pressure  data.  Also  shown  for  comparison  is  the  distribution  predicted  by  slondor  body  theory.  The  total 
normal  force  agrees  well  with  the  theory;  however,  the  theory  overestimates  the  lift  on  the  nose  and  does  not  pre¬ 
dict  the  carry-over  of  lift  onto  the  afterbody  shown  by  the  experimental  data.  For  ogive-cylinder  (or  other  bodies 
without  sharp  corners),  however,  the  theoretical  distributions  of  normal  force  can  be  expected  to  agree  more 
closely  with  experimental  data. 

A5.3  Transonic  Flow  Regime.  Aerodynamic  normal  loading  in  the  transonic  phase  of  flight  may  be  particularly 
significant  in  a  study  of  transfer  functions  of  flexible  boosters,  even  though  any  practical  booster  would  probably 
remain  in  the  transonic  speed  range  for  a  relatively  short  time.  The  transonic  flow  regime  is  characterized  by  un¬ 
steady  flow  conditions  and  rapidly  changing  normal  force  distributions.  Appreciable  angles  of  attack  may  be 
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induced  by  the  high  velocity  steady  winds  and  gusts  which  can  occur  in  the  altitude  range  at  which  transonic  flow 
may  be  expected  for  boosters  of  the  type  under  consideration. 
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d 

Figure  A-40.  Distribution  of  Normal  Force  Coefficient,  Incompressible  Flow  Regime 


The  transonic  flow  rogime  is  defined  specifically  as  the  Mach  number  rarigo  during  which  mixed  flow  occurs  over 
the  body,  i.e. ,  there  are  regions  of  local  supersonic  flow  and  regions  of  local  subsonic  flow. 

The  inability  to  predict  the  physical  limits  of  the  different  flow  zones  and  tho  complexity  of  the  flow  have  thus  far 
prevented  the  formulation  of  a  practical  theorotieul  method  for  predicting  tho  lift  on  three-dimensional  bodies. 
Hence,  transonic  normal  force  coefficients  for  such  bodios  must  be  obtained  exclusively  from  experimental  and 
empirical  data. 

A  limited  amount  of  transonic  wind-tunnol  tost  data  jiertainlng  to  booster-like  bodies  at  an  angle  of  attack  has  been 
published.  Most  of  these  available  test  data  give  only  tho  average,  or  "3teady-state",  forces  or  pressures.  Some 
of  the  latest  tost  results  do  include  measurements  of  the  magnitude  and  frequency  of  the  fluctuating  pressures  (for 
the  primary  purpose  of  estimating  tho  offeot  of  this  unsteady  flow  on  the  normal  force  inposed  on  the  body),  but 
the  treatment  of  unstoadv  normal  force  phenomena  is  beyond  tho  intonded  scope  of  this  appendix, 

Experimental  force  test  data  from  References  A-40,  -41,  -42  and  unpublished  pressure  test  data  from  two  sources 
have  been  used  to  estimate  the  distribution  of  steady-state  normal  force  coefficient  on  the  illustrative  15-degree 
cone-cylinder  at  three  transonic  Macn  numbers ,  viz.,  0.90,  1.00  and  1. 10  (see  Figure  A-41). 

There  are  four  distinct  sub- regimes  of  transonic  flow  about  cone-cylinders  (Reference  A-43),  which  are,  in  order 
of  increasing  free-stream  Mach  number: 

a.  Subsonic  free-stream  (flow  on  cone  completely  subsonic,  zone  of  locally  supersonic  flow  on  the  cylinder  be¬ 
ginning  at  tho  shoulder) , 

b.  Supersonic  free-stream  with  detached  shock  wave  (flow  on  cone  completely  subsonic,  flow  on  cylinder  com¬ 
pletely  supersonic) , 

c.  Supersonic  free-stream  with  attached  "curved"  shock  wave  (subsonic  flow  on  cone  surface,  supersonic  flow 
over  entire  cylinder) 

d.  Supersonic  free-stream  with  attached  conical  shock  wave  (subsonic  ilow  on  cone  surface,  supersonic  flow  on  * 
entire  cylinder). 

In  all  of  the  above  sub-regimes  flow  at  the  shoulder  (cone-cy Under  juncture)  is  sonic. 

The  division  between  the  transonic  and  supersonic  flow  regimes  is  the  Mach  number  (which  is  slightly  higher  than 
at  condition  d)  when  the  flow  on  the  cone  first  becomes  supersonic. 
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Figure  A-41 .  Distribution  of  Normal  Force  Coefficient,  Transonic  Flow  Regime 

Experimental  data  indicate  that  the  magnitude  of  the  normal  force  coefficient  on  a  slender  cone  is  relatively  con¬ 
stant  throughout  the  entire  transonic  regime.  Generally,  the  distribution  of  normal  force  coefficient  on  the  cone 
is  similar  to  the  incompressible  ease  except  at  the  shoulder,  where  the  local  coefficient  is  always  zero  because 
sonic  flow  exists  around  the  entire  circumference. 

Distribution  of  normal  force  coefficient  on  the  cylinder  undergoes  two  distinct  phases  in  the  transonic  regime, 
depending  on  whether  the  free  stream  ic  subsonic  or  supersonic.  At  subsonic  free-stream  Mach  number  (sub- 
regime  a  above)  there  is  a  normal  shock  wave  on  the  cylinder;  flow  is  subsonic  on  the  cone,  sonic  at  the  shoulder, 
supersonic  on  the  portion  of  the  cylinder  between  the  shoulder  and  the  normal  shock  wave,  and  subsonic  aft  of  the 
normal  shock  wave.  At  the  location  of  the  normal  shock  wave  the  magnitude  of  the  local  normal  force  coefficient 
undergoes  an  abrupt  change.  The  direction  of  change  of  local  normal  force  coefficient  between  the  upstream  and 
downstream  sides  of  the  shock  wave  is  always  opposite  in  sign  to  the  upstream  value.  At  sonic  and  supersonic 
free -stream  Mach  numbers  (sub- regimes  b,  c  and  d  above)  there  Is  no  shock  wave  on  the  cylinder  and,  therefore, 
no  discontinuity  in  the  distribution  of  normal  force  on  the  cylinder. 
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In  general,  there  is  zero  or  near-zero  lift  on  the  aft  end  of  a  long  cylindrical  afterbody  in  the  transonic  flow  re¬ 
gime,  Although  negative  lift  on  certain  portions  of  the  afterbody  is  common  at  transonic  {and  low  supersonic) 
speeds,  the  net  contribution  of  normal  force  on  the  entire  cylinder  is  always  positive. 

There  is  a  lack  of  published  experimental  data  on  the  magnitude  and  distribution  of  lift  on  bodies  other  than  cone- 
cylinders.  However,  oertain  characteristics  oan  be  deduced  from  cone-cylinder  knowledge.  Distribution  of 
transonic  normal  force  coefficients  on  configurations  other  than  cone-cylinders  could  not  be  expected  to  go  through 
the  same  phases  as  described  abovo,  For  example,  a  cylinder  cappod  by  a  gently  curved  nose  shape  such  as  an 
ogive  probably  would  not  have  the  normal  shook  wave  and  the  discontinuous  normal  force  distribution  associated 
with  transonic  flow  about  cone-oylindors  at  subsonic  free-stream  Mach  numbers.  Transonically,  the  total  normal 
force  coefficient  on  a  booster  configuration  with  a  reasonably  proportioned  ogive  nose  is  undoubtedly  in  the  same 
order  of  magnitude  as  that  of  typical  cone-cylinders. 

A5.4  Supersonic  Flow  Regime.  The  aerodynamic  normal  loading  on  a  booster  vehicle  is  typically  most  severe 
in  the  low  supersonic  Mach  number  range .  The  dynamic  pressure  usually  reaches  its  maximum  value  in  this 
range  and  occurs  within  the  range  of  altitudes  where  winds  and  gusts  are  at  maximum  intensity.  The  tralectory 
parameter  aq  and,  therefore,  the  normal  loads  will  be  maximum  under  such  conditions.  Aerodynamic  loads  may 
also  be  of  importance  during  the  staging  condition,  whioh  usually  occurs  in  the  high  supersonic  Mach  number 
range. 


The  supersonic  flow  regime  is  defined  hero  as  the  range  of  froe-etream  Mach  numbers  above  one  for  which  the 
shock  wave  is  attached  to  the  nose  of  the  body  (or  its  pointed  extension,  in  the  case  of  blunted  noses)  and  the  local 
Mach  number  of  the  flow  over  the  nose  is  greater  than  one.  Of  the  theoretical  methods  available  for  estimating 
the  lift  of  a  pointed  body  of  revolution  in  supersonic  flow,  the  method  of  characteristics,  whioh  is  based  on  the 
exact  How  equations,  provides  tho  most  accurate  results.  This  method,  however.  Is  laborious  to  apply  and  re¬ 
quires  each  case  to  bo  worked  out  on  a  numerical  basis.  Reference  A-44  outlines  the  application  of  the  method 
for  inclined  bodies.  Solutions  for  the  flow  over  cones  at  small  angles  of  attack  have  been  obtained  by  Kopal  in 
Reference  A-46  from  the  exact  theory  oi  Stone  (A-48).  Results  of  Kopal's  work  are  also  available  in  numerous 
references,  e.g. ,  (A-47). 

Several  useful  approximate  theories  for  the  lift  of  bodies  of  revolution  at  supersonic  Mach  numbers  have  been  de¬ 
veloped.  Each  of  these  theories  has  a  limited  range  of  applicability,  in  terms  of  Mach  number,  body  fineness 
ratio,  and  the  similarity  parameters  p tan  8V  ,  pd/l  n  or  pd/l  for  which  reasonably  good  agreement  with  exper¬ 
imental  data  has  been  demonstrated. 

The  application  of  slcnder-body  potential  theory  is  limited  to  extremely  slender  bodies  at  low  supersonic  speeds, 
for  which  the  value  of  the  similarity  parameter,  p  tan  8V,  is  much  less  than  one.  Van  Dyke's  first  order  and 
hybrid  potential  theories  (A-48)  represent  a  significant  improvement  over  slender-body  theory,  and  are  applicable 
at  low  and  moderate  supersonic  speeds,  for  which  the  irec  stream  Mach  angle  is  greator  than  the  body  semi¬ 
vertex  angle,  p  tan  9V  <  1.  Reference  A-49  contains  curves  of  normal  force  slopes  based  on  first  order  theory, 
for  cone-  and  ogive-cylinders  and  normal  forco  distributions  on  conc-cylindcr  afterbodies  for  a  range  of  config¬ 
urations  and  Mach  numbers.  A  comparison  is  made  with  a  large  number  of  experimental  values  at  normal  force 
slopes;  and  it  indicates  a  moderately  good  over-all  correlation  between  the  theory  and  experiment. 

At  high  supersonic  Mach  numbers,  the  expansion  of  the  flow  over  a  body  of  revolution  can  be  treated  as  locally 
two-dimensional.  The  generalized  shock-expansion  theory  of  Eggers  et  ai:,  (A -50),  based  on  this  assumption, 
gives  accurate  results  when  the  similarity  parameter,  p  d/f ,  is  greater  than  one.  A  refinement  of  this  approach, 
which  permits  its  application  to  lower  Mach  numbers  by  accounting  for  the  three-dimensional  flow  effects,  is  the 
second-order  shock-expansion  method  of  Syvertson  and  Dennis.  This  theory  (A-51  and  -52)  is  shown  to  agree 
quite  well  with  experimental  data  for  the  normal  force  slopes  and  centers-of-pressure  of  cone-  and  ogive-cylinders, 
for  Mach  numbers  between  3  and  6.28,  as  well  as  for  corresponding  values  of  the  similarity  parameter,  /3d/fn, 
between  0.4  and  2.0.  The  theory  is  shown  to  be  considerably  superior  to  Van  Dyke's  first  order  theory  in  this 
range.  Exact  solutions  of  the  general  second-order  shock-expansion  method  for  normal  force  and  pitching  mo¬ 
ment  slopes  of  cone-cyllr.ders ,  and  approximate  solutions  for  ogive-cylinders  In  closed  form  are  presented  in  the 
appendices  of  Reference  A-5X  and  -52.  With  the  aid  of  the  equations  and  curves  presented,  the  aerodynamic 
characteristics  of  such  bodies  can  be  evaluated  with  little  effort. 

The  comparisons  (In  the  last  references)  of  the  second-order  shock-expansion  theory  with  experimental  data  do 
not  reveal  the  limits  of  the  range  of  applicability  of  the  method.  The  upper  limit,  on  the  basis  of  calculations 
made  by  the  authors  of  the  theory,  will  be  exceeded  if  p  tan  9V  is  appreciably  more  than  2.5.  In  the  range  near 
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2.5  the  theory  merges  with  the  generalized  shock-expansion  method.  On  the  basis  of  a  limited  comparison  of  the 
theory  with  experimental  data  for  eone-eyllndore  in  the  Mach  number  range  from  about  1.5  to  2.5,  it  appears  that 
the  method  is  not  applicable  below  about  Mach  2.  The  theory  does  not  predict  the  negative-lift  regions  which  have 
been  experimentally  observed  to  occur  on  the  afterbodies  of  cone-cylinders  at  low  supersonic  Mach  numbers. 


At  very  high  Mach  numbers,  for  which  flow  conditions  approach  hypersonic,  Newtonian  impact  theory  is  applicable. 
The  application  of  this  theory  to  the  determination  of  the  flow  over  inclined  bodies  of  revolution  has  been  developed 
by  Grimminger  and  Young  (A-53) . 

A  considerable  body  of  experimental  data  exists  for  the  normal  force  characteristics  of  pointed  bodies  of  revolu¬ 
tion  in  supersonic  flow.  Only  some  of  the  more  systematic  experimental  investigations  will  be  mentioned  here. 
Reforenoo  A-41  gives  data  for  pointed  and  blunted  cones  tested  for  a  wide  range  at  Mach  numbers,  including  the 
transonic  range.  In  Reforance  A-64  data  for  cone  cylinders,  including  the  effects  of  blunting  the  noses,  are  pre¬ 
sented  for  M  -  1.5  to  4.04.  Data  for  the  nosos  alone  are  given  in  Reference  A-52.  As  mentioned  previously, 
Roforoncos  A-51  and  -62  give  data  for  a  series  of  cone-  and  ogive-cylinders  tested  between  M  =  3  and  6.28.  The 
effects  on  normal  force  of  adding  base  flares  consisting  of  conical  frustums  of  various  angles  to  the  cone-cylinders 
with  pointed  noses  of  Reference  A-54  have  boon  experimentally  determined  and  are  presented  for  the  same  range 
of  Mach  numbers  in  References  A-S5  through  A-58.  A  data  correlation  and  analysis  of  the  normal  force  charac¬ 
teristics  of  the  flaros  is  presented  in  Hoferonco  A-59.  It  may  be  noted  that  all  of  the  foregoing  experimental  In¬ 
vestigations  measured  only  the  overall  force  and  moment  characteristics  of  the  bodies  tested.  However,  in  these 
tests  various  afterbody  lengths  wero  included;  thus,  distributions  of  normal  force  on  the  afterbody  can  be  deter¬ 
mined  from  the  data. 


The  suporsonlc/hypersonic  similarity  rule  providoB  a  means  of  correlating  experimental  data  for  the  aerodynamic 
characteristics  of  affinoly  related  bodies  of  revolution.  Tho  supersonic/hypersonic  similarity  rule  states  that  for 
bodies  of  revolution  with  idontlcal  thickness  distribution  tho  curve  of  vs.  is  tho  same  for  each  value 

of  parametor  fld/f  n  throughout  the  entire  supersonic  and  hypersonic  Mach  number  range.  By  use  of  this  rule  ex¬ 
perimental  data  obtained  for  a  particular  class  of  bodies,  for  which  the  similarity  parameters  are  systematically 
varied,  can  be  correlated  to  provldo  estimates,  within  engineering  accuracy,  of  tho  aerodynamic  characteristics 
of  such  bodies  for  a  wide  range  of  configurations  and  Mach  numbers.  Such  a  correlation,  based  on  tho  experimen¬ 
tal  (lata  of  Reforenco  A-60  and  -61  has  been  made  for  the  normal  force,  pitching  moment,  and  normal  force  dis¬ 
tributions  of  eono-cyllndors ,  and  is  presented  in  References  A-62.  The  correlation  curves  are  applicable  to  con¬ 
figurations  with  nose  fineness  ratios  >  2  for  Mach  numbers  above  1.5. 


Figure  A-42  presents  estimated  distribution  of  aerodynamic  normal  force  on  the  example  body  at  Mach  numbers 
of  2  and  6.  Those  Mach  numbers  were  chosen  as  being  representative  of  typical  maximum  load  and  staging  condi¬ 
tions,  respectively.  The  afterbody  distribution  at  Mach  2  was  determined  from  the  correiation.oharts  of  Refer¬ 
ence  A-62.  The  distribution  at  Mach  6  was  determined  by  the  second-order  shock-expansion  method,  using  the 
equations  and  curves  In  the  appendix  of  Rcforonce  A-52.  The  distributions  on  the  conical  nose  are  related  to  the 
total  normal  force,  (C^/fv)n,  on  the  nose,  as  given  in  References  A-47,  -52,  or  -62  by  the  equation: 


d(CN/(v) 

d(x/d) 
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Figure  A -42.  Distribution  of  Normal  Force  Coefficient,  Supersonic  Flow  Regime 
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B1  INTRODUCTION 

The  main  body  of  thin  report  presents  the  equations  of  motion  and  approximate  transfer  functions  giving  the 
response  of  a  flexible  booster  to  various  Inputs.  To  complete  the  picture  for  closed-loop  control  analysis,  this 
Appendix  presents  a  survey  of  equations  used  to  represent  the  various  subsystems  and  components  employed  in 
autopilots.  A  cursory  discussion  Is  given  of  the  moat  important  characteristics  of  several  classes  of  subsys¬ 
tems.  The  intent  is  not  to  provide  a  complete  derivation  of  equations  of  motion  but  rather  to  describe  the 
characteristics  which  would  affect  the  analysis  of  tho  autopilot-flexible  booster  transfer  functions. 

The  subsystems  to  be  discussed  are  divided  into  four  general  categories:  Sensors,  Control  Force  Generators, 
Positioning  Servos,  and  Autopilot  elements.  The  goneral  characteristics  of  each  are  given  to  furnish  a  guide  to 
the  data  needed  to  analyze  the  effect  of  the  individual  components  on  the  overall  transfer  functions.  Tj  obtain 
this  data  It  is  usually  necessary  to  resort  to  detailed  analysis,  test  data,  and  manufacturer's  literature. 

B2  SENSORS 

A  reference  input  Is  required  for  the  autopilot  and  control  system.  The  information  furnished  by  this  reference 
may  consist  of  laxly  angular  position,  angular  rate,  and/or  acceleration.  The  reference  input  may  be  with 
respect  to  an  inertial  reference  or  other  external  references  such  as  angle  of  attack  or  local-vertical.  The 
sensors  may  either  bo  "strapped  down"  (rigidly  attached  to  the  airframe)  or  mounted  on  an  inertial  platform. 

Appendix  B2  is  physically  divided  into  sections  dealing  with  gyros,  accelerometcra,  ang!e-of~attack  meters,  and 
stable  platforms.  The  class  of  external  references  which  includes  horizon  scanners,  sun  seekers,  and  star 
trackers  is  not  discussed.  In  boosters  these  references,  if  employed  at  all,  are  more  for  guidance  than  for  con¬ 
trol,  therefore,  their  output  signals  can  be  filtered  to  exclude  signals  In  the  frequency  range  of  the  flexible 
booster  and  control  system  modes. 

B2. 1  Gyroscopic.  The  gyroscope  consists  of  a  wheel  which  is  spun  at  a  high  angular  velocity.  The  most  useful 
characteristic  of  a  gyroscope  is  its  property  of  maintaining  its  axis  in  a  fixed  direction  In  inertial  space  unless 
acted  upon  by  an  external  torque . 

This  characteristic  of  a  gyroscope  can  be  expressed  as  an  angular  counterpart  of  Newton's  first  law  of  motion: 

A  body  in  rotation  will  continue  to  rotate  about  a  fixed  axis  with  constant  angular  speed  unless  acted  upon  by  an 
external  moment. 

The  physical  concept  of  a  gyroscope  can  be  visualized  by  imagining  a  spinning  disk  supported  so  as  to  be  tree 
to  move  in  any  direction.  This  disk  will  remain  fixed  in  space  unless  a  force  acts  upon  it.  When  one  pushes  on 
the  disk  with  a  force,  F,  so  as  to  cause  its  spin  axis  to  move  to  the  right  the  axis  will  actually  "pi'ecess", 
i.e. ,  move  up  or  down,  depending  on  which  direction  the  disk  is  spinning 

This  phenomenon  can  bo  described  mathematically.  Consider  a  momentum  vector,  H,  which  points  along  the 
axis  of  spin  in  accordance  with  right  hand  rules;  its  length  is  proportional  to  the  magnitude  of  the  angular 
momentum .  * 


H  =  I  (MOMENT  OF  INERTIA;  S2  (ANGULAR  SPIN  VELOCITY) 


Figure  B-l.  Gyroscopic  Profession 
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F  -  VISCOUS  FRICTION 
II  -  ANGULAR  MOMENTUM 
J  ^  GIMBAL  INERTIA 
Kp  -  PICKOFF  SENSITIVITY 

Kt  -  COMMAND  TORQUER  GAIN 

Q  SYSTEM  OUTPUT  AXIS  ANGLE 
o 

u>A  -  INPUT  AXIS  RATE 


Figure  B-3.  Rate  Integrating  Gyro 

The  time  constant  J/F  of  the  first  order  lag  term  is  made  small  by  design  (order  of  0.005  seconds),  and  hence 
this  factor  is  usually  omitted. 

B2. 1.2  Rate  Gyros.  In  addition  to  inertial  angular  position  data  it  is  sometimes  desirable  to  measure  the 
angular  rates  of  the  vehicle.  For  this  purpose  a  rate  gyro  is  used.  In  a  rate  gyro  the  torque  necessary  to  rotate 
the  momentum  vector  is  restrained  by  a  counter  torque.  This  counter  torque  can  come  from  either  a  spring  or 
an  electrical  torque  generator.  For  the  case  of  the  spring  restraint  a  block  diagram  representing  the  equations 
of  motion  and  a  typical  configuration  is  shown  in  Figure  B-4. 

The  equation  of  motion  for  the  rate  gyro  on  Figure  B-4  is: 

2 

Js  G  +  (Fs  *  K  )o  =  Hw.  . 
o  0  o  i 
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Figure  B~4.  Rate  Gyro 


The  transfer  function  then  becomes: 


Eo  KpH/J 


u  i  2  F  Ko 

ft  8  * - 

J  J 


where 


KG 
P  o 


The  static  gain  (volts  output  per  unit  rate  input)  is: 


Kp» 
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and  the  natural  frequency  is: 


The  major  factor  in  tno  selection  of  a  rate  gyro  is  the  relationship  between  static  gain  and  natural  frequency.  As 
the  natural  frequency  is  increased  the  static  gain  is  lowered,  and  null  voltage  levels  increase.  Gyros  with  a  wide 
range  of  characteristics  are  commercially  available  with  frequencies  of  from  6  to  50  cps  and  damping  ratios  of 
from  0.3  to  2.5  critical  damping. 

It  is  also  possible  to  obtain  rate  information  from  a  rate  integrating  gyro.  This  is  accomplished  by  placing  a 
nulling  amplifier  around  the  rate  integrating  gyro.  The  output  of  the  gyro  then  becomes  proportional  to  angular 
rate.  As  an  example,  consider  the  rate  integrating  gyro  of  Figure  B-3.  The  transfer  function  of  ti.'s  gyro  is: 


F 

“  '  J 


<H  , 


’ilKTEi> 


Let  the  feedback  or  nulling  voltage  be: 


E  “  -K  E  ; 
i  F  o 


then 


E  .1. 


f  - (Hw,  -KKE). 

o  s  s  +  F/J  '  i  T  F  o' 

This  reduces  to: 


K  I! 
KP  J 


I,  ,  KKK 

‘  s2  -  (F/J)  s  - 


which  is  the  input -rate -to -output- signal  transfer  function. 

It  can  be  seen  that  the  electric  torque  restoring  force  (K^K^Kp)  is  equivalent  to  the  spring  KQ  in  the  preceding 
equation  for  a  spring-restored  rate  gyro. 


The  static  gain  then  becomes  : 


H 

K  K 

T 


and  the  natural  frequency  is: 


The  damping  of  this  second  order  system  is  dependent  upon  the  feedback  gain  (and  hence  frequency)  chosen. 

B2.2  Accelerometers .  The  accelerometer  provides  information  as  to  the  inertial  motion  of  a  body.  Accelero¬ 
meters  can  l>e  classified  into  two  major  categories:  1)  spring- restrained  and  2)  force-rebalanced.  These 
accelerometers  may  detect  cither  linear  or  angular  motions,  or  any  combination  thereof.  Additional  uses  of 
acceleration  devices  such  as  velocity  sensing  are  also  made:  this  can  be  done  by  external  integration  of  the  output 
signal. 


B-8 


WADD  TR-61-93 
April  1961 


The  accelerometers  Illustrated  In  this  section  are  fitted  with  a  displacement  transducer  (shown  as  a  potentiom¬ 
eter)  and  a  spring  or  electro-magnetic  restoring  force.  Accelerometers  manufactured  today  contain  many 
unique  arrangements  of  mass,  restoring  element,  and  output  transducer.  The  combinations  are  too  numerous 
to  describe  in  detail.  A  description  of  the  operation  of  these  devices  will  indicate  the  nature  of  the  restoring 
element  and  transducer;  from  these  the  transfer  function  of  the  device  may  be  determined.  The  three  simple 
accelerometers  analyzed  in  the  following  pages  are  all  equipped  with  displacement  transducers.  Some  classes 
of  accelerometer-type  instruments  are  equipped  with  voloclty-sensitive  output  transducers.  These  transducers 
change  the  output  characteristics  of  the  device  such  that  the  outpul  is  proportional  to  "jerk"  (rate  of  change  of 
acceleration) . 

The  first  accelerometer  configuration  is  that  of  a  spring-rostrainod  linear  accelerometer,  shown  schematically 
in  Figure  B-5. 


Figure  B-5.  Line  Schematic  of  Spring  Rebalanced  Accelerometer 
The  equation  of  motion  ia : 

-MXj  +  d  +  KY  -  0. 

After  the  following  substitutions  arc  made: 


XjMX-V) 

E  =  K  Y. 
o  P 


This  reduces  to  the  following  transfer  function.-* 

E  K„ 

o 

X 


2  C 
8  +  — 
M 


K 

M 


£  £ 

*The  use  of  X  for  d  x/dt  (acceleration)  was  admitted  in  an  operational  equation  to  clarify  the  relationship 
between  the  input  and  output  variables. 
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The  static  gain  (voltage  output  for  a  unit  steady  state  acceleration)  is: 

E  MIC 

_o  _ _ P 

Xas  ^ 


The  undamped  natural  frequency  Is  : 


The  accelerometer  can  aiso  be  adapted  to  record  linear  and/or  angular  acceleration  in  all  combinations.  Con¬ 
sider  tho  accelerometer  shown  schematically  ir.  Figaro  B-6.  The  equation  of  motion  for  the  configuration  can 
be  determined  by  equating  the  inertial  moments  and  the  momenta  due  to  the  restraints  Fq  and  KQ  ,  the  gimbal 
spring  and  damper: 


£%!W-M2,25-M/lS-Ml,lii 
Em  =f  (6-6)  +  Kfi(e-o). 

W(B)  u  1  °  1 

whore  the  quantities  F„  and  have  tho  units  of  a  torsional  damper  and  spring. 


M,  &  M  *  SEISMIC  MASSES 
1  2 

&  j?2  -  LEVER  ARM  OF  SEISMIC  MASSES 

6  INERTIAL  ROTATION  OF  ARM 
'  INPUT  ROTATION  OF  ARM 

X  LONGITUDINAL  MOTION 

K  -  TORSIONAL  SPRING  CONSTANT 
6 

i\  -  TORSIONAL  DAMPER  CONSTANT 
0 

Figure  B-6.  Spring  rebalanced  Accelerometer  Sensitive  to  Both  Longitudinal 
and  Rotational  Accelerations 
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By  equating  the  inertial  and  base  moments,  the  following  transfer  function  can  be  obtained: 
(FqS  .  K0)ej  +  <Mgl2  -  M1I])X 

(M2I2  +  '  V  '  K0 

To  determine  the  transfer  function  for  the  output  voltage  let 

v<v°> 


Then  the  following  transfer  function  car. written: 

E  (Ml,l2<M2^ih<l-M2,2)k 
(M2f22  *  MlflK  ’  ‘o  8  ‘  *0 

If  the  accelerometer  is  then  placed  a  distance  L  from  the  center  of  gravity  such  that: 

X  X  .  1,0  , 
a  1 

then  one  can  write: 


[VM  .2  ,  ..  ,2\ 
ri1!  ■  "v2/ 

’  TV. 

(Mif.  -  M2J2/\ 

(m  t2  •  M  f)  S2  . 

F_s  +  K,x 

1  1  1  2  2] 

O  0 

From  the  preceding  it  can  lx;  demonstrated  that  by  varying  the  various  parameters  (M^,  J?,,  JG  ^  and  L) 

the  accelerometer  can  be  made  to  sense  either  pure (*). ,  pure  X  or  any  combination  of  X  andO^. 

B2.2. 1  Forcc-Rcbalanco  Accelerometer .  The  seismic  mass  of  Figures  B-5  and  B-6  can  be  restrained  by  an 
external  force  (usuaiiy  magnetic)  in  place  uf  the  spring  restoring  force.  Such  a  configuration  would  be  called  a 
force -rebalance  accelerometer.  A  schematic  representation  of  a  force -rebalance  accelerometer  is  presented 
in  Figure  15-7. 


AMP  K  k 
A  F 


E  *  FILTER  OUTPUT 
a 

E  -  OUTPUT  SIGNAL 
o 

F .  FORCE  DUE  TO  ERROR  SIGNAL 

iv! 

K  -  AMPLIFIER  GAIN 
A 

K  -  FILTER  TRANSFER  FUNCTION 

V 

K  PICKOFF  GAIN 
P 

K,f  FORCE  TRANSDUCER  GAIN 
X  LONGITUDINAL  MOTION  OF  CASE 
X.  «  LONGITUDINAL  MOTION  OF  WEIGHT 

l 

Y  -  RELATIVE  MOTION  OF  WEIGHT  AND  CASE 


Figure  B-7.  Line  Schematic  of  a  Force  Rebalanced  Accelerometer 


The  equation  of  motion  for  the  seismic  mass  can  be  written  as  follows: 


MX 

1 


^  F 


KT 


0 
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where: 


fkt  =  ktkaW‘ 


also 


X  =  X  +  Y 


The  term  F  is  the  force  used  to  restrain  the  seismic  mass  of  the  force- rebalance  accelerometer.  The 
transfer  function  for  the  accelerometer  then  becomes: 


E 

o 

-rr 

X 


K  K  K  K 
TAPP 


M 


(B-l) 


As  the  preceding  transfer  function  is  not  damped.  the  filter  characteristics  m«3t  be  altered  to  provide  damping. 
The  filter  transfer  function,  K  ,  should  be  that  of  a  lead  network,  to  provide  damping. 

r 

A  simple  lead-lag  circuit  Is  representative  of  the  type  of  compensation  that  could  be  used  to  damp  the  accelerom¬ 
eter: 


E  1  +  T  s 

a _ a__ 

E  1  +  T.  8 

u  b 


Substituting  Equation  B-2  into  Equation  B-l  gives  the  following  transfer  function: 
E  -K„ 


X 


K„,K1K„r  K  K  K_ 
T  A  P  a  T  A  f 
a  +  ■  ...  s  t 


M(1  +  Tbs» 


M(1  tr^a) 


(B-2) 


This  is  equivalent  to  a  pair  of  complex  conjugate  roots  mulMpli  -d  by  »  lag-lead  dipole. 


For  T,  <  r  one  has: 
b  a 


E 

_p 

X 


s  >2fU8  I  <0 
n  n 


1  i  T .  s 
b 

1  +  s/p 


where  P  Is  a  real  root  of  the  denominator.  The  values  of  natural  frequency  and  damping  are  adjusted  by  choice 
of  Ta/Tb  the  rebalance  loop  static  gain,  K^K^K^.  The  static  gain  of  the  force  rebalance  accelerometer  Is: 


88 


M 

EK 
T  A 


B2.3  Inertial  Platform  Transfer  Functions.  In  an  mertially  guided  vehicle  the  dynamic  response  of  an  inertial 
platform  can  affect  the  stability  of  the  vehicle  short-period  modes  in  several  ways.  There  are  two  feedback 
loops  In  which  the  dynamic  response  of  the  platform  may  appear.  First,  it  always  appears  in  the  guidance 
loop.  Second,  if  the  platform,  through  gimbal  angle  pickoffs  or  a  resolver  chain,  is  used  as  the  position 
reference,  the  platform  dynamics  will  alao  appear  in  the  position  loop. 

The  actual  platform  response  Is  highly  nonlinear,  even  in  a  "linear”  analog  rebalanced  accelerometer- analog - 
t<>  roiled -gyro  platform,  because  of  static  friction.  The  effect  of  static  friction  is  essentially  a  reduction  in 
loop  gain  and  an  increase  In  phase  lag.  The  effects  are  more  pronounced  at  low  signal  levels,  where  the  plat¬ 
form  is  usually  operating.  However,  the  platform  is  usually  considered  to  be  a  "stiff”  system  and.  for  fre¬ 
quencies  below  1.0  cps  or  so,  can  be  linearized  without  much  error. 
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There  are  several  methods  of  presenting  frequency  response  information  (Bode  Plot,  Nichols  Chart,  etc,). 
Platform  manufacturers  have  adopted  these  different  techniques,  as  may  be  seen  in  Figures  B-8.B-9  and B- 10* 


CURVE  A 
CURVE  B 
CURVE  C 


J.  P.  L.  SQUARE  WAVE  RESPONSE  (MANUFACTURERS  DATA) 
APPROX.  SQUARE  WAVE  RESPONSE^) 

APPROX.  SINE  WAVE  RESPONSE  J 


COMPUTER  MODEL 


Figure  B-8.  Frequency  Response  (Bode  Plot)  Vega  Platform 


Figure  3-8  presents  a  Bode  Plot  of  the  proposed  Vega  space  booster  inertial  platform's  closed-loop  response. 
Curve  A  is  the  actual  data  as  received  from  the  manufacturer.  It  shows  "Square  Wave  Response  versus 
Square  Wave  (Input)  Frequency". 

Figure  B-9  presents  the  closed-loop  transrnissibiiiiy  of  the  Anna -At las  platform,  Thp  transmissihilitv  is 
the  angular  displacement  of  the  platform  in  inertial  space  per  angular  displacement  of  the  missile  in  inertial 
space,  versus  frequency  of  the  missile  angular  displacement. 

Figure  B-iO  presents  an  open-loop  Nichol's  chart  for  the  Centaur  space  booster  inertial  platform's  leveling 
^Sb'fc'hs  provided  by  tho*mar^ufacturer,  Minneapolis  Honeywell. 

Since  this  frequency  response  information  is  usually  available  and  the  actual  transfer  function  is  nut,  an 
approximation  must  be  developed.  Using  the  Vega  platform  (Figure  B-8)  as  an  example,  one  method  of  ap¬ 
proximation  will  be  described. 


WADD  TR-61-93 
April  1361 


Curve  A  of  Figure  B-8,  as  mentioned  previously,  is  tire  actual  data  ats  received  from  the  manufacturer.  From 
experience  it  was  felt  that  a  transfer  function  of  the  form: 


would  be  a  good  compromise  between  complexity  and  accuracy  of  curve  fit.  Next,  this  transfer  function  whs 
programmed  for  the  analog  computer,  and  the  values  of  , T  , wn  aiK‘  ^  were  adjusted  until  a  square  wave 

response  similar  to  that  required  was  obtained  (curve  B  of  Figure  B-8  shows  this  approximate  square-wave 
response).  The  sine-wave  response  of  the  approximate  transfor  function  was  obtained  (see  curve  C  of 
Figure  B-8)  for  comparison  purposes. 

Once  the  approximate  platform  transfer  function  is  obtained,  the  method  of  insertion  into  tho  feedback  loops 
must  bo  ascertained.  Again  using  the  Vega  vehicle  system  as  an  example  (because  it  uses  gimbal  angle  pick- 
offs  tor  position  reference),  the  pitch  and  yaw  channel  block  diagrams  of  Figure  B-ll  and  B-12  were  developed. 
Figure  B-13  shows  the  coordinate  system  used  In  these  diagrams.  Normally,  the  bending  mode  is  not  included 
in  the  position  loop,  but  for  the  Vega  configuration  the  slope  of  the  first  bending  mode  at  the  platform  position 
was  about  ten  times  the  slope  at  the  rate  gyro  location,  and  an  appreciable  first-bending  mode  component  was 
expected.  This  should  be  kept  in  mind  for  all  vehicles  where  the  position  and  rate  sensors  are  at  different 
locations,  particularly  when  the  position  sensors  are  located  in  one  of  the  upper  Btagcs  of  a  multi-staged 
vehicle. 


Figure  B-ll.  pitch  Channel 
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B2.4  Dynamics  of  Angle  of  Attaok  Sensors.  There  are  many  possible  approaches  to  the  problem  of  measuring 
angle  of  attack.  Since  the  list  of  possible  techniques  (with  variations)  is  quite  long,  no  attempt  will  be  made 
here  to  provide  a  complete  set  of  descriptions.  A  good  description  and  primary  evaluation  of  most  of  the  ideas 
for  angle -of-attaek  measurement  is  available  in  Roterence  tl-l.  Only  a  lew  of  the  basic  approaches  have  been 
tried  with  any  success.  We  will  attempt  to  classliy  these  strictly  on  the  basis  of  dynamic  characteristics,  and 
point  out  such  factors  as  relative  accuracy,  reliability,  bulk,  and  complexity. 


First,  a  broad  distinction  is  Indicated  between  systems  which  sense  angle  of  attack  more  or  less  directly  and 
the  process  of  deriving  angle  of  attack  by  computer  mechanization  of  lift.  The  latter  approach  passes  essential 
Information  through  the  dynamics  of  pressure  sensors,  aooeleromoters,  and  a  computing  process  and  would  be 
troublesome  if  good  (dynamic  response  is  an  important  consideration.  Hence,  this  treatment  of  dynamic  char¬ 
acteristics  will  confine  itBelf  to  methods  which  are  based  on  da-ect  sensing. 


The  direct  csr.slng  methods  can  be  classified  in  two  general  categories  -  -  according  to  whether  or  not  the 
sensor  is  moveable. 


With  stationary  sensors,  angle  of  attack  is  computed  from  the  pressure  sensed  by  two  or  more  appropriately 
positioned  orifices.  The  moveable  sensor  is  usually  designed  to  point  Into  the  relative  wind;  angle  of  attack  is 
derived  from  Its  position  relative  to  the  airframe.  A  little  used  alternate  is  to  measure  the  aerodynamic 
forces  on  a  moveable  (but  restrained)  device.  This  type  will  not  be  considered  here,  since  corrections  for 
Mach  numbor,  dynamic  pressure  (q),  and  side  slip  angle  are  tedious  and  there  is  no  Indication  in  the  literature 
that  such  a  device  has  been  developed  and  successfully  used. 


The  moveable  sensor  class  can  be  subdivided  into  simple  weather-vane  types  and  powered  null-seeking  devices. 
The  two  are  alike  in  that  angle  of  attack  is  read  from  the  position  of  the  sensor.  The  null-3eeking  device  has  a 
pair  of  orifices  located  symmetrically  about  the  reference  axis.  The  sensor  is  driven  by  a  servo  so  that 
pressux-es  on  the  two  orifices  are  equai. 


B2. 4. 1  Stationary  Anglo-of- Attack  Sensors.  If  a  probe  is  provided  with  orifices  as  indicated  in  Figure  B-14, 
then  one  may  write: 


o-  K 


F  -  P 

f(M)f<p) 

T  S 


where : 


(3  is  side  slip  or  the  component  of  relative  wind  in  a  plane  perpendicular  to  the  plane  of  a 
measurement. 


M  is 

K  is 

and  P„  -  P_  is 
T  S 


free  stream  Mach  number. 

an  appropriate  constant 

the  measure  ot  dynamic  pressure. 


q. 
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The  arrangement  of  Figure  B-14b  eliminates  the  need  for  Mach  number  and  0  correction  at  the  expense  of 
sensitivity: 


a  =  K 


0  1 


o_ 

2 


These  equations  are  developed  in  Reference  B-l. 


The  important  results,  where  dynamic  characteristics  are  concerned,  is  that  although  the  need  tor  Mach  number 
and  0  corrections  may  be  eliminated,  there  remains  a  requirement  for  manipulation  of  ratios  of  differential 
pressures. 


U 


With  the  probe  of  Figure  B-14a,  first  order  dynamic  requirements  apply  only  to  the  measurement  of 

w 

Dynamic  pressure,  q,  and  Mach  number  vary  slowly  compared  to  the  short  period  variation  of  a.  The  function 
of  0,  included  in  the  expression  for  a ,  docs  have  short  perkxl  dynamic  characteristics,  however.  It  can  be 
mechanized  as  a  change  in  gain  of  the  rv  sensor.  This  requires  the  dynamics  of  a  servo  in  0  corrections.  The 
permissible  lag  will  depend  upon  how  much  dynamic  cross-talk  can  be  allowed. 


The  transfer  function  which  operates  directly  on  r v  will  depend  upon  the  mechanism  of  pressure-ratio  sensing  and 
the  pneumatic  characteristics  of  the  probe,  lines,  ami  transducer  volume. 


The  most  direct  approach  to  pressure- ratio  sensing  is  to  drive  position  transducers  directly  from  bellows 
volume.  This  is  the  easiest  way  to  get  good  dynamic  response.  Extreme  accuracy  cannot  be  attained  with 
reasonable  instrument  Volume  because  the  measured  pressure  ratio  must  be  high  enough  to  overcome  friction  in 
the  system.  The  performance  of  currently  available  sensors  indicates  that  accuracies  to  ±0,2  degree  (from  the 
pressure  sensor  only)  can  be  readily  obtained.  No  directly  applicable  dynamic  data  are  available.  The  devices 
of  simuhti  construction  designed  for  Mach  number  measurement  indicate  that  a  response  equivalent  to  a  first 
order  time  lag  can  be  expected.  Time  coiutumtK  on  the  order  of  0.  01  to  0.  02  second  should  be  attainable  at 
moderate  to  high  dynamic  pressures.  Both  response  and  accuracy  deteriorate  at  low  values  of  q. 


Accuracies  in  sensing  o  to  considerably  belter  than  ±0.  2  degree  would  probably  require  the  use  of  a  servo-driven 
pressure  ratio  sensor.  Servo-loop  dynamics  are  sensitive  to  change  inq,  but  are  essentially  second  order. 

The  transfer  function  for  pneumatic  line  lag  can  be  closely  approximated  witli  a  first  order  time  constant: 
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tx  -  viscosity  of  air, 

P  =  average  pressure  in  system, 

V  »r£D  volume  of  sensing  line,  and 

V  =  transducer  volume. 

From  this  example  it  is  apparent  that  response  is  strongly  affected  by  the  length  of  pressure  leads  and  the 
transducer  volume  as  well  as  the  total  pressure. 

In  addition  to  this  lag  there  is  a  transportation  time  delay  which  only  becomes  significant  with  long  pneumatic 
lines  between  the  sensor  and  transducer.  This  delay  is  simply  the  time  required  to  propagate  sound  in  air 
along  the  length  of  the  tube. 

In  summary,  for  the  stationary  anglo-of-attaek  sensor,  one  has  a  transfer  function: 


(  <PT)  »  +  1)  (r  a  +  1) 


for  direct-drive  bellows  transducers,  or: 


s 


when  a  servo-driven  pressure  ratio  sensor  is  used.  Here: 

K  a  r  bitary 

a  line  transport  time  delay  (usually  not  significant) 

Tl  pneumatic  line  lag  (a  function  of  total  pressure) 

time  constant  of  bcUows-transdiicer 

r  servo  motor-time  constant 

m 

servo  gain,  a  function  of  q 

K (>j  servo  rate  feedback  gain  (if  used). 

B2. 4.2  Moveable  Sensors.  The  aerodynamic- vane  type  sensor  is  an  attractive  solution  to  the  anglc-of-attack 
measurement  problem  because  of  its  simplicity,  reliability,  and  freedom  from  the  necessity  for  computed  cor¬ 
rections.  It  has  one  serious  drawback  of  requiring  a  moveable  part  (usually  fragile)  protruding  from  the  air¬ 
frame,  The  moveable  vane  is  subject  to  damage  and  deformation  in  handling  which  could  cause  errors  or  com¬ 
plete  malfunction.  In  applications  where  this  characteristic  can  be  tolerated  and  where  extreme  accuracy, 
especially  at  low  Mach  number  is  not  required,  the  moveable  vane  is  probably  the  simplest  and  most  inexpensive 
solution. 
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Figure  U-14,  Stationary  Anglc-oi-Atlack  Sensors 

A  straight-forward  NASA  design  of  this  type  of  sensor,  presented  in  Reference  B-2,  will  bo  used  in  an  example 
to  present  typical  dynamics.  It  is  sketched  in  Figure  B-15. 

This  particular  vane  is  extremely  light-weight;  hence  it  has  a  very  high  response  and  is  heavily  damped.  The 
ratio  Cli/Cl^p  is  estimated  to  be  about  0,08;  this  is  probably  conservative.  Inertia  is  only  10"’  Ib-in-sec^, 

and  Cf  .  is  estimated  at  2. 9/radlan,  Substitution  into  the  transfer  function  gives: 

0 


ri  _ _ (0.8  S  *  i) _ 

IT  (s)  (o.  i  s  +  l)  'loToooi  s  +  l)- 

Reference  B-2  shows  accuracies  of  ±1/4  degree  or  less  at  supersonic  velocities.  Subsonic  operation  brings 
upwash  errors  which  can  be  as  high  as  one  degree  at  a  five-degree  angle  of  attack  (on  a  nose  probe  mount  ahead 
of  a  lifting  surface).  The  latter  is  a  position  error  and  could  be  compensated  for  as  a  function  of  Mach  number. 

It  is  apparent  from  tills  example  that  if  static  errors  in  the  above  range  can  be  tolerated,  the  vane  type  sensor 
provides  excellent  dynamic  response. 

When  greater  accuracy  is  required  the  null-seeking,  servo-driven  moveabie  sensor  may  be  required.  Accuracies 
with  less  than  ±0, 1  degree  error  are  claimed  for  models  currently  in  use. 
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Since  provisions  for  moving  the  sensor  require  servo  motor  location  near  the  vane,  pneumatic  line  lags  will 
probably  not  be  significant.  The  rango  of  the  differential  pressure  sensor  need  not  be  large;  hence,  it  can  have 
good  dynamic  response.  The  dynamic  characteristics  of  this  type  of  sensor  would  then  be  dominated  by  the 
characteristics  of  the  servo  which  drives  the  nuli-soeking  head.  Typically: 


where 

K  (*1)  -  total  loop  gal: 

rA  -  rate  feedback  time  constant  (if  usod) 
r  -  servo  motor  time  constant. 

varies  proportionally  with  dynamic  pressure.  Unless  some  automatic  gain  scheduling  is  provided  within  the 

servo  loop,  the  servo  must  be  designed  with  adequate  response  set  by  tho  lowest  dynamic  pressure  to  be  en¬ 
countered,  and  stability  determined  by  the  highest. 

The  transfer  function  varies  from  heavily  damped,  essentially  first  order  response  at  low  q  values  to  highly 
damped,  second  order  at  high  q  values. 


B3  CONTROL  EUSMKNTS 

This  section  contains  a  phenomenological  discussion  of  several  of  the  various  active  configurations  that  can  be 
used  to  provide  forces  for  stability  and  control  of  booster  vehicles.  The  several  properties  to  be  considered 
will  be  given  a  general  treatment  to  familiarize  the  reader  with  certain  properties  of  these  devices. 

These  prime-mover  devices  are  grouped  inlo  two  general  categories:  aerodynamic  and  reaction  jet  (thrust) 
control. 

B3. 1  Aerodynamic  Control.  The  aerodynamic  forces  used  for  control  can  be  obtained  either  by  configuration 
(stable  aerodynamic  booster)  or  by  an  active  control  system  (moveable  aerodynamic  surfaces).  The  moveable 
aerodynamic  surfaces  arc  the  only  ones  to  bo  considered  herein.  These  surfaces  may  be  further  subdivided  as 
to  Uie  amount  of  surface  that  is  moveable,  the  method  of  actuation.  Use  position  on  the  vehicle,  etc. 

The  methods  to  be  used  for  synthesis  and  analysis  of  (lie  flexible  booster  and  control  system  are  not  affected  to 
any  great  degree  by  these  differences  in  the  control  elements.  The  major  differences  occur  in  the  relative  im- 

(portanco  of  the  control  force,  actuation  force  due  to  position,  and  inertial  forces.  This  relative  importance  may 

affect  the  degree  of  approximation  that  can  be  used.  The  majority  of  the  approximations  discussed  in  Section  4 
|  are  based  on  the  premise  that  the  inertial  force  of  the  control  device  (a  rocket  engine  in  this  case)  will  be  large 

■  and  the  actuation  position  force  nil.  For  moveable  aerodynamic  surfaces  this  situation  may  bo  reversed.  When 

this  occurs  it  may  be  reasonable  to  approximate  the  forces  produced  by  the  aerodynamic  surface  by  a  first-order 
lag  for  more  complex  analyses  than  would  be  possible  for  Uie  gimbaled  engine.  The  force  produced  by  any  given 
surface  configuration  will  be  a  function  of  the  flight  variables,  which  are  dynamic  pressure,  Mach  number,  and 
:  angle  of  attack  of  the  surface.  This  force  is  derived  for  several  values  of  angle  of  attack  at  various  dynamic 

|  pressures  and  Macli  numbers.  A  curve  of  force  versus  surface  angle  can  be  plotted  for  various  flight  times 

i  (see  Figure  B-16). 

The  force  versus  surface  angle  is  approximately  linear  in  the  region  around  zero  angle  of  attack.  The  common 
technique  is  to  linearize  this  curve,  on  tho  basis  of  the  largest  anticipated  angle  of  attack,  and  then  use  this 
linear  constant  for  stability  analyses.  If  this  is  not  possible  (due  to  the  nature  of  the  curve),  then  a  describing 
function  analyses  will  be  required  (Reference  B-3). 
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ANGLE  OF  CONTROL  SURFACE 


Figure  B-lfi.  Typical  Plot  of  Force  Versus  Control  Deflection 

R3, 2  1  brunt  Vectoring  Schemes.  The  majority  of  the  present  booster  vehicles  use  thrust  vectoring  for  control. 
Thrust  vectoring  is  used  because  it  allows  control  during  flight  conditions  when  aerodynamic  control  is  not 
possible  -  such  as  Immediately  after  launch  and  later  when  the  vehicle  leaves  the  sensible  atmosphere.  As 
thrust  vector  forces  are  more  constant  than  the  aerodynamic  forces,  the  synthesis  and  analysis  of  the  control 
system  will  he  easier,  too.  This  property  may  also  allow  a  constant-gain  autopilot  and  control  system  to  be 
used.  The  thrust  vectoring  can  bo  accomplished  in  several  ways,  such  as  gimbaled  engines,  moveable  nozzles, 
stream  deflection,  and  on-off  control, 

B3,2, 1  Gimbaled  Engines.  The  girubaied  engine  is  the  method  which  Is  used  currently  for  large,  liquid  fueled 
boost  vehicles.  Gimbaled  engines  were  presumed  in  deriving  the  equations  presented  in  the  body  of  this  report 
(see  Section  4).  The  primary  control  toree  for  this  scheme  ol  control  is  simple  in  conception:  thrust  times  the 
sine  of  the  gimbal  angle.  The  control  moment  Is  this  force  limes  the  lever  arm  between  the  gimbal  point  and 
the  vehicle  center  of  gravity.  Certain  secondary  forces*  (gimbal -friction,  jet-damping,  hose-restraint,  thrust- 
offset,  and  Inertial  forces)  will  have  to  be  considered  In  the  analysis  of  the  control  system.  The  equations  of 
motion  are  not  discussed  at  this  point,  as  they  are  covered  in  detail  elsewhere  in  the  report  (Subsection  4.3.  3 
and  Appendix  B4- 2). 

B3.2.2  Moveable  Nozzles.  The  ma;or  use  of  the  moveable  nozzle,  as  opposed  to  a  moveable  (gimbaled)  engine, 
is  in  the  control  of  solid  propellant  rocket  motors.  The  thrust-vector  deflection  is  obtained  by  allowing  the 
nozzle  to  move  through  an  angle  with  respect  to  the  rocket  motor  ease  (Figure  b-17). 


*  These  forces  are  referred  !u  herein  as  secondary  because  they  are  not  the  forces  desired  for  control.  This 
does  not  imply  neccbsui  by  Rial  they  are  smaller  in  magnitude  than  the  primary  forces. 
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Figaro  B-17.  Solid  Propellant  Rocket  Meter  With  Movable  Nozzle 

For  the  solid  propellant  rocket  with  moveable  nozzle,  the  forces  are  similar  to  those  for  the  gimbaled  engine. 
The  relative  Importance  of  tho  several  terms  (particularly  in  the  secondary  forces)  will  change,  and  these 
changes  are  reflected  In  the  servo-motor  load.  The  actuator  moment  necessary  to  deflect  the  exhaust  stream 
then  becomes  significant.  This  moment  is  the  rosult  of  an  internal  aerodynamic  torque  and  Is  a  function  of  mv 
(tho  mass  flow  and  voloeity).  It  is  proportional  to  the  sine  of  the  thrust  deflection  angle.  The  magnitude  of  the 
moment  coefficient  is  dependent  upon  tho  geometry  and  cannot  be  expressed  by  a  simple  general  formula.  The 
configuration  changes  will  tend  to  decrease  the  inertial  forces  (duo  to  less  mass  being  gimbaled),  while  in¬ 
creasing  the  friction  and  elastic  forces,  which  must  be  overcome  to  move  the  nozzle.  The  resulting  actuator 
system  is  generally  satisfactorily  apprdximated  by  a  first  order  system,  even  for  relatively  high  frequency 
mode  studies. 

The  terms  "moveable"  for  nozzles  and  "gimbaled"  for  engines  are  used  because  the  solid  propellant  nozzles  are 
moved  in  one  plane  only,  while  liquid  engines  arc  gimbaled  in  both  the  pitch  and  yaw  planes.  Although  this 
situation  still  occurs  in  practice,  there  apparently  ore  no  Insurmountable  problems  regarding  deflection  of  the 
solid  propellant  nozzle  In  both  the  pitch  and  yaw  planes. 

B3. 2. 3  Pivoted  Nozzles.  Pivoted  nozzles,  as  opposed  to  moveable  nozzles,  will  be  used  herein  to  denote  con¬ 
figurations  in  which  the  entire  motor  case  Is  rotated  to  produce  thrust  deflection  forces  (see  Figure  B-18  for  a 
typical  configuration). 

The  forces  for  the  pivoted  nozzle  are  identical  to  those  for  the  gimbaled  engine*.  The  inertial  forces  are  larger 
than  those  for  the  moveable  nozzle;  this  may  require  the  use  of  a  third  or  higher  order  actuator  servo  simulation 
for  the  higher  mode  analyses. 

The  pivoted  nozzle  Installation  offers  some  unique  advantages  in  combining  control  capability,  along  with  a  per¬ 
formance  Increment  which  may  be  shown  to  be  positive  (a  gain)  for  many  installations. 

B3. 2. 4  Stream  Deflection  Schemes.  The  stream  deflection  schemes  considered  herein  are  those  where  the 
nozzle  is  not  deflected  but  the  exhaust  stream  is  deflected  by  some  other  phenomena  to  produce  a  lateral  force. 
The  stream  deflection  can  be  accomplished  by  various  types  of  apparatus.  These  devices  can  be  separated  into 
two  general  categories;  mochanlcal  means  and  fluid  control. 

The  mechanical  apparatus  used  for  stream  deflection  include  such  devices  as  jet  vanes,  jetevators,  full  eyelids, 
single  eyelids,  spoiler  tabs,  and  split  extension  nozzles.  In  addition  lo  the  devices  lor  a  regular  nozzle,  a 
pivoting  cowl  and  laterally  displaced  spiko  arc  used  for  ihrust-veetor  control  of  Isentropic  spike  nozzles.  A 
definition  of  the  above  mentioned  apparatus  along  with  curves  of  steady  state  performance  are  given  by 
P.  A.  Hunter  (Reference  B-4),  The  general  result  obtained  by  use  of  such  devices  will  be  similar  to  thal 
Indicated  in  Figure  B-19. 


*  The  possible  exception  Is  the  absense  of  hose  restraint  torques  for  the  pivoted  nozzle.  This  is  not  felt  to  be 
significant  as  the  hose  restraint  torques  are  usually  dropped  for  gimbaled  engines. 
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Figure  B-18.  Pivoted  No/./) eu  Used  for  Control 

Figure  B-19  compares  two  methods  of  obtaining  a  lateral  force;  via. ,  engine  rotation  and  stream  deflection. 

The  base  of  comparison  (the  dotted  line  of  Figure  B-19)  Is  produced  by  an  engine  rotation.  This  base  is  compared 

to  forces  produced  by  stream  doflection.  The  comparison  is  for  two  engines  with  initial  thrust,  F  .  In  both 

R 

cases  a  lateral  force,  F  or  F  '  ,  is  produced.  For  the  engine  rotation,  F  -  F„  sin 6  and  F  =  F  cosb  . 

xi  Y  R  X  R 

For  the  stream  deflection  device  an  identity,  F^  F^,  would  result  in  an  such  that  F^  <  Fj,.  Restating 

the  preceding  in  words;  The  stream  deflection  will  always  bo  less  efficient  for  producing  lateral  forces  than  an 
“  engine  rotation. 


\ 

\ 


Figure  B-19,  Typical  Vector  Diagram  of  Reaction  Control  Forces 
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The  stream  deflection  will  be  accomplished  usually  by  a  light-weight  system,  compared  to  the  weight  of  the 
engine.  Therefore,  inertial  forces  will  be  minor.  Thus,  the  first  order  approximation: 

p  ^ -  p 

Y  rs  i-  1  Y  command 
may  be  used  for  most  annlyscs. 

The  fluid  stream  can  be  deflected  by  injecting  a  secondary  stream  of  fluid  into  the  exhaust,  see  Figure  B-20 
(References  B-4  and  B-5).  This  secondary  stream  has  the  effect  of  creating  a  shock  wave  which,  in  turn, 
causes  an  effective  deflection  of  the  thrust  vector,  similar  to  that  obtained  by  gimbaling  die  engine.  Although 
there  are  no  inertial  forces  connected  with  this  scheme,  the  response  will  be  limited  by  fluid  transport  lags  and 
valve  response  characteristics. 


Figure  B-20.  Obi Ique  Shock  Deflection  by  Chamber  Gas  Injection  Principle 

B-t.  2,0  Variable  Thrust  Control.  An  effective  direst  deflection  can  be  produced  by  throttling  one  or  more  of 
the  engines  in  a  multiple-engine  system.  The  basic  method  of  control  moment  is  illustrated  in  Figure  B-21. 


Figure  B-21.  Schematic  for  Control  by  Vaiying  Rocket  Engine  'Hi rest 
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The  moment  produced  about  the  center  uf  gravity  is: 


V“M  -  T  i  -  T  £ 
11  3  2 


where 


thrust  of  number  1  engine 

moment  arm  of  number  1  engine  thrust  vector  about  liie  missile  center  of  gravity.  For  a 


command  change  in  thrust,  At,  such  that  T,  =  T,  +  At  and  T„  T„  -  At,  one  obtains: 
h  1  In  2  2n 


£M  <Tln  *1  T2„  V  !  At  (I,  ♦  f2)  A,  (£1  .  «2). 


Escher  (Reference  B-6)  presents  a  scheme  for  the  use  of  a  liquid-propellant  rocket  engine  employing  several 
fixed,  differentially  throttled  thrust-chambers  for  effecting  space  vehicle  three-axis  control. 

Although  schemes  involving  throttling  of  rocket  engines  have  not  been  used,  they  do  constitute  an  acceptable 
method  if  the  lags  involved  in  obtaining  the  commanded  moment  can  be  reduced  to  a  reasonable  value. 

B3.  2.  G  On-Off  Control.  The  last  method  of  control  to  be  discussed  is  that  obtained  by  using  auxiliary  on-off 
rocket  engines.  This  usually  consists  of  several  fixed  chambers  firing  transverse  to  the  vehicle,  singly  or  in 
combinations  to  produce  the  desired  control  couples  (see  Figure  B-22).  These  chambers  are  controlled  by  a 
logic  system  which  usually  involves  a  dead -/.one  in  position  and  rate,  A  simulation  of  the  engine  thrust  char¬ 
acteristics  is  usually  required  for  autopilot  and  control  system  analysis  because  of  the  large  nonlinearities 
present.  Figure  B-23  gives  a  typical  resjionse  of  a  small  on-off  rocket  engine.  The  initial  delay  on  both  rise 
and  decay  is  caused,  to  a  great  extent,  by  circuitry,  valve  characteristics,  and  fluid  transportation  lags.  This 
lag  will  vary  from  two  to  100  milliseconds,  depending  on  the  engine  and  control  system  configuration.  The  rise 
time  is  a  function  of  the  propellant  and  will  vary  from  30  or  more  milliseconds  for  a  hydrogen  peroxide  engine 
to  approximately  one  millisecond  for  some  hypergolie  bipropellnnt  chambers.  Because  of  the  strong  nonlinear 
characteristics  a  limit  cycle  oscillation  will  exist,  the  amplitude  and  frequency  of  which  must  be  set  by  system 
parameter  adjustments. 

Auxiliary  rockets  of  this  type  range  in  size  (thrust  levels)  from  o.  01  pound  to  about  1,000  pounds.  The  lower 
tli rust  level  rockets  use  cold  gas  as  their  working  fluid  and  are  not  likely  to  be  applied  in  the  control  oi  large 
boosters;  their  application  is  in  the  realm  of  space  vehicle  and  satellite  control.  The  larger  thrust  level  rockets 
use  chemical  propellants  (mono-  or  bipropellant)  to  generate  hot  working  gases.  These  larger  rockets  may 
prove  feasible  for  control  of  some  classes  of  booster  vehicles. 

B4  POSITIONING  SERVO 

B4.  1  Electrical  Actuators.  Two  approaches  to  electrical  control  actuation  are  commonly  available:  some  form 
of  direct-coupled  electrical  servo,  or  a  clutch- actuated  servo.  Willi  both  types  the  more  attractive  systems 
(from  a  cost  and  weight  standpoint,  especially  for  smaller  missiles)  are  highly  nonlinear.  Typical  transfer 
functions  for  the  linear  (or  continuous)  direct  coupled  servos  arc  presented,  after  which  the  simulation  of  dis¬ 
continuous  direct  coupled  types  is  discussed.  Finally,  basic  characteristics  of  the  extremely  nonlinear  clutch 
systems  arc  discussed. 

B4. 1.  2  Direct- Coupled  Linear  Electrical  Servos.  Following  is  a  development  oi  the  transfer  function  of  the 
three  common  types  of  d-c  electrical  servos.  These  are  the  basic  linearized  transfer  functions  of  the  essential 
hardware.  These  characteristics  should  lie  taken  into  account  even  if  nonlinear  methods  of  excitation  are  used. 
The  transfer  functions  of  the  three  basic  types  of  d-c  servos  are  essentially  the  same  form  —  third  order.  Willi 
a  given  set  of  torque  and  velocity  requirements,  the  armature-controlled  motor  will  usually  give  the  fastest 
dynamic  response.  The  field-controlled  motor  provides  good  economy  of  control  power  but  lacks  inherent 
damping  and  is  useful  only  when  a  slow  response  can  be  tolerated.  It  also  is  inefficient  in  overall  use  of  elec¬ 
trical  power  since  high  armature  current  must  be  maintained  regardless  of  output,  for  proper  control.  The 
field -controlled  servo  transfer  function  is  included  here  for  completeness.  It  will  probably  not  be  useful  for 
control  system  actuation. 
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The  servo  using  a  series  motor  will  probably  best  meet  the  requirements  ol  the  majority  of  direct-  cot. plea 
control  actuating  requirements.  It  provides  the  highest  stall  and  low  speed  torque  for  a  given  motor  weight. 


Transfer  functions  are  developed  using  the  following  symbols.  Symbols  not  included  in  this  list  are  defined  by 
the  equation  or  diagram  in  which  they  first  appear: 


6 

& 

T 

A 

F 

J 

k'.k 


T 


V 
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-  output  position 

-  flux 

-  rate  feedback  time  constant  (gain) 

-  effective  load  spring  constant  (aerodynamic  load) 

-  effective  damping  from  friction 

-  effoctive  inertia  of  load  and  motor 

-  proportionality  constants 

-  output  torque 

-  counter  e.ro.f. 


Subscripts 

f  -  field 

a  -  armature 

The  typical  armature-  or  flcld-controllcd  servo  motor  can  bo  represented  as  in  Figure  B-2-1. 


where: 


Figure  B-24.  Schematic  of  a  Typical  Armature-  or  Field-Controlled  Servo  Motor 
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ror  armaiure  control,  in  constant  (or  a  permanent  magnet  field  excitation  can  be  used),  <£  is  constant,  and: 
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For  an  inertial,  frictional,  and  acrcdynamic  spring  load: 
T 


J  6  +  F  6  *  A  6 

H  I., 

V  KJ  4  t  —  (J  6  +  F6  +  A6)  +  —  (J &  +  F6  +  A6) 

a  °  K.  K. 
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If  L  can  be  considered  negligible,  ns  is  usually  the  cnse,  then 

K, 


6 

T  <8’ 

a 


R  A 
a 


A 


2  /  Ka’S  7\ 

T  _vr  4  "a  /  B 1 


In  the  servo  system  of  Figure  B-25,  where  the  rate  feedback  represented  by  ^  s  may  or  may  not  be  necessary, 
the  overall  transfer  function  of  the  actuating  system  becomes: 


Figure  B-25.  Use  of  Klcctrie  Servo  Motor  in  Position  Servo  Loop 
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When  aerodynamic  loads  are  small  compared  to  inertial  and/or  frictional  loads: 
<5  1 


a  j 


K.K. 
A  i 


2 

-a  r 


/  K.K.  +  R  F  +  TKtK,  \ 
j _ 6 _ i _ a_ _ _ _ A  i  \ 

\  K.K.  / 

'  A  l  / 


s  -i  1 


B-30 


VVADD  TR-G1-S3 
April  1961 


The  Field  control  circuit  is  as  shown  in  Figure  B-24.  This  transfer  function  assumes  the  armature  current, 

.  constant.  This  implies  either  that  armature  resistance,  Rr,  Is  largo  or  that  the  souree  has  a  high  output 
impedance.  The  flux,  4> ,  Is  then  proportional  to  the  field  current,  1^.: 
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Again 


T  =  J<5  +  F6  +  A6 


Eliminating  T  between  these  last  two  equations  gives: 
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The  complete  servo  with  rate  feedback  as  in  Figure  B-25  has  the  transfer  function: 

1 


With  inertiai  unu  frictional  loads  only,  the  servo  transfer  function  is: 
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Series  motors  operate  with  pronounced  nonlinearity. 
In  the  circuit  of  Figure 


Figure  B-26.  Schematic  of  Series  Motor 
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a.  V  =  HI  +  L  —  +  V  (fi,  I) 

U  L  C 


b.  T  (I)  =  k  <#>  (I)  I 

c.  =  (I,  a  )  =  k '  <t>  (I)fi 

for  <f>(  I )  =  k"  I  and  where 


(k  k"  =  K 

U'k"  = 


then 


T 


K,  I2  and  V  Kv  I  6  . 

1  e  o 


To  arrive  at  a  transfer  function,  both  b.  and  c.  must  be  approximated  in  a  linear  fashion.  If  both  are  assumed 
linear  in  a  limited  range  of  the  torque-speed  and  torque-current  characteristics  of  the  motor, 


dT 

d-,e.  T  =  K,  I,  — r  =  K  ,  where  K  and  K  arc  the  constants  of  proportionality.  Then: 
1  dfi  2  12  H  ^  1 


f.  V  = 


RT 


r  f  '  fve  <*>] 


With  an  inertial,  frictional,  and  spring  load: 
g.  T  -  J6  +  F6  ♦  A  6  4  [K,  6]  . 


The  term  K2  6  In  g.  represents  the  same  physienl  effect  as  Vc  (fi)  in  f. ,  i.  c. ,  the  change  in  torque  due  to 

changing  baek-o.  m.  f.  (and  hence  clianging  current)  accompanying  a  speed  change.  Obviously,  they  are  rot 
equivalent  if  Vc  (a)  is  assumed  to  be  a  linear  function.  No  claim  of  superior  accuracy  is  made  for  the  repre¬ 
sentation  of  g. ;  it  is  used  only  because  the  constant  K ^  is  readily  available  from  the  torque-speed  curves  of  the 
motor.  The  transfer  function  is  obtained  by  substituting  g.  into  f.  and  excluding  the  term  Vc  (fi),  since  the 
effect  is  now  accounted  for  in  g. : 
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In  the  control  loop  of  Figure  B-27, 
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Figure  B-27.  Series  Motor  Control  Loop 
When  the  load  has  a  negligible  spring  (A— -*-0), 


Note  that  this  linearizing  process  involves  extreme  assumptions  of  proportionality.  The  transfer  function  is 
good  only  for  small  disturbances  about  a  specific  operating  point.  For  some  applications  the  series  motor,  like 
the  armature-controlled  motor,  car.  be  represented  by  a  transfer  function  simplified  by  neglecting  L,  the  com¬ 
bined  Inductance  of  field  and  armature.  This  assumption  should  be  made  with  caution,  as  field  induction  is 
likely  to  be  large. 

B4. 1. 2  Clutch-Actuated  Systems-  Clutch  systems  can  bo  divided  into  two  classes  for  purposes  of  establishing 
an  equivalent  transfer  function:  those  designed  for  continuous  control  and  those  intended  to  be  strictly  an  on-off 
device.  Both  types  offer  the  advantages  of  high  load  acceleration  capability  with  low  control  power. 

The  magnetic  powder  clutch  servo  is  typical  of  the  continuous  control  type.  Torque  transmission  by  the  clutch 
is  near  enough  to  being  linear  with  clutch  eiugneli/.m*  current  that  the  inductive  lag  is  the  most  significant 
dynamic  feature.  Prime  mover  speed  con  usually  be  assumed  constant.  Thus,  this  type  of  clutch  servo  can  be 
well  represented  by  an  inductive  lag: 

_T  _  _ K _ 

V,  <S'  '  (T  s  +  1)  ’ 

in.  c 

where  r  is  determined  by  the  resistance-inductance  characteristics  of  the  clutch  magnet  and  the  driving 
c 

source  impedance.  This  time  constant  can  be  made  quite  short.  With  an  inertial  and  frictional  load: 

T  =  JG  +  FO  , 
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Since  the  friction  in  the  load  is  likely  to  ho  low  compared  to  the  inertia,  some  form  of  compensation  is  usually 
necessary.  The  transfer  function  with  rate  feedback  (Figure  B-  28)  becomes: 


Figure  B-28.  Magnotic  Clutch  Servo  in  a  Position  Servo  Loop 


1 


J7e  3 

f 

i  2  1 

f  *  +  T\ 

kak  8  +  ! 

,KKA  KAKj 

Is  +! 

1KaK  ) 

With  the  Inductive  lag,  r  negligible,  the  transfer  function  becomes: 


A  second  class  of  clutch  servo  operates  as  on-off  devices.  Performance  is  quite  different  from  that  of  an  on-off 
controlled,  direct  coupled  servo.  Dynamics  of  the  motor  are  not  involved  In  the  transfer  function,  as  in  the  case 
of  the  continuous  clutch  control  servo,  if  the  motor  has  sufficient  effective  inertia  (high  speed  motor  driving 
through  a  high  ratio  reduction  gear)  and  develops  sufficient  torque  so  tliat  prime  mover  speed  is  essentially  con¬ 
stant.  This  Is  usually  the  ease. 

The  helical  spring  clutch  is  a  good  example  of  this  type  of  control  (Figure  13-29).  The  spring  Is  rigidly  attached 
to  the  driven  shaft  and  is  wound  with  iow  clearance  on  the  driving  shaft.  Undisturbed,  the  driving  shaft  spins 
freely  inside  the  helical  spring.  Wm,..  iiic  iree  end  of  the  spring  is  deflected  In  the  direction  of  oimft  rotation, 
friction  between  it  and  the  driving  shaft  causes  the  spring  to  wrap  suddenly  and  seize  for  its  full  length  on  the 
drive  shaft.  With  a  high  speed  drive,  this  wrapping  action  takes  place  very  suddenly  and  almost  instantly  brings 
the  load  to  drive  shaft  speed.  Speed  of  response  can  be  very  last  —  limited  only  by  the  ability  of  the  system  to 
withstand  the  shock  loads  imposed.  A  protective  slip  clutch  can  be  provided  by  using  the  spring  clutch  principle 
in  reverse.  Shock  loads  can  also  be  reduced  by  providing  flexibility  and  damping  in  the  driven  shaft.  This  will 
not  influence  positioning  system  stability  if  position  feedback  is  taken  off  ahead  of  the  shaft  flexibility. 

This  system  cannot  he  easily  represented  in  terms  which  are  compatible  with  the  usual  mathematical  description 
of  a  system  except  in  a  piece-meal  fashion.  I.ct  ii  be  assumed  that  the  system's  own  internal  stability  and 
smoothness  of  operation  has  been  achieved  by  appropriate  control  over  dead  space,  system  hysteresis,  drive 
shaft  flexibility,  and  clutch  actuating  time  lags.  These  lags,  though  short  compared  to  the  response  of  the  over¬ 
all  system,  might  be  critical  in  secondary  effects  such  as  clutch  and  brake  chatter.  The  system  then  will  have  a 
response  which  is  practically  instantaneous  to  any  command  which  is  within  the  limits  bounded  by  the  maximum 
rate  of  the  system  (the  prime  mover  speed)  and  the  threshold  imposed  by  the  necessary  dead  space.  That  is,  the 
system  will  not  restxmd  at  ait  to  imputs  below  its  threshold;  it  will  possess  a  transfer  function  of  unity  for  inputs 
above  the  threshold  level. 
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Figure  B-29.  Simplified  Schematic  of  Spring  Clutch  Electro-Mechanical  Servo 

Figure  B-30  shows  two  typical  position  servo  control  loops.  In  one  case  a  brake  ("back  braking")  is  applied  to 
the  output  shaft  and  load  whenever  the  spring  clutch  servo  Is  not  activated.  Thus  for  error  signals  within  the 
threshold  the  output  rates  are  zero  ami  for  error  signals  above  the  threshold  the  output  rate  is  the  constant  servo 
rate,  ^ .  When  no  back  braking  is  applied  the  system  response  within  the  threshold  is  determined  by  the  nature 

of  the  load,  as  the  system  "free  wheels"  (marked  ns  "response  undefined"  in  the  figure). 

B4. 2  Electro-Hydraulic  Positioning  Servo.  The  electro-hydraulic  engine  servo  systems  for  thrust-vector 
control  are  usually  comprised  of  a  high  pressure  hydraulic  supply  (pump),  a  servo  amplifier,  a  hydraulic  actu¬ 
ator,  au  electro-hydraulic  servo  valve,  and  a  position  transducer.  A  great  many  of  the  systems  presently  used 
a  lso  include  an  accumulator  which  no*«  ««  a  hydraulic  capacitor  in  the  system. 

The  hydraulic  power  supplies  currently  used  arc  of  two  types.  One  employs  the  variable  displacement  pump 
v/hose  flow  output  is  controlled  by  means  of :  servo  sensing  the  high  pressure  side  of  the  hydraulic  system.  A 
rell?f  valve  is  also  connected  from  the  high  pressure  side  to  the  low  pressure  side  (hydraulic  reservoir)  of  the 
system  to  minimize  pressure  transients  above  the  operating  pressures  of  the  system.  For  normal  operation 
the  relief  valve  remains  closed,  opening  only  when  pressures  exceed  a  value  overcoming  the  pre-load  on  the 
relief  valve.  The  second  type  of  system  uses  a  fixed  displacement  pump  with  a  relief  valve  to  maintain  the  sup¬ 
ply  pressure  within  set  limits  as  well  as  to  meet  the  normal  flow  requirements.  In  this  second  system  the  relief 
valve  is  normally  open  such  that  supply  pressure  and  valve  opening,  which  is  dependent  on  supply  pressure, 
maintain  flow  through  the  relief  valve  equal  to  the  flow  output  of  the  fixed  displacement  pump.  When  there  is  a 
llow  demand  oi  the  system,  this  How  is  accomplished  by  the  relief  valve  closing  down  and  the  supply  pressure 
therefore  reducing  in  value.  Excluding  nor.Uncarities  of  the  relief  valve,  the  pressure  excursions  usually  en¬ 
countered  from  no  flow-to  full  flow  may  be  anywhere  from  live  to  25  percent  of  supply  pressure  depending  on  the 
orifice  geometry  and  spring-rate  of  the  relief  valve  poppet  assembly.  Also,  depending  on  the  design  of  the  relief 
vaive,  the  reset  pressure  of  the  valve  may  be  as  low  ns  80  percent  oi  the  cracking  pressure. 
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Figure  B-30.  Tvptcnl  Response  of  Spring  Clutch  Scrvoa  Having  a  Constant  Spend  Input 

I 

In  this  analysis  we  shall  discount  the  pump  and  relief  vnlvt  dynamics  since  they  both  would  exhibit  a  fairly  flat 
frequency  response  with  mlnlmnl  nhr*r«  shift  within  the  bund-wldth  of  the  overall  engine  servo-loop.  This  being 
so,  supply  pressure  will  bo  assumed  constant,  being  the  value  of  zero  flow  demand.  This  assumption  will  not 
hold  truu  ,o,  situation*  woicit  icquiiu  Ignlt'on  n<  -.mu,,.*  during  flight  <e.g  ,  .Ttagtsgi.  During  the  thrust  use 
transients,  the  hydraulic  supply  will  vary  greatly  with  a  marked  effect  upon  the  engine  servo  characteristics. 
The  nature  of  the  hydraulic  pressure  buildup  accompanying  engine  Ignition  and  of  the  varied  hydraulic  power 
demands  Is  so  dependent  upon  the  peculiarities  o',  a  given  Installation  as  to  defy  general  treatment.  Fortunately, 
this  period  of  .iff-nomlnal  behavior  is  very  brief  and  lends  to  no  closed-loop  elastic  Instability. 

The  electro-hydraulic  servo  plmbnllng  syntem  It  probably  one  of  the  must  highly  tunnientlormlly)  nonlinear  In- 
c*'! Hattons  In  a  night  control  system.  A  block  diagram  ol  u  system  used  as  s  position  servo  is  shown  in 
Figure  B-31.  The  servo  nmpllilci  tan  be  nssumed-to  be  llnenr,  an  can  the  feedbnek  tranaducer,  since  both  are 
usually  designed  so  that  their  saturation  limits  are  above  those  ol  either  the  flow  limit  or  actuator  stops-  The 
electro-hydraulic  servo  vah  a  la  usually  of  two  basic  designs,  that  of  cither  pressure  control  or  fi  w  control. 
The  flow  control  valve  is  the  moat  widely  used  of  the  two  In  thrust  -ectur  control  of  swivelling  rocket  engines, 
nnd  la  the  design  that  will  he  iinnlvod  herein.  Sehematle  diagrams  of  nn  ludraidle  servo  valve  and  a  simlmled 
rocket  engine  position  servo  are  show o  in  Figures  B-32  and  B-33,  they  arc  taken  from  Backus  (Befcrenec  B-7). 
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Figure  B-33.  Glmbaled  Rocket  Fnginc  Position  Servo  -  Schematic  Diagram 


B-l.  2. 1  Servo  Valve  Flow.  The  basic  equations  for  the  system  arc  developed  by  including  the  effects  of  a 
leakage  orifice  across  the  load  piston,  dynamic  pressure  feedback  to  the  valve  spindle,  and  load  pressure  feed¬ 
back  to  the  valve  spindle.  Later  in  the  development,  equations  for  each  specialized  ease  are  obtained  by 
elimination  of  the  nonpertinent  terms.  The  flow  of  hydraulic  fluid,  ,  from  the  servo  valve  into  the  left  half 
of  the  actuating  cylinder,  shown  in  Figure  B-33,  Is  given  by: 


where 


^v  = 


txscs 


Vi's  -  ^ 


Sgn  (PB  -  Pj)  ;  Xs  >0 


A-p  -  pj  sgn  (I-  -  P_) ;  X.  <0 


I!l 


R'  s 


X  =  displacement  of  valve  spool, 

assumed  positive  to  the  right  (ft) 


BC  Vlb/ft2 


C  s  discharge  parameter  (ft  /sc 
s 

a 

P  =  supply  pressure  (Ib/ft  ) 


=  pressure  at  point  1  (lb/ft  ) 

.  2 

P  -  reservoir  (return)  pressure  (lb/ ft  ) 
R 


(B“3) 


S  gn  Y  sign  of  Y  (N.D). 

The  discharge  parameter,  C  ,  irs  general  may  vary  with  both  the  spool  displacement  and  the  acluator  h»ad 


pressure. 
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It  may  be  assumed  without  ser  ious  error  that  the  ilow  into  the  left  hall  of  the  actuating  cylinder  is  equal  to  the 
flow  out  Ui  me  1  -.siu  UUi  of  w';'  .  fro  ••  it  ran  he  concluded  that: 


Q.  = 


+  X 


V2- 


s  “  pn  +  pl  8KnXs! 


a  gn  (Pg  -  PR  +  PR  a  gn  (B-4) 


where 


P,  =  load  pressure  -  P1  -P0  (lb/ft2). 

The  valve  spool  displacement  x  is  assumed  to  be  a  linear  combination  of  the  valve  current,  iv»  and  the 
dynamic  pressure  feedback,  I>  ? 


K„  i  -  -  K  (i_,  +  K  PI 
V  ve**  V  V  s  13 


where 


K  -  servo  valve  discharge  parameter 
v 


i  t^/sec 


»«  /ih/ft2 


K  =  pressure  feedback  gain  ^  ma/  lb/ft2)  . 


(B-5) 


The  true  valve  current,  i  ,  is  directly  proportional  to  the  lota,  input  voltage  to  the  servo  amplifier  ,vh, eh,  in 
turn,  is  equal  to  the  difference  between  the  command  signal  and  the  feedback  transducer  signal. 


i 

v 


=  K 

a 


(B -0) 


where 


K  =  servo  amplifier  gain  (ma/rad) 


Since  the  feedback  transducer  is  normally  built  integrally  within  the  actuating  cylinder,  it  measures  the  dis¬ 
placement  of  the  piston  relative  to  the  cylinder  and  not  the  actual  engine  displacement  (Juc  to  the  compliance 
of  the  actuator  mount  and  engine).  Thus,  the  feedback  transducer  output  is: 


6 


F 


_A  _ 

1<  It 


(D-7) 


where 


Km  =  actuator  structural  spring  constant  (1b/ ft) 

2 

A  -  piston  area  (ft  ) 

It  =  actuating  moment  arm  (ft) 

£  -  actual  engine  position  (rad) 

£  -  indicated  engine  position  by  feedback 

IT 

transducer  (rad) . 


*  If  the  mount  compliance  VK  is  included  in  the  vehicle  flexibility  when  the  body  bending  modes  are  computed, 
this  compliance  cor  reel  ion  is  expressed  ns  a  function  of  the  modal  coordinates  instead  of  the  load  pressure 
(see  Section  4) . 
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B4.  2.  2  Flow  Equation.  The  total  flow  ia  the  sum  of  the  piston  diaplaoement  flow,  leakage  flow  and 
compressibility  flow*  such  that: 


Q  =  A  x  +  C  , 
v  r  Ly 


[?  Ll 


sgn  P  . 


T 

4B 


(B-8) 


where 


x ^  "  relative  displacement  between  p  iston 

and  cylinder  =  -R5  (ft) 
r 

Ch  =  discharge  parameter  for  leakage  by¬ 
pass  orifice  (ft  *Vsec  ^  lb/ftZ ) 

V  =  total  volume  of  oil  in  actuating 

cylinder  (ft3) 

2 

B  -  bulk  modulus  of  hydraulic  fluid  (lb/  ft  ) . 
The  total  valve  flow  is:** 


where 


'3=1  K  4/jP  -  P  +  P  sgn  i  I  sgn  ( P  -  P,t  +  P.  sgn  i  )(B-9) 
v  vcq  v  y|  a  It  L  voq|  s  H  L  b  veq;'  ' 


i  -  K  /fi  -  6  +  K  P 

vcq  a  '  c  F>  si 


s  13 

1-  (6  -  6)  +  Ka  A  P,  +  K  P,0 

a  '  e  >  - - -  L  s  13 


(B-10) 


KB 

in 


B4.  2. 3  Dynamic  Pressure  Feedback.  The  dynamic  pressure  feedback,  P  ,  to  the  servo  valve  spool  is 
determined  by  equating  liiu  flow  through  the  dynamic  pressure  feedback  (II PF)  orifice  to  the  flow  due  to  the 
velocity  of  the  washout  piston,  (see  Figure  B-32). 


C  ,/ip  I 


sen  P 


(B-ll) 


where 

2 

Ap  area  of  washout  piston  (ft  ) 

K  -  spring  constant  for  washout  piston  (ib/ft) 
r 

“  discharge  parameter  for  DPF  orifice  (ft3/sec  ^  Ib/ft3) 


*  If  the  hydraulic  compressibility  is  accounted  for  in  the  body  bending  modes  then  in  this  equation  it  is  omitted 
by  setting  B  - — ►  «>(sce  Section  4). 

**  Equation  B-9  represents  a  typical  mathematical  expression  for  flow  into  n  valve  as  a  function  of  valve  current 
and  supply,  return,  and  load  pressures.  The  valve  gain,  K  .  may  itself  be  n  function  of  these  parameters- 
The  relationships  must  be  determined  empirically  or  from  the  manufacturer's  data. 
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B4.  2. 4  Actuator  Load  Pressure.  The  actuator  load  pressure  Is  dependent  on  the  dynamic  equilibrium  of 
the  engine  system,  (cf.  Equation  3-13). 

TLSono=-PLAH=+  5  +  Tf  +  TL  '  (B-12) 

1^  is  the  moment  of  inertia  of  the  thrust  chamber  about  the  swivel  point.  T^  is  the  torque  due  to  glmbal  friction 
and  can  be  expressed  as  n  combination  of  both  viscous  (C^)  and  coulomb(C^)  type  friction: 

T  =  C  6  +  Cn  s  gn  6  .  (B-13) 

IV  B 

The  torque,  T  ,  consists  of  ail  Inertial  load  torques  due  to  the  accelerations  of  the  various  body  modes  (rigid 
and  elastic). 

B4.  2. 5  Describing  Functions  for  Linearized  Equations.  The  equations  above  constitute  a  act  of  simultaneous 
nonlinear  differentia!  equations.  Since  the  system  is  very  nonlinear,  it  Is  difficult  u>  solve  analytically. 

The  nonlinearities  occur  in  valve  gain,  (itself  a  function  of  valve  current  and  hydraulic  pressures),  in  the 
half-power  flow  functions  of  hydraulic  pressure  and  in  the  bearing  friction.  These  nonlinearities  must  be 
removed  before  suitable  transfer  functions  can  be  written.  The  method  used  in  linearising  is  based  on  finding 
equivalent  linear  terms. 

The  assumptions  which  Justify  a  describing  function  analysis  are  well  met  in  the  elastic  coupling  stability  study 
application;  i.  e. ,  the  signals  of  interest  arc  almost  purely  harmonic,  and  frequencies  other  than  the  primary 
are  greatly  attenuated.  These  conclusions  follow  because  the  significant  modal  roots  arc  very  lightly  damped, 
enjoy  a  suitable  frequency  separation,  and  the  various  modes  are  coupled  but  very  weakly. 

The  nonlinear  Equations  (B-8),  (B-9),  (B-ll)  and  (B-13)  can  bo  linearized  as  follows: 

Ax  =  C,  •  P,  +  Vt  P,  =  -1  K  «/P  HF 

r  L  L  —  L  vcqvfs  R  (B-14) 


A 

tt:  (K  -  p,3) 


CF  p,3 


Tf  =cf  6 


where 

C^L  -  equivalent  admittance  for 

0^  =  equivalent  admittance  for 

Cf  -  equivalent  admittance  for  gimbal  friction. 

The  equivalent  admittance,  CT ,  C  ,  and  C  ,  are  both  amplitude  -  and  frequency -dependent. 

L  r  1 

An  additional  linearization  is  implied  in  Equation  B-14,  whereby  the  valve  gain,  K^,  is  taken  to  be  a  constant. 
This  is  an  excellent  approximation  for  many  commercial  How -compensated  values  and  is  further  justified 
(if  Ky  should  vary  somewhat)  by  assuming  a  mean  value  for  a  range  of  operating  conditions-  A  still  more 

elaborate  valve  .low  model  (cf.  Equation  B-3)  could  be  used  if  desired. 


B-41 
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B4. 2.  6  Equivalent  Admittance.  Assume  the  input  signal  to  a  stable  nonlinear  element  to  be  as  follows: 

Xi  =  A.^  sin t. 

The  output  signal  from  the  nonlinear  element  would  be  periodic,  and  may  be  expressed  as  a  Fourier  series  in 
the  form: 

X  «  a  sin  nut  +  53  b  cos  nut. 

2  a  n  n  n 


The  coefficients  of  the  fundamental  components  are: 

'  3T 

J.  I 

a. 


-i/; 
b  -if' 

1  *  Lr 


Xg  sin  oit  doit 


X2  cos  oit  doit. 


By  definition,  the  equivalent  admittance  (nonlinear  gain)  is 


NL  X 


~  where,  for  the  output  function,  all  but  the  fundamental  frequency  components 


1 


are  omitted. 


Hence, 


NL 


a^  sin  w  t  I  bj  cos  oit 
A  sin  oi  t 


The  0)  is  used  lo  denote  the  quadrature  component.  Since  the  motion  is  quasi-harmonic,  j  -  a/oj  and  one  has: 
bK 


NL 


n  +  — 

"  I."  fC 


where 


*E  '  A, 


r 71 

'Ai L  i 


sin  wt  doit 


(B  - 17) 


f  * 

7:s  L  ** 


cos  ui  dwt  . 


(B-18) 


B4  ,2  7  Gimbal  Friction.  The  nonlinear  torque  due  to  viscous  and  coulomb  friction  was  given  as 


Tr  =  cv6 


Cj|  R 


The  object  is  to  determine  what  coefficient  should  be  used  at  a  particular  amplitude  and  frequency  if  the 
above*  equation  is  linearized  as  follows: 


rf,  Cf6 


6  Cf  “  °NL 
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Assuming  o  =  6  am  (it,  then  from  Equation  (B-17), 


i/(c  S  , 

*  6  /  V  V 


CB  lal  ) 


sin  a;!  dat 


4-/  (v  )sln2wt 


C  ,  —  --B  . 

V  n  An 


Similarly,  one  finds: 


Therefore: 


„  T  -  K 

Gm  =7  E  Ct  "  Be  +  -77  s 


C  .  4 

v  r  S 


B4, 2.8  Orifice  Flow.  The  Equivalent  admittance  for  flow  through  the  leakage  orifice  is  determined  as: 


P  =  maximum  sinusoidal  amplitude  of  load  pressure. 

Lt 

Similarly,  the  equivalent  admittance  for  flow  through  the  orifice  of  the  dynamic  pressure  feedback  network  is: 
U,CF 

C„  =  ~f~=  (B-21) 


F  = 


where  =»  maximum  sinusoidal  amplitude  of  dynamic  pressure  feedback 

The  linearized  equations  can  now  be  mnniuplatcd  as  linear  differential  equations-  They  are: 

r  P  +  P  “  r  P 
F  13  13  F  L 


r  CfKf 


effective  time  constant  of  DPF  network  (suconiis). 


l’L  A!!  ^  V  -  tl  «  '  ,i«S 


Ax  +  C  P  +  P  =  -  i  K  «/P  -  P„ 
r  L  l.  1 B  L  veq  v  y  s  R 
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K  A 

i  =  K  (6  -6)  +  — P  +  K  P,„ 

veq  a  c  K  R  L  s  13 

m 


Also. 


r 

IT 


6  "KB  PL 


A  general  expression  for  S  (s)  can  now  be  obtninod  as  a  function  of  the  commanded  engine  position,  6^  (a),  and 

the  load  torque,  T  (s): 

Li 

Kc  <  TF  8  +  1}  6c  (8)  *  TfT  (  rF  +  K1  s  +  V  TL  (s) 

5(s)  = - - - - — - - - 5 - 2 - 

(t„h  +  N„  s  +  Ns  i  N  s  A  F  J  ) 

F  3  2  1  c  c 


where 


2  (AR)2 


(B-24) 


A  block  diagram  of  the  complete  clectrohydraulic  position  servo  is  presented  in  Figure  B-34.  Note  that  in  the 
development  of  the  equations  controlled  damping  by  means  of  both  dynamic  pressure  feedback  in  the  servo  valve 
and  a  leakage  orifice  in  the  piston  have  been  assumed.  Special  cases  of  each  will  be  considered  now. 
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The  result  is: 


Kc  “o'  8  +  *>  -  C  (TFs2  V  '  V^sT 

"4  3  2  2 

(r^s  '  Ns  ^  N  s  -v  N.h  +  K  a-  ) 

F  4  5  6  e  c 


TFKc  __  /  AR2|<s  A2 

/V  "  A2\  \  K-  ‘  Km 

( — —  , -  ' 

\  4  U  K  / 


-t-  ■. 

_ m _ 

3  (h.  ,  — 

\  4  B  K 


"«  -  7^  rF  Cf  1  *2 


„  /  CfK  K 

-  2  I _  f  s  c 

C  *  T  w  II  l - 

5  I  1  F  e  \  AK  H 
II  \  a 


K3  (1  *  rF  5f  T7;  > 


Nfi  4  5fK3  ’  “c  (1  '  V  V 


A  first  order  approximation  valid  at  low  frequencies  is, 


— C  K  ^ 

i  s  *  K 

T12  f  c 

1  c 

K  H 

m  y 

c ■  Load  Pressure  Feedback  Only.  The  describing  function  for  this  case  is  obtained  by  allowing  the  spring 

constant,  K  ,  in  the  dynamic  pressure  feedback  network  to  approach  zero.  The  time  constant,  r  ,  becomes 
F  r 

infinite  and  Equation  B-27  reduces  to 


2  i  tl  M 

K  u  -  - —  (s  I  K  )  — •  — — 

6(g)  c  C  St _ _ _ 1  6c(S)_ 

6c(s>  (SJ  ■  N„  S2  ■  N  s  •  K  <r  £) 
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where 


The  first  order  approximation  is: 


6(s) 

6  (s) 
o 


K 

c 


f  K  K  H 
s  e 

Ke  ' 

l1  '  At  c< 

K  A  ' 

a 

K 

m  y 

. 

B4.  2. 9  Numerical  Determination  of  Equivalent  Admittances.  The  equivalent  admittances  determined  In  the 

foregoing  sections  require  a  knowledge  of  u,  6,  P.  ,  1’  and  i  lor  their  numerical  calculation.  First, 

L  1 3  veq 

the  amplitude,  <5,  at  the  frequency,  w  ,  of  the  output  is  specified.  This  admits  calculation  of  (Equation  B-19). 

Next,  it  can  be  assumed  that  the  output  load  torque  disturbance,  T  ,  is  either  zero  or  is  of  minor  importance  in 

determining  the  amplitude  of  actuator  loud  pressure.  (This  restriction  can  be  eliminated  in  digital  routines 
utilizing  frequency  response  or  root-locus  techniques  by  employing  an  iterative  procedure. ) 


Equation  (B -23)  is  utilized  to  obtain: 


PL  (  i  u '  Alt  ^ 1  it  w  2  “  A  6  U«) 


hence, 


(B- 30) 


L  A 


2  2  2 
)  *  (Cf  ut  ) 


The  amplitude  of  the  dynamic  pressure  feedback,  ,  obtained  from  Equation  (B-22)  is 


13 


jA  r,,u 


)Z  *  1  1 


,r^7 


2  2  2  2 
(2  a  u;  )  2  a 

r 


1 
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where 


F  lllGpKp 


The  amplitude  of  the  equivalent  vaive  current 


neglected  with  the  result: 


is  obtained  from  Equations 


B-12  and  B-14. 


Again,  T  is 


Finally,  note  that  in  computing  these  describing  function  engine  coefficients,  the  engine  amplitude,  6,  used 


(I) 


,(i) 


must  be  the  total  control  angle,  6*  —  22  q  (  ir 

I  i  xe  xt 

the  bearing  friction  couple  acts.  It  is  also  the  angle  whose  acceleration  is  related  to  load  pressure,  P, 


)  since  this  is  the  angle  through  which 


L’ 


computing  the  leakage  and  other  valve  flow  linearizations.  Thus,  in  any  amplitude-dependent  set  of  roots,  the 
results  obtained  will  be  for  various  values  of  this  total  control  angle.  This  property  is  actually  fortuitous,  since 
most  actual  flight  and  test  data  is  seen  as  functions  of  this  same  total  angle,  measured  at  the  eng  lie  glmbal. 


114.  2. 10  Comparison  of  Results  With  Tcsi  and  Analog  Simulations.  The  describing  functions  presented  above 
can  be  appraised  by  comparing  their  frequency  response  functions  to  the  corresponding  "exact"  functions  obtained 
through  the  solution  of  the  original  system  of  nonlinear  differential  equations  (Equations  B-8,  -9,  -11,  -12  and 
-13).  The  approximate  frequency  resixmse  can  be  determined  from  the  calculated  describing  functions  which 
were  obtained  by  selecting  a  constant  output  amplitude  (i.  c. ,  6  constant),  assuming  the  load  torque,  =  O, 

and  then  solving  for  the  complex  ratio  of  output  to  input,  ,'6  J  (),,.) . 

Since  the  coefficients  of  the  polymn.iinal  in  "s"  are,  in  general,  both  amplitude-  aid  frequency -dependent,  the 
function  which  results  is  a  "constant  output  amplitude"  frequency  response  function.  This  function,  in  contrast 
to  linear  transfer  functions,  is  often  heavily  dependent  upon  the  amplitude  of  the  output  (or  input)  signal. 


The  corresponding  "exact"  frequency  responses  were  obtained  by  solving  the  appropriate  nonlinear  differential 
equation  on  an  analog  computer.  Section  (i.  Paragraph  G.  1. 1  presents  a  comparison  of  data  calculated  by  the 
two  methods.  These  data  represent  "constant -output-amplitude”  frequency  characteristics  of  a  rocket  engine 
position  servo  system.  The  servo  valve  used  was  a  Moog  compensated  flow  control  valve.  Controlled  damping 
was  achieved  by  a  leakage  path  through  the  actuator  piston.  The  describing  function  employed  was,  therefore, 
tliat  given  by  Equation  B-25. 
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SYMBOLS  USED  IN  APPENDIX  B4.  3 

Symbol 

Definition 

Units 

Ah 

effective  orilice  area 

.  2 
in. 

Ai10(AS20) 

average  elfective  inlet  area  from  extend  (retract)  side  of  the  cylinder 

2 

in. 

Ac10‘Ae20) 

average  effective  exhaust  area  from  extend  (retract)  side  of  the  cylinder 

2 

in. 

A  (A  ) 
r 

piston  area  on  extend  (retract)  side 

.  2 
in. 

c 

the  negative  of  the  partial  of  the  nonlinear  flow  coefficient,  N,  with  respect  to 

pressure  ratio 

N.D. 

f<6) 

a  generalized  friction  representation 

in. -lbs/rad/sec 

g 

acceleration  due  to  gravity 

3G8  in. /sec/sec 

i 

valve  input 

rnilliamp 

load  moment  of  inertia  as  seen  by  the  actuator 

2 

lb-in.  -sec 

K 

» 

valve  inpul  gain 

in.  2/l 

km 

mounting  structure  spring  constant 

lbs /in. 

kh 

load  spring  constant 

in.  -Ibs/radian 

mass  of  gas 

2, 

lbs -see  /in. 

11 

poly  tropic  index 

N.D. 

1> 

absolute  pressure 

psi 

W 

absolute  pressure  in  extend  (retract)  side  of  actuator 

psi 

P10(P20> 

average  pressure  in  extend  (retract)  side  of  actuator 

psi 

Pd 

downstream  pressure 

psi 

P 

U 

upstream  pressure 

psi 

P 

L 

load  pressure  (  P  -  p  ) 

1  2 

psi 

11 

length  of  lever  arm 

in. 

a 

ideal  gas  constant  (for  air) 

<540  in.  /®R 

g 

(lor  most  solid  propellants) 

900  in. /“R 

r 

ratio  of  downstream  to  upstream  pressure  to  just  give  sonic  How  in  an  orifice, 
0.53  for  most  gases 

N.D. 

s 

the  I-iplacc  operator 

-1 

sec 

T 

absolute  temperature 

'M 

n  -5  i 
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SYMBOLS  USED  IN  APPENDIX  B4. 3  (Continued) 


Symbol 

Definition 

Units 

T 

T 

total  torque 

in.  -lbs 

t 

time 

sec 

V 

volume 

3 

in, 

V10(''20) 

average  volume  in  extend  (retract)  side  of  cylinder 

.  3 
in. 

w 

weight  rate  of  flow  of  gas 

lbs/'soc 

Wle(W2c) 

weight  rate  of  flow  of  gas  into  the  extend  (retract)  side  of  the  actuator 

Ibs/sec 

weight  rate  of  flow  of  gas  from  the  extend  (retract)  side  of  the  valve 

lbs /sec 

X 

piston  displacement 

in. 

W  W  ) 

01  02' 

weight  rate  of  flow  of  gas  from  supply  part  through  exhaust  part  during  steady  state 
null  position  of  valve  and  actuator 

N.D. 

y 

ratio  of  specific  heats  of  power  fluid 

N.D. 

P 

the  change  in  exhaust  area  per  change  in  inlet  area 

N.D. 
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B4. 3. 1  Introduction.  A  type  of  positioning  aorvo  tliat  is  becoming  more  important  in  missile  applications  is  the 
pneumatic  positioning  servo.  The  pneumatic  positioning  servo  is  most  often  referred  to  as  the  "hot  gas  servo", 
since  a  hot  gas  is  often  used  as  the  working  fluid.  The  following  treatment  is  not  restricted  by  the  temperature 
of  the  gas  and  therefore  applies  to  cold  as  well  as  hot  gas  systems. 

Pneumatic  systems  most  often  derive  their  high  pressure  working  fluid  from  either  a  high  pressure  storage 
bottle  (cold  gas)  or  from  a  gas  generator  (hot  gas).  Figures  1S-3S,  -36  and  -37  picture  the  three  main  configura¬ 
tions  of  pneumatic  systems  using  hot  anu  cold  gas.  In  all  three  designs  it  is  common  practice  to  exhaust  the 
working  fluid  overboard,  since  it  is  loss  costly  to  store  a  large  quantity  of  high  pressure  working  fluid  in  the  form 
of  solid,  liquid,  or  gas  and  exhaust  it  overboard  than  to  Include  the  plumbing  and  pumps  necessary  to  repressurize 
and  reuse  the  fluid. 

In  all  of  thesu  systems  the  gas  supply  pressure  down-  stream  of  the  regulator  may  be  considered  constant.  Also, 
the  control  valves  have  resonances  which  are  well  above  the  overall  system  band  width,  so  one  may  ignore  the 
higher  order  valve  dynamics. 


GASES  EXHAUSTER  OVKKBOAHU 


Figure  B-3G.  Solid  Propellant  Hot  Gas  System 


Figure  B-36.  liquid  Propellant  Hot  Gas  System 
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SPENT  GASES 
EXHAUSTED  OVEHUOAKD 


Figure  D-37 ,  Stored  Gas  System 


B-*.3. 2  Analysis,  in  an  analytic  treatment  of  a  pneumatic  servo  the  following  basic  relationships  are  required: 

a.  valve  current  to  valve  (spool)  motion 

b.  orifice  equation  -  gas  flow  versus  orifice  area  and  pressures 

c.  piston  and  cylinder  relationship  between  volume  changes,  flow  and  pressure 

d.  load  pressure  equations  relating  piston  pressures  to  load  (piston)  response. 


Herein  the  first  relation  is  assumed  to  be  a  simple  proportionality,  by  neglect  of  valve  dynamics.  The  second  and 
third  relationships  are,  by  the  nature  of  gas  laws,  highly  nonlinear.  A  small  perturbation  approach  is  taken  to 
provide  a  reasonable  linearization.  The  final  relationship  follows  as  practically  a  definition.  Combined,  these 
relationships  lead  to  the  desired  6/i  transfer  function  of  the  servo  actuator. 

134.3.3  Equations  for  a  Pneumatic  Orifice.  The  weight  rate  of  flow  oi  a  gas  through  an  orifice  is  described  by 
A  p' 

W  N  — — (13-32) 

y  t  - 

Where  N  -•  N(P^/P^)  is  the  nonlinear  flow  coefficient  for  the  compressible  fluid.  This  nonlinear  coefficient  is 
commonly  given  for  subsonic  flow  as: 


For  supersonic  flow  the  coefficient  is: 
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However,  a  simpler  expression  for  the  subsonic  flow  which  gives  exactly  the  same  results  is: 


Equation  (11-32)  is  not  useful  for  linear  analysis.  However,  the  expression  can  lie  linearized  if  it  is 
that  the  variables  are  limited  to  small  excursions  about  their  average  values: 


dW  —  (A,  P  dN  «  A  Nd  P  *  P  Nd  A,  ) 

/Y  h  u  h  u  u  h 


The  '  dN"  as  it  appears  in  Equation  (B-35)  is  not  a  useful  variable  and  must  be  found  in  other  terms: 
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When  the  partial  of  the  nonlinear  flow  coefficient  with  respect  to  pressure  ratio  is  defined  as  -  O 
(B-35)  aml(B-3U)  combine  into  the  lol  lowing; 
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Equation  (B-87)  describes  the  change  in  the  weight  rate  of  gas  flow  through  a  sharp-edged  orifice  a 
of  area  and  pressure  variations  (porturUitum  equation). 

B4.3.4  Equation  of  a  Piston  and  Cylinder.  The  equation  for  the  state  of  a  volume  of  gas  is: 

PV  -  mg  R  T  . 

4 

Differentiation  of  Equation  (11-38)  and  rearrangement  (with  W  s  )  yields: 


dP 

dV 

It  T 

w 

_dT 

Pdt 

Vdt 

1>V 

T<it 

(B-34) 

assumed 

<*-35 ) 


(B-3G) 

Equations 

(B-37) 

a  function 

(13—38) 
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If  the  thermodynamic  process  of  the  control  volume  of  the  cylinder  Is  assumed  to  be  polylroplc,  the  relationship 
between  temperature  and  pressure  Is: 


constant, 


(B-40) 


where  n  can  range  from  1.0  for  an  Isothermal  process  to  y  for  an  adiabatic  process.  Differentiation  of  the 
above  yields: 


P  dT 
T  dt 


dP 

dt 


(B-41) 


Combining  Equations  (B-39)  and  (B-41)  one  obtains  the  relationship  for  a  variable  volume: 


P  dV 

V 

UP 

w  “  H  *r  d  t 

nit  T 

dt 

g 

g 

(B— 12) 


The  small  perturbation  approach  la  taken  again.  The  coefficients  of  the  differential  quantities  are  assumed  to 
bo  average  values  over  one  cycle.  The  average  values  are  denoted  by  subscript  zeros.  The  linear  approxima¬ 
tion  to  Equation  (13—42)  becomes: 


p  V 

_o  dV  (  _ o_  _d!> 

It  T  dt  nil  T  dt 
g  g 


If  the  variable  volume  is  that  of  a  cylinder  and  piston.  Equation  (B-4.'l)  becomes: 

Ap  V 

m _ «  i*.  +  JU’. 

R  T  dt  nil  T  dt  . 

6  S 


(B-43) 


The  equations  which  describe  both  sides  of  the  piston-cylinder  combination  then  are  written  us: 


A  P 

1  10 

dx 

V 

dP 
_ 1 

H  T 
g 

dt 

nil  T 
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dt 

(B-44) 

A  P 

2  20 

dx 

V 

20 

dP 
_ 2 

R  T 
g 

dt 

i 

dt 

B4.3.5  Combined  Orifice,  Valve  and  Piston  Equations.  It  will  bo  assumed  that  the  system  has  an  open- 
centered  valve  (Figure  B-38)  such  that  there  is  always  a  flow  of  gas  through  the  valve*.  The  open -centered 
valve  is  the  most  popular  for  vehicles  with  short  mission  times  and  is  also  relatively  easy  to  analyze.  A 
closed-center  valve  will  have  the  same  type  of  linearized  transfer  function;  the  major  dynamic  difference 
appears  as  a  lower  damping. 


The  weight  rates  of  flow  through  the  two  sides  of  the  system  during  a  steady  null  position  of  the  valve  are: 
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Figure  13-38.  Pneumatic  Positioning  Servo-With  Open  Center  Control  Valve 
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It  should  be  noted  that  numerous  assumptions  have  been  made  in  obtaining  Equations  (11-46),  The  temperature 
of  the  gas  in  the  actuator  may  not  be  the  same  as  the  temperature  of  the  valve,  but  this  can  be  handled  by 
modifying  the  value  of  average  exhaust  area  or  valve  gain  appropriately.  Leakage  across  the  piston  has  been 
neglected,  but  this  is  usually  minor.  Piston  leakago  or  other  considerations,  such  as  stabilizing  volumes,  may 
be  included  in  the  equation:;  by  application  of  Equations  (B-37)  and  (R-43). 

The  introduction  of  the  following  additional  assumptions  results  in  a  considerably  simplified  final  expression. 

P  -  P 
10  20 


Ac.  =  Ae, 
10  20 


V  =  V 
10  20  . 

Combining  Equations  (B-4G)  and  incorporating  the  above  results  in  a  single  expression  for  the  valve  and 
actuator: 


2r  K  2A  P  ,  Ae  r 
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V  dP 

P  + _ I? _ i. 

I.  nit  T  dt 
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B4.3.U  Actuator  Ixjad  Presauie.  Tlio  tula!  differential  force  across  the  actuator  must  equal  the  total  torque 
divided  by  the  actuator  lever  arm. 

VrVVir 


Pressure  and  torque  variations  about  average  valves  are  obtained  by  taking  the  total  differential  of  Equation 
(11-48): 
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Equation  (B -4  9)  may  contain  other  terms  such  as  the  change  in  torque  with  respect  to  normal  acceleration,  which 
may  or  may  not  be  important.  It  is  reasonable  to  assume  that  the  average  velocity  and  acceleration  are  zero; 
so,  if  the  average  position  is  taken  as  the  zero  point  for  6,  the  increments  of  the  variables  become  the  variables 
themselves.  The  rotational  spring  constant  is,  by  definition,  the  partial  of  torque  with  respect  to  angular  dis¬ 
placement.  The  partial  of  torque  with  respect  to  rate  will  usually  consist  of  a  friction  term  which  is  a  function 
of  rate.  As  a  rule,  any  viscous  damping  in  the  load  is  so  small  that  it  may  be  neglected.  The  partial  of  torque 
with  respect  to  angular  acceleration  is  the  moment  of  inertia  of  the  load.  WT.cn  these  substitutions  are  made. 
Equation  (B-49)  becomes: 


A  P  -  A  P 
11  2  2 


6  ,  £ii> 

11 


The  friction  term,  f  (6),  cannot  be  linearized  for  general  inputs:  it  can  be  studied  on  a  computer  or  linearized 
for  sinusoidal  inputs  by  means  of  describing  functions.  The  previous  assumptions  of  a  balanced  actuator  and  the 
linearizing  condition  of  operation  about  steady  state  operating  points  simplifies  Equation  (B-50)  to: 
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Equation  (B-54)  indicates  a  number  of  basic  facts  concerning  gas  servo  behavior: 

a.  The  open  loop  gain  is  proportional  to  the  square  root  of  the  absolute  temperature. 

b.  The  open  loop  natural  frequency  is  not  a  function  of  temperature. 

c.  Some  damping  is  available  as  a  result  of  the  average  exhaust  area,  but  this  damping  is  temperature- 
dependent. 

d4. 3.8  Final  Remarks.  The  most  common  form  of  gas  servo  lias  fixed  inlet  orifices  and  variable  exhaust 
orifices.  Equation  (B-54)  is  not  directly  applicable  to  such  a  valving  configuration  without  a  few  minor  changes. 
The  modification  consists  of  redefining  0  K,  in  terms  of  the  exhaust  orifice  only  and  allowing  0  to  approach 
infinity  while  K  approaches  zero.  However,  the  value  of  0  K.  iB  held  constant.  The  net  result  is  that  the 
supply  pressure  drops  out  of  the  expression  for  gain.  1 

For  most  applications  in  a  closed-loop  position  servo,  the  open  loop  natural  lrcquency  is  not  sufficiently  high 
with  respect  to  control  frequencies  that  it  can  be  ignored.  Some  form  of  the  derivative  of  position  is  required 
in  the  feedback  for  damping.  The  resulting  closed  loop  transfer  function  will  be  at  least  third  order  and  probably 
of  even  higher  order;  the  principal  behavior  car.  be  adequately  described  with  a  second  order  equation.  In  the 
absence  of  more  detailed  information,  a  second  order  system  with  a  natural  frequency  equal  to  the  open  loop 
natural  frequency  and  a  damping  factor  of  0.3  to  0.5  may  bo  used. 
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B5  AUTOPILOT  ELEMENTS 

The  preceding  material  in  Appendix  B  discussed  certain  of  the  subsystem  transfer  functions  which  would  be  of 
importance  in  tho  analysis  of  the  autopilot  and  control  system  for  a  flexible  booster.  To  be  complete  this  appen¬ 
dix  would  have  to  include  the  peculiar  characteristics  of  such  items  as  the  following:  amplifiers,  power  supplies, 
modulators,  demodulators,  filter  networks,  integrators,  and  various  types  of  feedback  transducers  which  could 
include  linear  and  angular  position,  linear  rate  and  tachometer,  etc.  Of  Interest  mtght  be  such  nonlinear 
characteristics  as  thresholds,  iimitB,  nonlinear  gain  calibration,  noise  generation  (microphonic  noise  and/or 
harmonies),  etc. 

This  detailed  Information  will  not  be  presented,  for  tho  following  reasons.  First,  these  characteristics  are 
usually  such  that  they  do  not  greaily  affect  tho  adequacy  of  most  linear  analyses .  Their  effects  are  usually  of  a 
second  order  nature;  therefore,  they  do  not  constitute  tho  more  important  stability  effects  which  are  of  prime 
consideration  in  determining  gain  and  configuration.  Second,  they  are  highly  specialized  topics  about  which 
much  literature  is  available,  both  as  to  the  characteristics  themselves  and  to  their  treatment  analytically. 

(See  References  B-8  and  B-9  for  a  more  detailed  discussion.) 

B6  REFERENCES  FOR  APPENDIX  B. 

B-l.  Emerson,  F.  M. ,  “Study  of  Systems  for  True  Anglo-of-Attauk  Measurement, "  WADC  Technical  Report 
54-267,  May  1955. 

B-2.  Mitchell,  Jesse  L. ,  and  Peck,  R.  F. ,  "An  NACA  Vane-Type  Angle  of  Attack  Indicator  for  Use  at 
Subsonic  and  Supersonic  Speeds,”  NACA  Technical  Note  3441,  May  1955. 

B-3.  Gosgrlff,  II.  L.,  Nonlinear  Control  Systems,  McGraw-Hill  Book  Company,  Inc,.  1958. 

B-4.  Hunter,  P.  A.  "An  Investigation  of  tho  Performnnco  of  Various  Reaction  Control  Devices, "  NASA  Memo 
2-U-S9L,  March  1959. 

B-5,  Schaefer,  R.  L. ,  Drewry,  D.G.,  and  Wilson,  1C.C.,  "Advanced  Methods  for  Trajectory  Control  of 

Solid  Propellant  Rockets,"  (Unclassified  title).  Fifth  AFBMD-STL  Symposium  of  Ballistic  Missile  and 
Space  Technology,  August  1960.  (Confidential  Report) 

B-6.  Escher,  W.  J.D. ,  "An  Alternate  to  ihc  Giinbuicd  Thrust  Chamber,”  Missile  Design  and  Development, 
Aprli  1960. 

B-7.  Backus,  F.  f. ,  "Describing  Functions  for  Nonlinear  Klectrohydrnullc  Glmbalcd  Rocket-Engine  Position 
Servos,  With  Application  to  Closed-loop  Control  Systems,"  Convair-AstronauttcB  Report  AE60-0287, 

10  .June  1960. 

B-8.  Gille.  J.  C.  etal.,  Feedback  Control  Systoms,  McGraw-Hill  Book  Company,  Inc.,  1959,  Chapter  33. 

B-9.  Truxal,  J.  G. ,  Control  Engineers'  Handbook,  McGraw-Hill  Book  Company,  Inc.,  1958,  Sections  6 
through  11  and  17. 


B-60 


WADD  TR-61-93 
April  1961 


APPENDIX  C 

MISCELLANEOUS  TOPICS 


C 


WADD  TR-G1-93 
April  1361 


Cl  THE  STABILITY  AND  CONTROL  EFFECTS  OF  A  SPINNING  PAYLOAD 


Spin  stabilization  is  sometimes  used  for  attitude  control  of  space  vehicles.  This  method  of  control  will  hold  the 
vehicle  spin  axis  alignment  In  inertial  space  and  also  minimize  the  effect  of  such  factors  as  engine-thrust-veetor 
misalignment,  and  cehter  -of -gravity  offset.  The  spin-stabilized  vehicles  by  themselves  do  not  fall  within  the 
scope  of  this  report  because  they  do  not  contain  active  control  systems. 

In  a  majority  of  boost  vehicles,  the  upper  rtagos  which  are  to  be  spin-stabilized  are  spun  by  gas  jets  just  prior 
to  separation  of  those  stages.  No  lower  stage  control  problem  is  created  thereby.  However,  for  some  configura¬ 
tions,  spin  is  applied  to  the  upper  stage(s)  of  multistage  booster  vehicles  before  launch;  this  method  of  spinning 
a  payload  will  affect  the  boost  vehicle's  stabilization  and  control  system.  It  is  this  effect  which  vail  be  discussed 
in  this  section. 


The  effects  of  the  spinning  payload  on  the  boost  vehicle  are  divided  into  two  categories  which  are:  1)  gyroscopic 
forces  and  2)  mass  unbalance  forces. 

Cl.  1  Gyroscopic  Forces,  The  gyroscopic  forces  will  be  analyzed  first.  Consider  the  mode  of  motion  of  Figure 
C-l.  The  normal  modal  equation  of  motion  is: 
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Figure  C-l.  Schematic  of  Elastic  Booster  Vehicle  with  Spinning  Payload 

The  mode  shape  is  calculated  with  the  "spinning"  payload  considered  as  an  inert  part  of  the  mode;  i.  e.  , 
the  mass  and  the  inertial  and  elastic  properties  arc  used  for  the  calculation.  This  method  of  treatment 
assumes  that  classical  normal  modes  can  be  applied  with  sufficient  accuracy  to  yield  a  usable  solution. 

This  assumption  will  be  valid  only  for  small  gyroscopic  coupling,  i.  e. ,  a  small  payload  spinning  at  a 
relatively  slow  rate. 

For  this  analysis,  the  payload  is  treated  as  if  it  were  rotating  about  the  vehicle  longitudinal  axis  with  an  angular 
momentum.  II.  The  mode  generalized  forces  due  to  the  gyroscopic  moments  then  become: 


0) 


H 


(C-2) 


(i) 


II. 


WADD  TK-61-93 
April  1961 


The  quantity  ui^,  the  precession  velocity,  is: 
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Y  ' 


(C-3) 


In  the  following  discussion  the  Indox  'T'  Is  dropped,  being  understood.  The  pitch  plane,  (X  -  z  plane)  equation  then 
becomes: 


2 

q ,  +  w  q  , 


Vll 


(C-4) 


2 

The  terms  ,  Implies  a  symmetrical  vehicle  with  pitch  plane  modes  Identical  to  those  of  the  yaw  plane  If  this 

Is  not  the  case  then  the  term,  o  2,  becomes  a  o  . 

H  Hjj  Hy 

Similarly  we  can  write  for  tho  yaw  plane; 
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The  gyroscopic  forces  have  the  effect  of  coupling  the  pitch  and  yaw  planes.  Beforo  examining  the  effect  of  this 
coupling  on  closed -loop  stability  through  the  autopilot,  a  basic  property  of  tho  system  may  be  demonstrated  from 
the  free -vibration  forms  of  Equations  C-4  and  C -5.  Setting  Qy  -  =  O  one  obtains: 


whore 


<*•’  nutural  frequency  original  uncoupled  elastic  modes 

_  2  2 

Q  =  generalized  gyroscopic  forcing  function  o  II  -  <x  Itt  p  tI  * 

H  H  H  H 

^ h~  spin  volocity- 


An  identical  result  is  obtained  for  the  generalized  coordinate  q^. 

Equatlon_C-6  yields  two  natural  frequencies:  ono  slightly  above  and  one  slightly  below  the  original  u>  (for 
typical  Q//^values).  Clearly  then,  Uie  gyroscopic  effect  of  the  spinning  payload  has  been  tc  couple  two 
"artificially  uncoupled"  modes  to  produce  two  new  orthogonal  modes  whose  natural  frequencies  are  the  solutions 
of  Equation  C-6,  and  whose  coupled  equations  of  motion  are  Equations  C-4  and  C-5. 


To  obtain  a  qualitative  feel  for  the  debility  effects  of  the  gyroscopic  coupling,  a  simple  control  system  will  be 
added  to  the  equations.  The  generalized  forces  will  be  set  equal  to  the  control  forces  (see  Figure  C-2): 


-  T6 

0 

Z 

XTz 

-  T6 

<t> 

Y 

XTy 

*  Note  lhat  the  units  of  Q  are  lb/ft/sec. 
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Figure  C-2.  Bending  Mode  with  Simple  Control  System  Added 


The  transfer  function  between  modal  motion  nnd  control  engine  deflection  will  be  expressed  ns: 
6, ,  6v 

4  =  4=  kaG(e>  *• 

In  a  specific  case,  referring  to  Figure  C-2,  G(s)  would  be  given  by: 

Wcf  +  l£) 

G(»)  = - - 

s  +  K 

c 

Equations  C-4  and  C-6  may  now  be  written  as: 


(C-8) 
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(8  +  w  )  q 
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*  A  symmetric  control  is  assumed. 
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or, 


(C-9) 


The  roots  <■(  the  stability  equation  (determinant  of  the  coefficients  set  equal  to  zero)  establish  the  system's 
closed-loop  stability.  As  may  he  seen,  theso  roots  are  now  functions  of  Q  (1.  e. ,  of  oil2  H  )  as  well  as  the 
amplifier  gain,  kA.  A  locus  of  system  roots  as  a  function  of  Q  Is  of  great  interest  and  can  be  readily  contructed, 
as  will  now  be  desc  rlbed. 


TK  G  d> 

2  2  A  XT 

S  !  W  I 


q  -—**«  q  =  O 
HY  )%? 


—  -  8  C 

M  Y 


TK  G  <b 
2  A  XT 


q  -  O. 


If  the  autopilot  root  locus  la  constructed  first  without  a  spinning  payload,  the  operating  point  roots  (roots  for 
nominal  amplifier  gain  KA)  so  obtained  are  the  roots  of  the  numerator  of  the  coefficients  In  square  brackets  In 
Equation  C-9.  The  roots  of  the  denominator  of  this  same  square  bracket  coefficient  are  the  roots  of  all  lag 
terms  in  the  autopilot  forward  path.  Symbolically, 


_2  2  TKAG*XT~ 

[  (s  + 

fj)  (s 

■  v- 

.  (s 

:jv  ' 

L3  +  “  ^  "  J 

L  (8  1 

1  V  • 

•  (» 

pn_ 

where  the  r.'s  arc  closed  loop  roots  (with  Q  O)  and  tho  P 's  arc  tho  forward 

path  poles  (K  ,  In  the  case  of  the  example  system  of  Figure  C-2). 
c 

Now  the  stability  equation  trom  Equation  C-9  may  be  written  as- 


v 


(C-ll) 


A  root  locus  may  now  be  drawn  for  Equation  C-ll.  Figure  C-9  shows  a  typical  result.  Note  that  each  "open 
loop"  (pole)  and  zero  is  doubled.  The  general  projicrty  depicted  in  Figure  C-3  is  the  developing  of  twobending  roots 
by  the  gyroscopic  payload  effect.  Note  that  one  of  these  is  loss  stable  than  the  closed -loop  bending  root  without 
spin.  The  loci  departing  irom  the  double  bending  pole  have  been  rotated  away  from  a  vortical  departure;  tills  is 
a  function  of  whether  or  not  the  double  servo  pole  is  outside  the  double  servo  zero.  This  property  in  turn  depends 
upon  the  sense  of  a  the  bending-mode  slope  at  the  gyro  station.  Hence,  the  sense  of  this  departure  rotation 
could  be  reversed  in  another  case. 


Cl.  2  Mass  Unbalance.  In  addition  to  gyroscopic  momenta,  a  mass  unbalance  on  the  spinning  payload  will 
produce  transverse  harmonic  exciting  lorces.  The  efleet  of  these  forces  can  be  evaluated  with  a  single  plane 
analysis.  This  problem  is  similar  in  nature  to  that  of  the  flexible  shaft  critical  speed  problem  of  classical 
vibration  analysis.  Consider  a  payload  spinning  at  an  angular  velocity,  fi  ,  and  having  a  mass  unbalance, 

Ml  *.  The  generalized  force  oi  Equation  C-l  can  now  be  written  aS: 


Q  . 
n? 


Ml  Bin  0  l 


{C  ~\  2) 


A  j  he  mass  unbalance  is  written  Ml  where  M  is  the  spinning  mass  and  I  is  the  cento r-of-gravity  offset.  The 
term  is  written  Ml ,  as  it  appears  only  in  Appendix  Cl;  both  M  and  I  are  used  elsewhere  in  the  text  with 
different  meanings. 
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Figure  03.  Typical  Locus  of  Elastic  Vehicle  System  Roots  as  a  Function  of  Spinning  Payload  Momentum 


Figure  04.  Mass  Unbalance  of  the  Spinning  Payload 


A  particular  solution  may  be  obtained  by  substituting 
q  b  ilti  pi 


into  Equation  012: 

2  2 

b  (-P  +  w  )  = 


<h  Mi 

H 


A  counterpart  to  Equation  C-13  with  modal  damping  ({  )  Included  is: 

,2 


$  H  Mf 

}/! 


V  2  2  2  2  2  2 

(p  -to  )  i  4  C  to  P 


(C-13) 


(C  -14) 


In  either  case  (C-13  or  C-14),  the  equation  serves  to  indicate  that  the  mode  natural  frequency,  to ,  and  the  spin 
frequency,  p  ,  should  be  separated. 

The  effect  of  mass  unbalance  can  also  he  analyzed  including  a  contrcl  system.  Qualitatively,  the  same  results  are  ob¬ 
tained,  the  closed  loop  system  resonant  frequencies  and  damping  being  but  slightly  di fferenl  from  the  open  loop  properties . 

The  coupling  which  exists  between  the  mass  unbalance  forces  and  the  autopilot  does  not  affect  the  system  sta¬ 
bility.  The  magnitudes  of  the  vehicle  oscillation,  q*  b  become  the  quantities  of  interest.  The  major  ob¬ 
servation  which  can  be  made  is  that  the  spin  frequency  will  have  to  be  kept  separated  from  the  mode  frequency, 
and/or  the  payload  will  have  to  be  carefully  balanced.  The  amplitude  of  oscillation  can  then  be  contained  to 
some  desired  value. 
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Maintaining  adequate  frequency  separation  between  the  payload's  spin  frequency  and  the  booster  vehicle's 
elastic  mode  frequencies  can  present  n,  problem.  It  may  not  be  possible,  particularly  fer  the  larger  boost 
vehicles,  to  use  a  spin  frequency  below  that  of  the  first  mode  at  launch.  When  this  condition  arises,  the  spin 
frequency  will  have  to  be  changed  during  flight;  i.  c. ,  usually  increased  to  capitalize  upon  the  increase  in  modal 
frequency  as  flight  progresses- 

G2  SOLID  PROPELLANT  GRAIN  MODUS 

The  solid  propellant  grain  behaves  ns  a  visco-elastic  solid.  This  visco-elastic  mass  must  be  represented  in 
some  manner  when  the  clastic  properties  of  the  booster  are  calculated.  The  simplest  and  most  straightforward 
method  of  accomplishing  this  is  to  consider  the  grain  as  an  inert  mass,  rigidly  attached  to  the  case. 

This  method  of  analysis  is  usually  used  for  the  elastic  calculations  on  solid  propellant  boosters.  These 
calculations  are  then  coupled  with  tests  to  evaluate  the  elastic  properties  of  the  booster.  This  method,  while  it 
has  several  shortcomings,  is  in  wide  use  and  has  been  found  to  yicid  satisfactory  results-  * 

The  visco-elastic  properties  of  the  grain  could  be  used  to  provide  a  more  comprehensive  analysis  of  the  elastic 
motion.  There  are  several  analytic  models  which  adequately  describe  ihc  dynamic  behavior  of  the  viaco-ciastic 
solid  (Reference  C-lor  C-2).  However,  it  it-  generally  felt  that  this  nrea  of  analysis  does  noi  need  to  be  con¬ 
sidered  for  study  of  lateral  bending. 

There  are  several  reasons  why  the  visco-elastic  properties  of  the  solid  propellant  grain  are  not  used  in 
calculations  of  the  booster  clastic  properties.  First,  they  are  louud  to  bo  relatively  unimportant  for  booster 
vehicles  having  a  reasonable  slenderness  ratio.  The  grain  structure,  in  response  to  stress,  exhibits  a  com¬ 
plicated  behavior  which  can  be  represented  as  instantaneous  elasticity,  delayed  elasticity,  and  viscous  flow. 

For  small  stresses  occurring  for  short  times,  the  properties  could  be  approximated  by  considering  only  the 
instantaneous  elasticity.  The  modulus  of  elasticity  of  solid  propellant  grains  currently  being  used  is  in  the 
range  from  500  to  2000  pal  at  an  ambient  temperature  ol  70-80“  F.  Thus,  the  contribution  to  the  bending 
stiffness  is  quite  small  compared  at  that  of  the  vehicle  shell  which  is  commonly  referred  to  as  the  solid  pro¬ 
pellant  rocket  motor  ease. 

A  second  consideration  is  the  variable  nature  of  the  grain  properties  Vhcs.iscivcs.  The  nature  of  the  approx¬ 
imations  which  can  be  used  for  the  model  to  represent  Ihc  grain  would  vary  depending  on  the  stress  level  within 
the  grain,  frequency  of  the  application  of  stress,  and  temperature.  I  hc  modulus  of  elasticity  is  quite  temper¬ 
ature-dependent.  exhibiting  a  change  of  roughly  si  factor  of  10  for  every  40  degrees  F  of  change  in  grain 
temperature.  This  property  alone  makes  it  cumbersome  to  describe  adequately  the  solid  propellant  grain 
motion.  This  difficulty  In  analysis  along  with  the  relative  unimportance  of  the  visco-elastic  effects  on  the  mode 
has  prompted  most  analysts  to  omit  these  effects  from  llm  mode!  used  to  describe  the  lateral  clastic  motion  cf 
the  booster.  Bending  mode  tests  run  by  various  airframe  manufacturers  have  indicated  that  these  omissions  do 
not  affect  tnc  adequacy  of  the  calculations.  The  above  should  not  be  taken  to  imply  that  the  viBCO-elastlc  behavior 
of  the  solid  propellant  grain  is  not  Imixirtant  in  all  problems.  It  docs  become  quite  important  under  certain 
conditions;  particularly  in  the  analysis  of  the  longitudinal  modes. 

C3  EFFECT  OF  MASS  FLOW  AND  INTERNAL  DAMPING  ON  DERIVATIONS  OF  EQUATIONS  OF  MOTION 

The  previous  sections  have  given  the  derivation  of  equations  for  a  rocket  propelled  vehicle,  with  aerodynamic 
forces-  The  equations  used  arc  correct  under  the  assumptions  made  and  arc  as  complete  as  is  reasonable.  The 
preceding  equations  do  not,  however,  include  the  effects  o!  mass  flow  within  the  vehicle,  such  as  occur  when  the 
vehicle  Is  expending  propellant.  The  effect  of  interna!  damping  of  the  structure  was  also  omitted  although  it  was 
reintroduced  later  as  an  equivalent  viscous  damping  in  each  norma!  mode.  These  quantities  lead  to  veloeity- 
depem'leiit  terms  in  the  equations  of  motion.  In  this  section  the  equations  arc  re-derived,  and  an  evaluation  of 
the  importance  of  these  additional  terms  is  made. 


The  nonlinear  properties  resulting  from  fastening  the  various  components  together  to  assemble  the  solid 
propeiiant  booster  vehicle  are  immH  to  orotlnoo  effects  in  excess  m  the  grain  motion  for  present  configura¬ 
tions. 


WADD  TR-81-93 
April  1961 


WADD  Tll-61-93 
April  1961 


In  this  equation  the  first  term  gives  the  motion  of  the  mass  center  (commonly  called  (he  center-of-gravlly),  the 
second  term  represents  both  the  effects  ol  eenter-of -gravity  shifts  due  to  mass  flows  and  of  elastic  motions 
within  the  system,  the  third  gives  the  effect  of  using  a  rotating  coordinate  system,  and  the  fourth  represents 
the  particle  mass  flow  within  the  system. 


Now  if  (d  P  /djt)b  is  the  velocity  of  a  point  fixed  In  the  mass  system  relative  to  the  mass  center,  then  it  Is  the 
negative  of  (dv^  /  dt)^,  the  velocity  of  the  mass  center  relative  to  the  fixed  point.  The  latter  expression  will  be 
introduced  now,  since  It  will  be  convenient  for  evaluating  the  effects  of  center-of -gravity  motion  (travel)  in  a 
rigid-vehicle  boay  due  to  propellunt  expenditure.  Thus: 


V  » 


(£)„  *  "  - '  *  v.  ■ 


We  assume  (dr^  /  dt)^  is  constant  over  the  system  In  the  following  discussion  (rigid  vehicle)*, 
is  Integrated  over  the  maRS  system,  the  linear  momentum  becomes: 


where 
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dm  -  average  internal  mass  velocity: 


If  this  velocity 


(C-16) 


and  use  lias  been  made  of  the  fact  that,  by  definition,  fp dm  =  D  . 
For  angular  momentum  the  corresponding  result  lakes  the  form: 
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whore 


I 

c 
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V 


t 


moment  of  Inertiu  tensor. 

angular  velocity  of  body  axis  with  respect  to  inertial  space 
position  vector  from  centor  of  mass  to  element  of  muss. 
Internal  transport  velocity. 


The  preceding  are  now  adapted  to  a  mass  system  representing  a  vehicle  from  which  mass  is  being  expelled. 


*  Tills  assumption  is  not  necessary  In  practice,  since  the  elastic  modes  of  a  system  as  commonly  computed 
satisfy  the  condition 


dm 


o 


where  (dr^/dt)^  is  the  velocity  due  to  elastic  motions. 
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For  a  rigid  body,  V  =  M  ■■  M  =  E  =  0,  and  one  has: 


—  ( I  w  )  =  J  . 

dt  c  c 

The  preceding  equations  may  be  used  to  evaluate  the  effects  of  fluid  transfer  upon  the  equations  of  motion  of  a 
vehicle  It  is  first  necessary  to  establish  which  terms  are  already  Included  by  use  of  the  engine  thrust  as  a 
force  when  tilt  equations  of  motion  arc  written  "conventional !y".  It  is  shown  In  Reference  C-3  that  the  rocket 
engine  thrust  and  rocket  thrust  torques  are  given  respectively  by: 


Tr  -  M  -  Vi>  !  FP  -  M  I  dt 


i  w  X  M  p  -  Ml  — -  /  -  MV, 

b  e  V  dr  1 


JK  -  f  P  P*  x  V  da  .  7  -  M  Pe  x  U-  j  -■(£)  f  P  *  V 
J  surmco  \  /  b  '  •  b  J  vol 

r  ,dl  v  i  /*  » 

'l(«V  \i  */i*  ’•'* 


whore  Fp  and  aro  forces  and  torques  due  t,s  environmental  back  pressure  (integral  of  exhaust  prossure 
minus  ambient  pressure  over  the  engines'  exit  planes). 

The  equation  for  translational  motion,  Equation  C-19,  may  be  rewritten  as: 


Using  the  expression  for  engine  thrust  given  above  and  with  the  observation  that 
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Likewise,  for  rotation. 


(C  -24) 


in  those  equations  of  motion  the  applied  forces  and  torques  are  understood  now  iQ  exclude  specifically  those 
effects  due  to  the  difference  between  rochet  engine  exhaust  pressures  and  the  atmospheric  back  pressure,  since 
these  are  included  In  T  and  Jj,,. 

Examining  these  last  equations  ol  motion,  it  is  seen  that  certain  of  the  effects  of  mass  flow  within  the  vehicle 
body  are  reflected  as  terms  involving  the  products  of  rates  of  change  of  body  inertial  properties  and  the  body 
angular  rates.  In  general,  these  terms  are  negligibly  small  and  may  be  safely  omitted  irons  the  equations  of 
motion,  as  is  done  in  the  main  text.  The  remaining  additional  term  arises  from  the  acceleration  oi  vise  vehicle 
mass  center  relative  to  the  fixed  portions  of  the  vehicle.  This  term,  toe,  is  most  often  safely  neglected. 

Although  the  mass  flew  terms  do  not  significantly  affect  the  motion  of  the  vehicle,  considered  as  a  mass  system, 
they  could  have  an  effect  on  the  motion  of  the  generalised  coordinates  (modes)  used  to  represent  the  clastic 
motion.  The  next  section  will  analyse  the  effect  of  mass  flow  and  Internal  damping  on  the  motion  of  these  elastic 
modes. 

C3. 2  Velocity-Dependent  Torms  Due  to  Damping  (Modal  Coordinates).  The  method  which  is  user,  to  calculate 
the  elastic  properties  (normal  modes)  is  presented  in  Appendix  A4  This  method  assumes  constant  coefficients, 
no  mass  flow  terms,  and,  also,  no  internal  damping  within  the  structure  Itself. 

The  simplifying  assumptions  made  in  the  derivation  of  the  modes  result  In  elimination  of  all  velocity-dependent 
terms.  The  classes  of  velocity-  or  pscudovcUu.lly-deixmduiii  teims  dud  result  in  damping  fall  into  three  general 
classes:  viscous,  coulomb,  six'  xlrwturnl.  These  classes  of  damping  w<H  h.»  considered  along  with  the  mass 
flow  terms,  aa  both  effects  lead  to  velocity -dependent  terms  which  must  bo  accounted  for  when  the  modes  are 
calculated. 

For  a  simple  spring  mass  system  with  a  viscous  dumper  the  equation  of  motion  is: 


M  X  i  C. .  X  t  K  X  F 

V  external 

The  viscous  damping  used  here  is  the  simplest  form  of  damping  to  analyze  analytically. 
For  coulomb  damping  the  preceding  equation  would  be  written 
X 


MX  *  C 


F 


|X| 


-i  K  X 


external 


By  use  of  a  describing  function  to  find  an  equivalent  linear  gain,  one  arrives  at*. 

••  4  CF  • 

MX  t  -  —  X  .  KX  -  r 

u  external 


where  oj  is  the  frequency  and  X  Is  the  peak  value  of  X. 

For  structural  damping  the  forces  are  usually  approximated  by  a  force  that  opposes  the  motion  and  is  in  phase 
with  the  velocity.  For  simplicity  of  analysis,  and  also  from  a  lack  of  basic  knowledge  as  to  the  exact  nature  of 
damping  present,  one  assumes  that  the  magnitude  of  the  damping  is  proportional  to  the  elastic  restoring  force. 
This  force  can  be  represented  mathematically  by  replacing  the  elastic  restoring  force  term,  KX,  by  the  terms 
KX(1  4  Jgj.)  (-ee  Reference  C-4).  The  constant  g^  is  the  structural  damping  coefficient.  Since,  for  modal 

calculations,  the  motion  of  the  modes  is  harmonic  (s  =  ]  w  ).  the  affect  of  damping  car  be  represented  as: 
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L  equivalent  V  K  u  n  gx 

The  above  defines  a  fixed  relationship  between  amplitude  and  velocity,  which  would  only  hold  for  harmonic 
oscillation  at  Uie  resonant  frequency. 

C3. 3  Velocity-Dependent  Terms  Due  to  Mass  Flow  (Modal  Coordinates).  Before  analyzing  the  effect  of  the 
preceding  terms  on  the  calculation  of  normal  modes,  the  mass  flow  terms  will  be  analyzed  so  that  the  effect  of 
hot!;  damping  and  mass  flow  terms  can  be  considered. 

Tho  first  section  of  this  appendix  gives  the  velocity  dependent  terms  for  the  mass  flow  In  a  rigid  vehicle.  T  hese 
are  shown  to  bo  negligibly  small  in  the  aggregate  over  tho  vehicle.  However,  this  cannot  be  projected  to  imply 
that  the  mass  flow  terms  will  be  negligible  for  each  incremental  segment  of  tho  elastic  vehicle.  The  forces  at 
each  segment  do  indeed  exist  and  their  effeet  must  be  analyze!  to  insure  adequacy  of  the  assumption  used  In 
calculating  the  modal  para  motors. 

If  we  consider  only  the  motion  norma!  to  the  longitudinnl  axis,  the  rate  of  change  of  momentum  (IlCM)  is  equal 
to  tho  momentum  lost.,  minus  momentum  leaving,  minus  the  momentum  entering,  minus  the  momentum  gained, 
and  plus  the  product  ot  mass  times  acceleration.  Thus,  for  a  descrete  eloment  of  the  beam  we  can  write: 

m‘i(Y)  +  "V‘(Y>  -  ‘V'e  '  «V(Y)  -  "W)  ‘  FEX  (C-25) 


Subscripts  E  entering 
l,  =  leaving 
Y  mass  station 

F  Is  tho  "external"  forco  acting  on  the  beam  segment  (this  will  Include  elastic  forces). 

LJs 

For  a  series  solution  involving  several  discrete  masses  ol  a  flexible  vehicle  some  distribution  of  velocity 
between  two  adjacent  masses  will  have  to  be  provided.  The  easiest  method  available  is  to  distribute  these  such 
that  half  the  force  necessary  to  transfer  the  propellant  from  one  segment  to  the  next  will  be  supplied  by  each 
segment.  Thus,  for  the  ilh  segment: 


(>)_ 

I 


m 


(1) 

I, 


m 

a 


where  hla  is  Uie  mass  flow  rate  and  the  subscript,  a,  refers  to  station  a,  the  free  surface  location  of  the 
propellant. 


Thus,  one  may  write: 


fexi  "Vi . 

.  i  <  a 

rEXa  "V'a  '  n!a  (4a  ‘  V  l)/ 2 . 

I  EXi  ‘V'i  '  "’a  f'i-1  -V  l)/ 2 . 

FFXt  "Vl  ’  ma  -1  ’  \)/2  -  ’“.Vl . 

.  i  -  t 

C  -14 


WADD  TR-61-93 
April  1961 


where  (t)  refers  to  the  vehicle  "tail"  or  more  precisely,  the  rocket  glmhnl.  The  velocity,  q^  ^ ,  will  be  the 
transverse  exhaust  velocity  component,  written  hereafter  as  q  . 

For  multiple  propellants: 


EXi  *  miqi  '  (ma  +  "V  '  '  m«>  (qi  :  1  "  V.  1  >/ 


2  ' 


where  a,  b.  ,  n  refer  to  n  propellants  carried  aboard.  The  combined  equations  can  bo  written  as  follows  in  a 
specific  case: 

/  • 
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,U2q  2  l 

C) 

1/2 

-1/2 

o 

O 
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or  in  matrix  notation  abbreviated  ns: 


M  [q]  +  H'  i‘li/4]  l1'1!  -  (n\  •  “’b^xf  jF}-(c-27> 

The  above  should  be  adequate  for  discussion.  A  vehicle  may  contain  several  propellant  tanks;  however,  it  is 
unlikely  that  propellant  will  be  consumed  from  more  than  two  tanks  at  any  given  instant. 

C3. 4  Equations  of  Motion  With  Velocity  Dependent  Terms.  The  homogenous  equations  for  an  N -degree -of - 
freedom,  lumped -para  meter  linear  system  is  written  as 


[m]  i<l!  ’  [c]  jqj  ♦  W  I'll  -  ° 


(C-28) 
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where  the  matrix  [c]  Is  also  a  symmetric  matrix.  Assume  «  transformation  is  made  which  diagonalizes  the 
inertial  and  stiffness  matrices: 

(’ll  =  1*1  {qi 


such  that 


M  i»/i 

•  i;i  [e 

]  [d  M  1 

W  M=o 

where 

M  - 

[;i  M 

M 

M  - 

[/]  w 

r.-v’i 

The  system  of  equations 

is  uncouiiled  if 

[;i  [C]  m 

is  also  a  diagonal  matrix.  Based  upon  the  preceding. 

Caughey  (Reference  C-5)  shows  that  a  necessary  and  sufficient  condition  for  n  damped  system  to  have  classical 
normal  modes  is  that  the  damping  matrix  bo  diagonalized  by  the  same  transformation  which  uncouples  the 
undamped  system.  Thus,  If  the  undamped  system's  normal  modes  are  [*]  ,  the  damped  system  will  possess 
these  same  normal  modes  if 

U  *  J  [c|  [*] 


Is  a  diagonal  matrix. 

Caughcy  goes  further  to  show  tho  general  conditions  on  [Cj  under  which  these  normal  modes  will  diagonalize 

It.  Briefly,  those  are  that  In  the  canonical  form  of  Equation  (C -28)  (tho  form  wherein  the  inertial  matrix  is  a 
unit  matrix)  the  dumping  matrix  must  be  expressible  as  a  polynomial  In  tho  elastic  matrix.  (This  is  a  generaliza¬ 
tion  of  Hayleigh's  result  that  the  damping  matrix  bo  a  linear  function  of  the  stiffness  matrix.)  In  the  light  of  this 
result,  the  two  types  of  velocity-doiicndcnt  terms  of  concern  heroin  may  be  discussed. 


If  the  structural  damping  is  represented  as  C  kg  /  or  its  equivalent  for  a  multidegrce  of  freedom 
system  jby^Jo  ^  [kj  ,  it  Is  easy  to  see  that  the  damping  matrix  will  have  the  roquired  property. 

Those  velocity  -dependent  terms  lrom  mass  flow  effects  (Equations  C-27orO-28)  are  somewhat  more  trouble¬ 
some,  as  the  contributions  to  the  C  matrix  are  not  symmetric.  However,  the  following  may  be  uacd  to 

reduce  the  equation  to  a  point  where  a  simplified  result  is  apparent. 

Assume  for  the  moment  that  the  equations  of  motion  are  to  be  written  from  an  energy  viewpoint.  The  following 
potential  functions  are  written. 


a.  Kinetic  energy 

1/2 

/.qV 

M 

b.  Potential  energy 

1/2 

/.qV 

M 

(4 

c.  Dissipation  function 

1/2 

/-qV 

rr* 

,<6  , 

W 

where  C  is  the  matrix  containing  the  mass  flow  terms.  This  nonsymmctric  matrix  .cay  be  divided  into 
symmetric  and  antisymmetric  parts: 


C-1G 
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[C«J  ■  M  *  W- 


Referring  to  Equation  C-26  it  Is  Been  that  the  symmetric  parts  of  C  come  from  the  main  diagonal  only,  and 
that  the  matrix  [s]  consists  of  only  two  terms: 


and 


®/2 


at  the  free  surface 


at  the  glmbal*  . 


These  symmetric  matrix  elements  cannot  be  shown  to  satisfy  Caughey's  criterion  (above)  and  hence  will  affect 
the  modal  calculations.  However,  two  points  of  view  may  ho  adopted:  they  may  be  considered  as  small  effects 
(which  tliey  are)  and  be  neglected,  or  thee  may  be  treated  as  additional  motion-dependent  external  forces  in 
solution  of  the  nonhonu  genous  equations. 

Finally,  we  note  that 

U\-J  [A]  (q)  s  O 

if  [a]  Is  (as  postulated)  an  antisymmetric  matrix  with  n  null  (zoro)  main  diagonal. 

This  appendix  has  analyzed  the  effect  of  velocity -dependent  terms  on  tho  derivation  and  use  of  classical  normal 
modes.  The  analysis  Indicated  that  tho  mode  calculations  cun  be  accomplished  with  the  velocity-dependent  terms 
duo  to  structural  damping  and  mass  flow  excluded  and  that  their  effects  may  bo  added  later,  during  the  autopilot 
und  control  system  analysis,  to  the  mode  Itself.  This  result  is  In  agreement  with  tho  methods  presented  in  the 
body  of  the  reixirt. 

C4  LONGITUDINAL  MOTION  TERMS  IN  SYSTEM  EQUATIONS 

It  Is  often  assumed  by  those  working  In  the  field  that,  based  upon  the  restriction  of  small  modal  deflections,  the 
booster  masses  deflect  and  applied  forces  net  only  In  a  lateral  direction.  Subsequently,  the  majority  of  modal 
calculations  and  generalized  forces  applied  to  the  mode  ure  arrived  at  by  assuming  rotation  and  lateral  transla¬ 
tion,  but  no  longitudinal  translation  of  either  masses  or  applied  forces.  On  the  surface  this  approximation  may 
appear  to  be  a  good  one,  but  this  is  not  always  the  case.  It  is  hoped  that  the  following  example  nay  contribute 
some  insight  to  the  problem  and  indicate  what  approximations,  if  any,  may  be  made. 

First,  assume  a  uniform  free  free  beam  of  constant  stiffness  and  mass  distribution  over  its  entire  length.  A 
Force,  T,  Is  applied  and  fixed  to  the  end  of  the  beam,  such  that  the  force  rotates  and  translates  with  the  end 
of  the  beam:  1.  e. ,  It  has  the  identical  slope  and  deflection  us  the  end  of  the  beam.  Figure  C-5  represents  the 
deflected  beam  and  applied  force,  T. 


■'  The  other  flow  term  involving  q  exhaust  is  treated  as  a  thrust  term  In  writing  the  nonhomogenous  system 
equations  ol  motion. 


r*  t  n 
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For  small  deflections,  and  therefore  smnil  angular  rotations,  the  work  dene  by  the  foroe,  F,  in  a  deflection, 
q.,  is  to  be  computed. 

WORK  =  lateral  work  ■:  longitudinal  work* 


If  the  defied  Ions  and  slopes  are  known  only  at  regular  intervals  (Ax)  ovor  the  vehicle  length,  the  longitudinal 
work  may  be  approximated  by  numerical  integration.  For  the  uniform  beam  the  work  is: 


1/2  T  a ' 


1/2  T  Ax  ]£ 

1/2 


II  wo  compare  the  longitudinal  work  to  the  lateral  work  by  means  of  the  ratio,  for  various  modal  deflections, 

Qj,  it  is  found  tliat  the  value  of  the  ratio  increaacs  from  a  value  of  one  for  the  rigid  body  pitching  mode  to  a  value 

of  3.  08  for  the  fifth,  bonding  mode.  Since  the  longitudinal  and  lateral  work  are  of  opposite  sign  for  all  modes,  they 
tend  to  oppose  each  other.  Thus,  thoro  is  zero  work  done  due  to  rigid  -body  pitching.  The  following  chan  gives 
a  comparison  of  the  ratio  of  longitudinal  work  to  lateral  work  for  the  various  inodes. 


modi: 

Pitching 

1 

Plunging 

Undefined 

iat  Bending 

1.  35 

2nd  Bending 

1.77 

3nl  Bemling 

2  24 

4th  Bending 

2.  50 

5th  Bending 

3.  08 

These  ratios  were  obtained  using  data  from  bishop  anti  Johnson  (Reference  C-U).  The  numerical  integration  was 
performed  using  intervals  equal  to  2  percent  «>f  the  overall  length. 

Although  this  is  only  a  cursory  look  at  the  problem,  it  may  lie  deduced  that  the  omission  of  the  longitudinal 

2  ♦ 

generalized  force  (T  Ax  ^  q}  }  and  the  lateral  generalized  force  (  T  q^ )  is  a  good 

approximation  for  the  lower  body -bending  modes  of  the  booster.  For  the  higher  order  bending  modes,  where 

*  bmcc  the  beam  has  a  uniform  mass  distrimuion,  the  center  of  mass  will  be  the  longitudinal  elastic  center. 
Also,  this  integral  uses  the  expression 
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this  approximation  is  not  good,  the  bonding  mode  calculations  themselves  may  be  in  significant  error  since  the 
Inertial  loads  due  to  the  longitudinal  motion  are  not  usually  Included  in  the  calculation  of  the  bending  modes. 

When  analyses  of  the  higher  ordor  bending  modes  are  required  at  greater  accuracy,  it  is  desirable  that  the 
bending  mode  calculations  allow  for  the  longitudinal  inertial  loads  and  that  the  longitudinal  generalized  forces 
be  Included  in  these  analyses. 

In  deriving  the  equations  of  motion  for  the  flexible  booster  vehicle  (Section  8)  the  only  work  done  by  the  rocket 
thrust  on  each  mode  is  taken  as  due  to  the  inclination  of  this  thrust  vector  with  respect  to  the  elastic  axis  a*  the 

gimbal:  i.  o.  (  )  q^  T  is  the  component  permitted  to  do  work.  Ir,  this  way,  the  remaining  work 

terms,  as  discussed  above,  are  assumed  to  bo  self-cancelling  and  lire  therefore  omitted. 

CS  DYNAMICS  OF  A  NONCOMMANDED  ENGINE 


The  arrangement  on  the  booster  vehicle  may  ho  such  as  to  have  engines  which,  while  firing  and  capable  of 
elastic  motion,  are  not  being  utilized  for  control,  at  least  at  the  time -instant  boing  analyzed.  As  these  rocket 
engines  have  thrust,  there  will  be  noneonsorvative  forces  connected  with  nny  elastic  motion  that  the  engine 
executes.  Thus,  the  elastic  motions  represented  by  modes  may  couple  through  those  noncommanded  engines,  as 
well  ns  the  autopilot  and  control  system  (ace  Paragraph  4.  3. 2. 5) 

The  analysis  of  the  coupling  through  noncommanded  engines  will  be  outlined  in  this  section.  The  same  equations 
are  used  for  this  coupling  as  wore  used  in  the  analysis  of  load  torque  feedback,  T  ,  for  Use  commanded  engine. 

K 

The  equation  of  motion  for  the  rocket  engine,  us  given  in  Paragraph  4. 3.  3,  is: 


K  II"  x.. 


. . [(»«■■« iM." ) - 


it  l 


a2  ir 

c,  .  -Tr 


H2"a^ 
'it  S. 


0  J  A 


-(C-20) 


The  equation  for  mode  motion  remitting  from  the  preceding  engine  deflection  is  given  in  Paragraph  4.  3.  2. 1. 


(C  *-30) 


where  the  are  additional  generalized  force  Inputs  from  nonorthogoivil  modes . 

The  block  diagram,  Figure  C-G,  shows  one  mode  and  two  engines  ~  one  with  both  command  and  load  torque 
feedback  and  the  other  having  only  load-torque  feedback.  The  engine  servos  must  be  linearized  by  means  of 
describing  functions;  these  relationships  are  amplitude- dependent.  Hence,  (he  relationship  between  ih**  rel>ilive 
motion  of  the  different  engines  considered  must  be  determined  by  an  iterative  procedure.  To  establish  the  total 
transfer  function  of  the  mode,  including  coupling  through  the  noncommanded  engines,  the  following  procedure 
may  be  used. 


a.  An  amplitude  of  commanded  engine  motion  [6^1  is  chosen.  For  this  amplitude  the  describing  function 
coefficients  for  engine  number  1  are  evaluated  for  use  in  Equation  C-20. 


b.  Using  Equation  C-20  (the  6  /q  transfer  function  of  the  autopilot  is  presumed  known)  and  the  equation: 


V  Xe 


<r(ii  ] 


XT  )  • 


(C  31) 
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Is  found.  This  evaluation  is  made  for  a  -  J  ui't,  whore  Is  the  open  loop  modal  frequency 


j 


c.  The  passive  engine  (number  2)  amplitude,  I  d2  I  .is  next  estimated  from  Equation  C-31  by  using  as  a  first 

1/  (J)  (j)\  r  | 

Hxe  XT  j  q  j  I ' 


trial  J  „  =  O,  i.  e. ,  1  5  , 

~(1)  ! 


(1) 


d.  Using  this  trial  vnluo  of  the  describing  function  cocittcienta  lor  Equation  C-  29  (as  iipplied  (o  engine 
number  2)  are  evaluated. 

o.  Equation  C -29  is  now  solved  for  fi'  using  the  value  of  q  previously  obtained  (step  b,  above).  This  value 

2  J 

of  «  Is  hold  constant  in  this  aim  succeeding  stops. 

f.  With  this  value  of  6'^  a  new  trial  value  of  6^  is  obtained  from  Equation  C-31  and  steps  d  -  f  are  repeated 
iteratively  to  converge  on  the  final  value  of  f,  .  The  test  for  convergence  should  lie  applied  to  both  6 
and  flg- 

The  transfer  function  etui  now  bo  evaluated  ns  to  Iho  effect  of  the  load  torque  feedback.  The  results  ol  tills 
feedback  have  been  analyzed  (or  a  particular  engine  and  arc  shown  in  Figure  C-7.  This  figure  shows  the  locus 
of  the  vector  which  represents  the  motion  of  a  bonding  mode's  open  loop  pole  due  to  this  feedback.  From  this 
it  can  be  hccu  that  the  load  torque  let  ilKiek  produces  a  destabilizing  cited  (moves  poic  towards  rigid)  foi 
u  <  u  and  a  stabilizing  effee'  fo’  i,.  <,  ,  whore  w  Is  the  familiar  "Tail-Wags- Dog"  frequency. 


I.OAI)  TORtjUE  (I.B-SEC/FT) 


Figure  innucnce  of  load  To-que  Feedback  on  the  Effective  Mode  Open  loop  Bending  Pole 
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It  should  be  noted  that  the  above  result  is  not  completely  general,  since  it  depends  upon  sense  (sign)  and 
relative  magnitudes  of  elastic  modal  deflections  at  the  aft  end.  For  some  very  high  frequency  modes  the 
reversed  effect  is  occasionally  found  (see  Section  5). 
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